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Asymptotics of Solutions of In�nite�Dimensional

Homogeneous Dynamical Systems
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Abstract� In this paper we study the connection between the uniform asymptotic stability and the power�law
or exponential asymptotics of the solutions of in�nite�dimensional systems �di�erential equations in Banach
spaces� functional di�erential equations� and completely solvable multidimensional di�erential equations��
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Krasovskii 	�� �
� Zubov 	�
� and Coleman 	�
 showed that for homogeneous autonomous systems in a
�nitedimensional space the existence of a powerlaw asymptotics is equivalent to asymptotic stability�

Filippov 	�� �
 generalized this result to homogeneous generalized di�erential equations�
Ladis 	�
 showed that in the general case this result does not apply to periodic systems� For nonau

tonomous homogeneous systems �of order k � ��� uniform asymptotic stability is equivalent to exponential
stability �see� for example� 	�
�� Morozov 	�
 obtained a similar result for periodic generalized di�erential
equations�

The goal of the present paper is to study the connection between the uniform asymptotic stability and
the powerlaw �exponential� asymptotics of the solutions of in�nitedimensional systems� This problem
is studied and solved within the framework of general dynamical systems with in�nitedimensional phase
space� The general results obtained are applied to various di�erential equations with in�nitedimensional
phase spaces �such as ordinary di�erential equations in Banach spaces� functional di�erential equations�
some types of evolution partial di�erential equations� and completely solvable multidimensional di�erential
equations��

xxx�� Abstract dynamical systems

Throughout the following� we shall use the notation and terminology from 	��� ��
� Recall some of the
terms� Suppose that �X� �� is a complete metric space� R �Z� is the group of real numbers �integers��
S � R or Z � and T � S� � fs � s � S� s � �g � Let ��x� A� be the distance from the point x to the
set A � let C�X� be the set of all nonempty compact sets from X � and let �X be the family of all bounded
closed subsets of X equipped with the Hausdor� metric�

By a dispersive dynamical system on X we mean a triple �X� T � f� � where f is a mapping of T �X
into C�X� satisfying the following conditions�

�� f�x� �� � x �x � X��
�� f�f�x� t��� t�� � f�x� t� � t�� �x � X � t� � t� � T ��
�� �

�
f�x� t�� f�x� � t��

�
� � as x� x� and t� t� � where ��A� B� � supf��a� B� � a � Ag �

A continuous onetoone mapping �x � T � X is said to be a motion of a dispersive dynamical system

�X� T � f� issuing from a point x � X if

a� �x��� � x �
b� �x�t�� � f��x�t��� t� � t�� for any t� � t� � T � t� � t���

The set of all motions issuing from a point x � X is denoted by �x � and we write ��f� �
S
f�x �

x � Xg �
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A dispersive dynamical system �X� T � f� is said to be a system with uniqueness �or an ordinary dy�

namical system� if for all x � X and t � T the set f�x� t� is a singleton� i�e�� a unique trajectory of the
dynamical system �X� T � f� passes through each point x � X �

By a nonautonomous dispersive dynamical system we mean a triple h�X� T � f�� �Y � T � ��� hi � where
�X� T � f� is a dispersive dynamical system on X � �Y � T � �� is an ordinary dynamical system on Y � and
h is a homomorphism of �X� T � f� onto �Y � T � �� � i�e�� a continuous mapping of X onto Y satisfying
the condition h

�
f�x� t�

�
� ��h�x�� t� for all x � X and t � T �

Let �X� h� Y � be a locally trivial vector bundle with �ber E � An autonomous dynamical system
�X� R� � f� is said to be homogeneous of order k � R if for any x � X � � � � � and any �x � �x � the
function � � T � X de�ned by the relation ��t� � ��x��

k��t� is a motion of �X� T � f� issuing from the
point �x � X � i�e�� � � ��x �

A nonautonomous dynamical system h�X� T � f�� �Y � T � ��� hi is said to be homogeneous of order k � �
if the autonomous dynamical system �X� T � f� is homogeneous of order k � ��

Everywhere below we assume that the �ber bundle �X� h� Y � is normed� Set jAj � supfjaj � a � Ag if
A � X is bounded� Let Xs be the stable manifold of the homogeneous system h�X� T � f�� �Y � T � ��� hi �
i�e��

