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Bounded solutions of linear almost
periodic differential equations

D. N. Cheban

Abstract. The paper deals with bounded (on R4 or R) solutions of the equation
& = A(t)z with recurrent (almost periodic) coefficients. We show that the zero
solution of this equation is uniformly stable (bistable) if and only if all its solutions
and the solutions of its limit equations are bounded on Ry (R). These results are
generalizations of the well-known theorem of Cameron—Johnson.

Introduction

This paper deals with bounded (on R, or R) solutions of the equation
i=A(t)w (0.1)

with recurrent (in particular, almost Bohr periodic) coefficients.

The well-known theorem of Cameron—Johnson theorem [1], [2] for equation (0.1)
in a finite-dimensional space states that this equation can be reduced by a Lyapunov
transformation to an equation

where B(t) is a skew-symmetric matrix, if all the solutions of equation (0.1) and the
solutions of all its limit equations are bounded on R. It is obvious that the converse
statement is also valid. This theorem implies that the solutions of equation (0.1)
and of all its limit equations are bounded on R if and only if the zero solution of
equation (0.1) is Lyapunov bistable. We show that the last statement is valid for
equations (0.1) in an arbitrary Banach space. Moreover, we prove that the solutions
of equation (0.1) and all its limit equations are bounded on R if and only if the
zero solution of equation (0.1) is uniformly stable. We establish that equation (0.1)
has at most finitely many solutions that are linearly independent and bounded on
R if its zero solution is uniformly stable and the shift operator along the trajectories
of equation (0.1) is asymptotically compact.

AMS 1991 Mathematics Subject Classification. 34C27, 34C35, 54H20.
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§ 1. Bounded motions of linear non-autonomous dynamical systems

Assume that X and Y are complete metric spaces, R (Z) is the group of real
numbers (integers), T=Ror T =Z, To ={t €T |t >0}, T_={t €T |t <0},
and S =T, T_,T. Let (X,S,7m) ((Y,T,0)) be a semigroup (group) dynamical
system on X (V). A triple (X, S,n),(Y,T,0),h), where h is a homomorphism of
(X, S,7) onto (Y, T,0), is called [3] a non-autonomous dynamical system.

A set A C X is said [4] to be positively invariant (quasi-invariant) if 7*A C A
(7*A D A) for all t € Ty, where 'z = 7(z,t) = xt for all z € X. A set A is said
to be invariant if it is both positively invariant and quasi-invariant.

A closed positively invariant set A in the space of the system (X, S, 7) is said [4]
to be minimal if it contains no proper closed positively invariant subset. A point
x € X is said to be recurrent in (X,S,n) if H(z) = {«t |t € T} is a compact
minimal set of (X, S, ).

A non-autonomous dynamical system ((X,T¢,7),(Y,T,0),h) is said [5]—-[8] to
be distal on T in the fibre X, = {x € X | h(z) = y} if inf{p(z1t,2ot) |t € T} >0
for all z1,z2 € Xy, x1 # x2. For group non-autonomous dynamical systems the
distalness on 7_ and T in the fibre X, can be defined likewise. Finally, a non-
autonomous system is said to be distal on Ty (T-,T) if it is distal in every fibre
Xy, yev.

Assume that (X;,Ty,m;) is a dynamical system on X;, i = 1,...,k; let X =
X1 x - x Xi, and let m = (m1,...,7): X x Ty — X be defined by the formula

m(x,t) = (m(z1,t), ..., 7r(zk, t))

for all t € Ty and z = (z1,...,2;) € X. The dynamical system (X,T,m),
where X = X3 x -+ x Xy and 7 = (7, ...,m), is called the direct product of the
dynamical systems (X;, Ty, m;), ¢ = 1,...,k and denoted by (X1, T4, 1) X+ X
(X, Toym). U X, =X, i=1,...,k,and my =7, ¢ =1,...,k, then

(X,T+,7T> X (X,T+,7T> Xooee X (X7T+77T) = (Xk7T+77T>'

The direct product of group dynamical systems is defined likewise.
The points z1, . . .,z € X aresaid to be jointly recurrent if the point (z1, ..., x) €
X% is recurrent in the dynamical system (X%, Ty, 7).

Lemma 1.1 [5]—[8]. The following assertions hold.