Xs �
n
x � x � X� lim

t���
jf�x� t�j � �

o
�

and � � f�y � y � Y g � where �y is the zero element of Xy � is the zero section of the �ber bundle �X� h� Y � �

Lemma ���� Let a nonautonomous system h�X� T � f�� �Y � T � ��� hi be homogeneous of order k � � �
Then the following assertions are equivalent�

a� the zero section � of the �ber bundle �X� h� Y � is stable� i�e�� for any 	 � � there exists a 
�	� � �
such that jxj � 
 implies jf�x� t�j � 	 for all t � � �

b� there exists a positive number N such that

jf�x� t�j � N jxj ���

for all x � X and t � � �

Proof� Let us show that a� implies b�� Let 	� � � and 
� � � be such that jxj � 
� implies
jf�x� t�j � � for all jxj � 
� and t � � � Now let x � X and �x � �x � Then� in view of the homogeneity
of the system �X� T � f� � we have 
�jxj

���x � ���jxj��x � and since f�x� t� � f�x�t� � �x � �xg �see� for

example� 	��
�� from ��� we obtain jf�x� t�j � 
��� jxj for all t � � and x � X � The converse implication
is obvious� The lemma is proved� �

Lemma ���� Let the assumptions of Lemma ��� be valid� Then the following assertions are equivalent�

a� the zero section hX� h� Y i is uniformly asymptotically stable� i�e�� � is stable� and there exists a

� � � such that

lim
t���

sup
jxj��

jf�x� t�j � � � ���

b� the following relation is valid�

lim
t���

sup
jxj��

jf�x� t�j � �� ���

and there exists an N � � such that

sup
jxj��

jf�x� t�j � N

for all t � � �

���



Proof� Let us show that a� implies b�� By Lemma ���� it su�ces to show that ��� implies ���� Let x � X
� jxj � ��� and let �x � �x � then� in view of the homogeneity of �X� T � f� � we have �jxj���x � ��jxj��x �
and since f�x� t� � f�x�t� � �x � �xg � from ��� we obtain

sup
jxj��

jf�x� t�j � ��� sup
jyj��

jf�y� t�j � �

as t� �� � In a similar way� we can prove the converse implication� The lemma is thereby proved� �

Remark ���� Lemma ��� and ��� are also valid for autonomous homogeneous �of order k � �� systems�

Lemma ���� Let M be a family of functions m � R� � R� satisfying the conditions�

a� there exists an M � � such that � � m�t� �M for all t � � and m �M �
b� m�t� � � as t � �� uniformly in m � M � i�e�� for any 	 � � and m � M there exists an

L�	� m� � � such that m�t� � 	 for all t � L�	� m� �

Then we have the following assertion�

�� if m�t� � � m�t�m�� for all t�  � � and m �M � then there exist positive numbers N and �
such that m�t� � Ne��t for all t � � and m �M �

�� if m�t � � � m�t�m
�
 m����t�

�
�� � �� for all t�  � � and m � M � then there exist positive

numbers a and b such that

m�t� �M�a� bt��������� ���

for all t � � and m �M �

Proof� The �rst assertion of the lemma is an insigni�cant modi�cation of a lemma due to Massera and
She�er 	��� p� ���
� Let us prove the second assertion of the lemma� Let  � � be such that m�t� � ���
for all t �  and m �M � Since

� � m�t� �M and m�t� � � m�t�m
�
m����t�

�
for all t�  � � and m �M �

we have
m�t� �M� � � t � q � q � ���� � ���

and

m�t� �
�

�
� q � t � ��� ���

for all m �M � Set t� � � and ti�� � ti � qi �qi � qi�� and note that

m�ti� �
�

�i
� i � �� ���

for all m �M � Indeed� according to ���� we have m�t�� � ��� Moreover�

m�ti��� � m�ti � qi� � m�ti�m
�
qim

����ti�
�

���

for all m �M � Suppose that ��� is valid for all i � n � then it follows from ��� that m�tn��� � ���n�� � since
qnm

����tn� �  �for any m �M� in view of the choice of qn and the inductive assumption ���� Thus it
follows from ��� and ��� that m�t� � ���n for all t � tn and n � � � Note that tn�� � �qn������q����� �
and therefore

��n � �

�
���� � �


tn�� � �

���������
�

Now let t � 	tn � tn��� � then we have

��n � �

�
� �

���� � �


t

���������
� ���

It follows from ��� and ��� that

m�t� �M

�
���� �

�� ����


t

���������

for all t � � and m �M � By setting a � ���� and b � ����� ����� � we obtain the required assertion�
The lemma is proved� �

���



Theorem ���� Let the dispersive nonautonomous dynamical system h�X� T � f�� �Y � T � ��� hi be ho�

mogeneous of order k � � � Then the following assertions are equivalent�

a� the zero section of the �ber bundle �X� h� Y � is uniformly asymptotically stable�
b� there exist positive numbers N and � such that jf�x� t�j � Ne��tjxj for all x � X and t � � �

Proof� For the proof of Theorem ���� it su�ces to establish the implication a��	b�� since the converse
assertion is obvious� Set

m�t� � sup
jxj��

jf�x� t�j� ����

By Lemma ���� the mapping m � R� � R� is well de�ned by ����� moreover� � � m�t� � M �M �
m��� � �� and m�t� � � as t � �� � Further� note that� in view of the �rstorder homogeneity of the
system h�X� T � f�� �Y � T � ��� hi � we have

m�t� �

m�t�
�

�

m�t�
sup
jxj��

jf�x� t� �j �
�

m�t�
sup
jxj��

jf�f�x� t�� �j

� sup
jxj��

����f
�
f�x� t�

m�t�
� 

����� � sup
jxj��

jf�x� �j � m��

for all t�  � � � Now let x � X � jxj 
� ��� Then� since the system h�X� T � ��� �Y � T � ��� hi is homoge
neous� we can write ���� �jxjf�x� t�

���� � sup
jxj��

jf�x� t�j � m�t��

i�e�� jf�x� t�j � m�t�jxj for all t � � and x � X � Next� to complete the proof of the theorem� it su�ces
to refer to Lemma ���� The theorem is proved� �

Theorem ���� For an autonomous homogeneous �of order k � �� dispersive dynamical system

�X� R� � f� the following assertions are equivalent�

�� the zero motion �X� R� � f� is uniformly asymptotically stable�
�� there exist positive numbers � and � such that

jf�x� t�j � ��jxj��k � �t�����k��� ����

for all t � � and x � X �

Proof� Let us show that under the conditions of Theorem ��� assumption �� implies ��� Let x � X
�x 
� ��� Then� in view of the homogeneity of order k � � of the system �X� R� � f� � we have

�

jxj
jf�x� t�j � sup

jyj��

jf�y� tjxjk���j � m�tjxjk����

and therefore
jf�x� t�j � jxjm�tjxjk��� ����

for all x � X and t � � � where m � R� � R� is de�ned by relation ����� According to Lemmas ���
and ���� and also Remark ���� the function m satis�es the assumptions of Lemma ���� Moreover� note
that

m�t� �

m�t�
�

�

m�t�
sup
jxj��

jf�x� t� �j �
�

m�t�
sup
jxj��

jf�f�x� t�� �j � sup
jxj��

�

m�t�
jf�f�x� t�� �j

� sup
jxj��

����f
�
f�x� t�

m�t�
�  mk���t�

����� � m
�
 mk���t�

�
�

���



i�e��
m�t� � � m�t�m

�
 mk���t�

�
for all t�  � � � Now� to complete the proof of the required assertion� note that� by Lemma ���� there
exist numbers a� b � � for which inequality ��� holds� and ���� and ��� implies ���� if we set � �M��ka
and � �M��kb �

Let us now show that �� implies ��� To this end� note that the function � � R� �R� � R� de�ned by
the relation

��r� t� � ��r��k � �t�����k���

is monotone increasing with respect to r for each t � � � and for a given r � � we have the relation

lim
t���

��r� t� � ��

Since jf�x� t�j � ��r� t� for all jxj � r and t � � � it follows that

m�t� � supfjf�x� t�j � jxj � �g � ���� t��

and therefore m is bounded and tends to � as t� �� � By Lemma ��� and Remark ���� the zero motion
�X� R� � f� is uniformly asymptotically stable� The proof of the theorem is complete� �

xxx�� Dynamical systems with multidimensional time

Recall that a set G � E is called a cone in a Banach space E if �t �� G whenever t � G n f�g and
the inclusion t � G implies �t � G for all � � � �

Let G be a closed convex cone in E � A semigroup dynamical system �X� G� �� is said to be a dynamical

system with multidimensional time�
A dynamical system �X� G� �� with multidimensional time G � E is called homogeneous of order k