1) Assume that X is compact and (Y,T,0) is minimal. If the group non-
autonomous dynamical system ((X,T,w),(Y,T,c),h) is distal on Ty (T-), then
it is distal on T

2) Assume that X is compact, (Y,T,0) is minimal, andy € Y. Then the follow-
ing conditions are equivalent:

(i) the group non-autonomous system ((X,T,x), (Y, T, o), h) is distal on T in the
fibre X;

(ii) for any points x1, ...,z € X, where k is any positive integer > 2, the point
(z1,...,2) € X* is recurrent in (X*, T, );

(iii) for any two points x1,x2 € X, the point (z1,z2) € X X X is recurrent in
(X,T,m) x (X,T,m).
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The entire (full) trajectory of the semigroup system (X, T, ) passing through
the point x € X at ¢ = 0 is defined to be the continuous map v: T — X that
satisfies the conditions y(0) = = and w'vy(s) = y(s+1t) forallt € Ty and s € T.
Let @, be the set of all entire trajectories of (X, T, ) passing through x at t = 0.

Let C(T, X) be the space of all continuous maps ¢: T'— X equipped with the
compact-open topology and let (C (T,X),T, 0) be the dynamical system of shifts on
C(T,X). Let d be a metric on C(T, X) consistent with its topology (for example,
the Bebutov metric).

Lemma 1.2 [9]. Let (X,Ty,m) be a semigroup dynamical system and assume that
for any t € Ty the map nt: X — X is a homeomorphism and 7 is the map of
X X T to X defined by the equality

([ w(a), (z,t) € X x T},
w(xz,t) = { (r= )Yz, (x,t)eX xT_.

Then the triple (X, T, %) is a group dynamical system.

Lemma 1.3 [5]. Assumethat{(X,T+,n),(Y,T,0),h) is a non-autonomous dynam-
ical system, Y is compact, (Y, T, o) is minimal, and xo € X, has a relatively com-
pact semitrajectory {zot | t € T}. Then one can find a recurrent point © € wy, =
ﬂ@O’T% Uzor (z € Xy) and a sequence t, — +oo such that p(zoty,,zt,) — 0 as
n — +00.

A dynamical system (X, S,7) is said [10]-[13] to be asymptotically compact if
for any bounded positively invariant set B C X there is a non-empty compact set
K C X such that

t_l}_~_1110o sup{p(zt,K): z € B} =0.

Remark 1.4. (i) Assume that z € X is such that {zt | ¢t € T4} is bounded and
(X, Ty, ) is asymptotically compact. Then {zt | t € T, } is relatively compact.

(ii) Let M C X be bounded and invariant. Then M is relatively compact if the
dynamical system (X,T,n) is asymptotically compact. In particular, if z € X
and v € ®, is such that y(T") is bounded, then v(T") is relatively compact.

Lemma 1.5 [10]. Let B be a bounded subset of X. Then the following conditions
are equivalent:

(i) for any sequences {xzr} C B and t, — +0o the sequence {xxty} is relatively
compact;

(i) (B) = Ni>0,,5: Un"(B) # @ is compact and invariant, and

tilgloo sup{p(at,QB)): z € B} =0;
(iil) there is a non-empty compact set K C X such that

t_l}_~_1110o sup{p(zt,K): x € B} = 0.
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If X = ExY, m = (p,0), thatis, 7((u, y),t) = (¢(t, z,y),0(y,t)) for all (u,y) €
ExY andt € S, then the non-autonomous dynamical system (X, S, 7), (Y, T, o), h),
where h = pry: X — Y, is called [14] a skew product over (Y, T, o) with the fibre E.

Let (X,h,Y) be a locally trivial Banach fibre bundle [15]. A non-autonomous
dynamical system ((X,S,7),(Y,T,0),h) is said [14], [16] to be linear if the map
nt: X, — X, is linear for every t € S and y € Y.

If (X,S,7),(Y,T,0),h) is a skew product over (Y, T, o) with the fibre E (that
is, X =ExY, m=(p,0), and h = pry), then it is linear if and only if F is a
Banach space and the map ¢(t,-,y): E — FE is linear for every y € Y and ¢t € S.

Throughout the rest of this paper we assume that Y is compact, the dynamical
system (Y, T, o) is minimal, X = F x Y, F is a Banach space with the norm | - |,
the non-autonomous dynamical system ((X, S, ), (Y, T, o), h) is linear, 7 = (p, o),
and h = pry.

Let F' C ExY beaclosed vectorial subset of the trivial fibre bundle (E'xY, pr,,Y)
that is positively invariant relative to (X, S, 7). We put

B* = {(z,y) € F | sup{|p(t,z,y)|: t € T} < +oo}.

The set B~ is defined likewise. If (X, Ty, 7),(Y,T,0),h) is a semigroup non-
autonomous dynamical system, then B is the set of all points of F' with the following
property: there is an entire trajectory of the dynamical system (F, T, r) bounded
on T that passes through this point. We put Bj = B* N X, and B, = BN X,
yevY.

Theorem 1.6. The following conditions are equivalent:
(i) there is an M > 0 such that

lo(t, z,y)| < Mz| (1.1)

for all (z,y) e Bt (B~,B) andt e Ty (T-,T);
(ii) BY (B~,B) is closed in F.

Proof. We prove this theorem in the case when S = T. In the case when S = T_
or S =T it can be proved in a similar way. We claim that (i) implies (ii). Assume
that (x,y) € B*. Then there is an {z,,y,} C Bt such that {z,,y.} — (z,9) as
n — +o0o. By condition (i), the inequality

is valid for all n = 1,2,... and ¢t € Ty. Passing to the limit in (1.2) as n — 400,
we obtain that |p(¢,z,y)| < M|z| for all t € T, that is, (x,y) € BT.
Now we claim that (ii) implies (i). Let BT be closed and let y € Y. We put

d(y) = sup{|e(t,z,y)|: t € Ty, (z,y) € BT, |z| < 1}. (1.3)

We claim that the function d: ¥ — R, defined by formula (1.3) is lower semi-
continuous. Assume the contrary. Then there are ¢ > 0, y € Y, and y, — y such
that

lim d(y,) =d(y) —e. (1.4)

n—-+o0o
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Formula (1.3) implies that there are |z,| < 1 and {t,} C Ty ((@n,y) € BT) such
that

dy) = lm |o(tn, Zn,y)|

n—-+o0o

Therefore, for € > 0 one can find a k such that the inequality

H‘P(tn,l'n,y” - d(y)| < 6/4 (15)

is valid for all n > k. Since the map ¢(tr, zk,): ¥ — X is continuous, there is an
n = n(k) such that
|¢(tk7xk7yn> _Qﬁ(tk,xk,y)| < 6/4 (16>

for all n > n(k). Inequalities (1.5) and (1.6) imply that

|d(y) — |t T, yn)| < €/4 (1.7)

for all n > n(k). Hence,
d(y) — d(yn) < €/2 (1.8)

for all n > n(k). On the other hand, formula (1.4) implies that
d(y) — d(yn) > 3¢/4 (1.9)

if n is sufficiently large.

Inequality (1.9) contradicts (1.8). This contradiction proves that d: ¥ — Ry is
lower semicontinuous. Hence, this function has a set of points of continuity D C Y’
of the type Gs. Since Y is a complete metric space, D has an interior point p € D,
that is, there is a J, > 0 such that

Slp,op) ={y €Y | p(y,p) <} C D.

Since Y is minimal, there are negative numbers ¢,...,t, such that ¥ =
U, o(S[p, 0p),t:) (see [6], Russian p. 134).

We put L = max{|t;|: 4 =1,...,m}. Since d is continuous on S[p,d,] and Y is
compact, there is an M, > 0 such that d(y) < M, for all y € S[p, §,].

We claim that the family of operators {n! | ¢t € [0, L]} is uniformly continuous,
that is, for any € > 0 there is a §(e) > 0 such that |z| < § implies that |xt] < €
for all ¢ € [0, L]. Assume the contrary. Then there are ¢g > 0, d§, | 0, |z,| < 0n,
yn €Y, and ¢, € [0, L] such that

|§0(tnaxn7yn>| = €. (110)

Since Y and [0, L] are compact, we can assume that the sequences {y,} and {t,}
are convergent. Put yo = lim,,_, 1 o yn and ¢y = lim, ;o t,. Passing to the limit
in (1.10) as n — 400, we obtain 0 > €y. The last inequality contradicts the choice
of €. This contradiction proves the above assertion.