�k � �� if ���x� t� � ���x� �k��t� for all � � � � x � E and t � G �

Lemma ���� Let m � G � R� � � � m�t� � M �M � �� and m�t� � � as ktk � �� � Then the

following assertions are valid�

�� if m�t� � � m�t�m�� for all t�  � G � then there exist positive numbers N and � such that

m�t� � Ne��ktk ����

for all t � G �
�� if m�t � � � m��m

�
 m����t�

�
�� � �� for all t�  � G � then there exist positive numbers a

and b such that

m�t� �M�a� bktk��������� ����

for all t � G �

Proof� Set H � fh � h � G� khk � �g and mh��� � m��h� for all h � H and � � � � Then the
family of functions M � fmh � h � Hg satis�es the assumptions of Lemma ���� and therefore there exist
positive numbers a and b such that

mh��� �M�a� b����������

for all h � H and � � � � Now let t � G n f�g and h � tktk�� � Then

m�t� � m�ktkh� � mh�ktk� �M�a� bktk���������

for all t � G � The lemma is proved� �

��	



Theorem ���� Let X be a Banach space� and let �X� G� �� be a homogeneous �of order k � ��
dynamical system with multidimensional time� Then the following assertions are equivalent�

�� the zero motion �X� G� �� is uniformly asymptotically stable� i�e�� for any 	 � � there exists a


�	� � � such that kxk � 
 implies k��x� t�k � 	 for all t � G � and there exists a � � � such

that

lim
ktk���

k��x� t�k � �

uniformly with respect to kxk � � �
�a� if k � � � then there exist positive numbers N and � such that

k��x� t�k � Ne��ktkkxk ����

for all x � X and t � G �
�b� if k � � � then there exist positive numbers a and b such that

k��x� t�k � ��kxk��k � �ktk�����k��� ����

for all x � X and t � G �

Proof� Let us show that under the assumptions of Theorem ��� �� implies ��� Let x 
� �� Then� in
view of the homogeneity �X� G� �� of order k �k � ��� we have

k��x� t�k � kxk �

�����
�

x

kxk
� tkxkk��

����� � kxkm�tkxkk��� ����

for all x � X and t � G � where
m�t� � sup

kxk��

k��x� t�k�

Note that the uniform asymptotic stability of the zero motion of the dynamical system �X� G� �� implies
that the function m � G � R� de�ned by relation ���� satis�es the assumptions of Lemma ���� and
therefore it satis�es inequality ���� for k � � and ���� for k � � � Inequalities ����� ����� and ���� imply
inequalities ���� and �����

The proof of the fact that �� implies �� is carried out using the same reasoning as in Theorem ���� The
proof of the theorem is complete� �

Let �X� G� �� and �Y � G� �� be two dynamical systems with multidimensional time� and let h � X � Y
is a homomorphism from �X� G� �� to �Y � G� �� � Then the triple h�X� G� ��� �Y � G� ��� hi is called a
nonautonomous dynamical system with multidimensional time�

The nonautonomous dynamical system with multidimensional time h�X� G� ��� �Y � G� ��� hi is said to
be homogeneous of order k � � if the triple �X� h� Y � is a vector �ber bundle and the autonomous system
�X� G� �� is homogeneous of order k � ��

Theorem ���� Let h�X� G� ��� �Y � G� ��� hi be a nonautonomous dynamical system with multidi�

mensional time� If h�X� G� ��� �Y � G� ��� hi is homogeneous of order k � � � then the following conditions

are equivalent�

a� the zero section of the �ber bundle �X� h� Y � is uniformly asymptotically stable� i�e��

a�� for any 	 � � there exists a 
�	� � � such that jxj � 
 implies j��x� t�j � 	 for all t � G �
a�� there exists a � � � such that

lim
ktk���

j��x� t�j � � ����

for jxj � � � moreover� ���� holds uniformly in x �
b� there exist positive numbers N and � such that j��x� t�j � Ne��ktkjxj for all x � X and t � G �

��




Proof� It is obvious that b� implies a�� therefore� to complete the proof of Theorem ���� it su�ces to
show that a� implies b�� Set

m�t� � sup
jxj��

j��x� t�j� ����

Since the zero section of the dynamical system h�X� G� ��� �Y � G� ��� hi is uniformly asymptotically
stable and the system itself is homogeneous of order k � �� the function m � G � R� satisfying the
assumptions of Lemma ��� is well de�ned by relation ����� Moreover� it follows from the fact that the
system h�X� G� ��� �Y � G� ��� hi is homogeneous of order k � � that

m�t� � � m�t�m�� and j��x� t�j � jxjm�t�

for all t�  � G and x � X � According to the �rst assertion of Lemma ���� the function m satis�es
inequality ����� and therefore

j��x� t�j � jxjm�t� � Ne��ktkjxj for all x � X and t � G�

The proof of the theorem is complete� �

xxx�� Ordinary di�erential equations in a Banach space

Let E be a real or complex Banach space with norm k � k � Denote by C�R �E� E� the family of all
continuous functions F � R �E � E equipped with the opencompact topology� Consider the di�erential
equation

�x � F �t� x�� ����

where F � C�R �E� E� � Along with Eq� ����� we shall also consider the family of equations

�y � G�t� y�� ����

where G � H�F � � fF� �  � Rg � F� is the translation of the function F along t by  � and the bar
denotes the closure in C�R �E� E� �

A function F � C�R �E� E� is said to be regular if the following conditions are satis�ed�

a� whatever v � E and G � H�F � � Eq� ���� has a unique solution de�ned on R� and issuing from
the point v at t � �� we denote this solution by ��t� v � G� �

b� the mapping � � R� �E �H�F �� E is continuous�

Note that condition a� also implies the following relation�

c� ��t�  � v � G� � ��t� �� � v � G�� G� � for all t�  � R� � v � E and G � H�F � �

As is well known �see� for example� 	�����
�� Eq� ���� with a regular righthand side determines the
nonautonomous dynamical system h�X� T � f�� �Y � T � ��� hi � where Y � H�F � � and �Y � R� �� is the
dynamical system of translations on H�F � � X � E � Y � f � R� � E � Y � E is the mapping de�ned
by the relation f

�
 � �v� G�

�
� h�� � v � G�� G� i � � � � v � E � and G � H�F ��� and h � pr� � X � Y �

Applying Theorems ��� and ��� to the nonautonomous dynamical system thus constructed� we obtain the
corresponding assertions for equations of the form �����

Theorem ���� Let F � C�R�E� E� and F �t� �x� � �F �t� x� for all t � R � x � E and � � � � Then
the following assertions are equivalent�

a� the zero solution of Eq� ���� is uniformly asymptotically stable�
b� there exist positive numbers N and � such that

k��t� v � G�k � Ne��tkvk

for all t � � � v � E � and G � H�F � �

���



Theorem ���� Suppose that Eq� ���� is autonomous� i�e�� the right�hand side F is independent of

t � R � and F ��x� � �kF �x� �k � �� for all x � E and � � � � Then the following assertions are

equivalent�

a� the zero solution of the equation �x � F �x� is uniformly asymptotically stable�
b� there exist positive numbers � and � such that

k��t� x�k � ��kxk��k � �t�����k���

for all t � � and x � E �

Remark ���� a� Theorem ��� and ��� are also valid for di�erential equations with nonunique solutions
as well as for generalized di�erential equations� since� under certain regularity conditions for the right
hand side F � the generalized di�erential equation �x � F �t� x� determines a nonautonomous dispersive
dynamical system �for more details� see 	��
��

b� Theorem ��� for generalized di�erential equations with righthand side periodic in t in a �nite
dimensional space was proved in 	�
�

c� Theorem ��� for �nitedimensional di�erential equations was proved in 	���
� and for generalized
di�erential equations in a �nitedimensional space it was proved in 	�� �
�

d� Theorems ��� and ��� imply the existence of analogs of Theorems ��� and ��� also for completely
solvable di�erential equations in Banach spaces 	��
�

xxx�� Functional di�erential equations

Let r � � � and let C�	a� b
� Rn � be the Banach space of all continuous functions � � 	a� b
 � R
n with

norm sup� If 	a� b
 � 	�r� �
 � then we set C � C�	�r� �
� Rn � � Suppose that � � R � A � � � and
u � C�	� � r� � �A
� Rn � � For any t � 	�� � �A
 � let us de�ne ut � C by the relation

ut��� � u�t� ��� �r � � � ��

Denote by C�R � C� Rn � the space of all continuous functions F � R � C � Rn � equipped with open
compact topology� Consider the di�erential equation

�x � F �t� xt�� ����

where F � C�R � C� Rn � � Along with Eq� ����� consider the family of equations

�y � G�t� yt�� ����

where G � H�F � � fF� �  � Rg � It follows from the general properties of functional di�erential equa
tions 	��
 that Eq� ���� with a regular righthand side F naturally determines a nonautonomous dynamical
system �for more details� see 	��
�� which is constructed as follows� Set Y � H�F � � By �Y � R� �� denote
the dynamical system of translations on Y � X � C � Y � and let �X� R� � f� be a dynamical system
on X � where f� �x� � f� �v� G� � h�� � � v� G�� G� i for all  � � � v � C � and G � H�F � � here �� � v� G�
is the unique solution of Eq� ���� under the condition ���� v � G� � v � Then

h�X� R� � f�� �Y � R� ��� hi

is the nonautonomous dynamical system determined by Eq� ����� where h � pr� � X � Y � Applying
Theorems ��� and ��� to the nonautonomous dynamical system thus constructed� we obtain the following
assertions�

Theorem ���� Let F � C�R � C� Rn � be regular� and let F �t� �x� � �F �t� x� for all t � R � x � C �

and � � � � Then the following assertions are equivalent�

a� the zero solution of Eq� ���� is uniformly asymptotically stable�
b� there exist positive numbers N and � such that

k��t� v � G�k � Ne��tkvk

for all t � � � v � C � and G � H�F � �

���



Theorem ���� For the autonomous functional di�erential equation

�x � F �xt� ����

with a regular right�hand side F satisfying the condition F ��x� � �kF �x� �k � �� for all x � C and

� � � � the following assertions are equivalent�

a� the zero solution of Eq� ���� is uniformly asymptotically stable�
b� there exist positive numbers � and � such that

k��t� v�k � ��kvk��k � �t�����k���

for all t � � and v � C �

Remark ���� Theorems ��� and ��� also hold for functional di�erential equations with nonunique
solutions and for generalized functional di�erential equations if their the righthand sides have certain
regularity�

xxx�� Quasilinear parabolic equations

Let E be a Banach space� and let A � D�A� � E be a linear closed operator with dense domain� An
operator A is called 	��
 sectorial if for some � � ��� ���� � some M � � � and some real a � the sector

Sa�� � f� � � � j arg��� a�j � �� � 
� ag

lies in the resolvent set ��A� and k�I��A���k �M j��aj�� for all � � Sa�� � If A is a sectorial operator�
then there exists an a� � � such that Re��A � a�I� � � ���A� � C n ��A��� Let A� � A � a�I � For
� � � � � � one de�nes the operator 	��


A��� �
sin��

�

Z ��

�

�����I �A��
�� d��

which is linear� bounded� and onetoone� Set X� � D�A�
� � � and let us equip the space X� with the

graph norm kxk� � kA�
�xk �x � X��� X� � E � and X� � D�A� � Then X� is a Banach space with

norm k � k� and is densely and continuously embedded in E �
Consider the di�erential equation

�x�Ax � F �t� x�� ����

where F � C�R �X� � E� and C�R �X� � E� is the space all continuous functions equipped with open
compact topology�

Along with Eq� ����� consider the family of equations

�y � Ay � G�t� y�� ����

where G � H�F � � fF� �  � Rg � Regularity conditions for F are given in Theorems ������ ������ ������
and ����� in 	��
�

Assuming that F is regular� a nonautonomous dynamical system can be associated in a natural way
with Eq� ����� Namely� we set Y � H�F � and by �Y � R� �� denote the dynamical system of translations
on Y � Further� let X � X��Y � and let �X� R� � f� be the dynamical system on X de�ned by the relation
f� �v� G� � h�� � v � G�� G� i � where �� � v � G� is the unique solution of ���� de�ned on R� and satisfying
the condition ���� v � G� � v � Finally� by setting h � pr� � X � Y � we obtain the nonautonomous system
h�X� R� � f�� �Y � R� ��� hi determined by Eq� ����� Applying Theorem ��� to the last system� we obtain
the following assertion�

Theorem ���� Let F � C�R�X� � E� be regular� and let F �t� �x� � �F �t� x� for all t � R � x � X� �

and � � � � Then the following two assertions for Eq� ���� are equivalent�

a� the zero solution of Eq� ���� is uniformly asymptotically stable�
b� there exist positive numbers N and � such that

k��t� v � G�k� � Ne��tkvk�

for all t � � and v � X� �

���
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