If o > 0 is such that |p(¢,z,y)| < 1forallt € [0,L], |z|] < o, and y € Y, then

lo(t, 2, y)] < oz (1.11)
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forallt € [0,L], x € E, and y €Y. Assume that ¢ €Y, y € S[p,d,], and ¢; are
such that ¢ = yt;. Then

<p(_ti7x7yti) )'
= |o(—t;, z, yt; taty, IR 1.12
ot 2y ”M eI (1.12)

The set BT is positively invariant and contains (z,q). Therefore, B™ contains
7t (z,q), where 7' (z,q) = (p(—ti,x,q),0(q,—t;)). Hence, 7 ' (z,q) =
(@(_tlamaytl)’y) € B;_ and

@(_tl7x7ytl)
t+t;, ———mM—~— <M 1.13
‘(p( Tt |<p(_ti7x7yti)|,y P ( )

for all t > L. On the other hand, inequality (1.11) implies that
o(=ts,z,yti)| < @tz (1.14)

for all x € E. Formulae (1.12)—(1.14) imply that |p(t,z,q)| < M|z| for all t € Ty
and z € E, where M = o~ ! max{1, M, }. This completes the proof of the theorem.

Lemma 1.7. Assume that (X,Ty,n),(Y,T,0),h) is a linear non-autonomous
dynamical system, (X, T4, ) is asymptotically compact, and there is an M > 0
such that

(@) < M|z (1.15)

for all vy € ®(,,, (x,y) €B, and t € T. Then the set 9 = U{P(, ) | (z,y) €
B, |z| < 1} is relatively compact in C(T, X).

Proof. Consider the set K = {y(t) | t € T, v € ®o} C B. It is obvious that K is
invariant. By (1.15), it is bounded. Since (X,T,7) is asymptotically compact,
K is relatively compact (see Remark 1.4(ii)). We claim that the family of functions
Py C C(T,X) is equicontinuous. Assume the contrary. Then there are ¢y > 0,
8, 40, {t83(i=1,2), and {y,} C ®o such that [t} — 2| < 4, and

Y (ts) = (£2)] = €o. (1.16)

Without loss of generality we can assume that t2 > t1. Then inequality (1.16)
implies that

Tn

|7 @, — xn| = €0 (1.17)

for all n = 1,2,..., where 7, = t2 — t} and =, = 7,(t}). Since {z,} C K, we
can assume that the sequence {z,} converges. Let zy = lim, ;o Z,. Passing to
the limit in inequality (1.17) as n — 400, we obtain the inequality 0 > €g, which
contradicts the choice of ¢y. To complete the proof of the lemma, it is sufficient to
apply the Ascoli-Arzela theorem.
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Theorem 1.8. Assume that (X, Ty, n),(Y,T,0),h) is a linear non-autonomous
dynamical system, (X, T4, ) is asymptotically compact, and there is an M > 0
such that inequality (1.15) is valid for all y € ®(, ), (v,y) €B, and t € T. Then
the following assertions hold.

(i) Any two entire trajectories y1 € Py, o) and Y2 € Pz, ) ((@1,Y), (z2,y) € B)
are jointly recurrent.

(ii) For any (x,y) € B the set ®(,,,) consists of a single entire recurrent trajec-
tory.

(iii) B is closed in F.

(iv) (X, Ty, ) induces a group dynamical system (B,T,m) on B.

(v) For any y € Y the set By is finite-dimensional and dimB,, does not depend
ony €Y.

Proof. Assume that (z,y) € B, and let v € ®(, ,) be bounded on T'. By Lemma 1.7,
the set H(y) = {7, |7 €T} is compact in C(T,X), since v, € ®,(,), where
v- is the shift of v by 7 and the bar denotes closure in C(T,X). Counsider the
group non-autonomous dynamical system ((H(v),T,A),(Y,T,0),h), where
(H(~),T, ) is the dynamical system of shifts on H(v) induced by the Bebutov
system (C’(T,X ), T, 0) and p: H(y) — Y is the map defined by the equality
w(¥) = h((0)). Under the conditions of Theorem 1.8 (see also inequality (1.15))
the non-autonomous dynamical system ((H(7v),T,\),(Y,T,0),u) is negatively
distal, that is, inf{d(A(y1,?),A(72,t)): t € T_} > 0 for any 1,72 € H(y) such
that 1 # v2 and p(y1) = p(v2). By Lemma 1 in [6], Russian p. 104, ((H (), T, \),
(Y,T,0),h) is distal on T. Therefore, v, and 72 are jointly recurrent. In particular,
7 is recurrent. Moreover, by Lemma 1.1, any two entire trajectories y1 € @, )
and 72 € ®(,,,) are jointly recurrent.

We claim that for any (z,y) € B the set ®(, ) consists of a single entire
recurrent trajectory. Assume the contrary. Then there are 71,72 € ®(;,) such
that 71 # v2. Putting y(¢) = y1(t) — 72(¢), we obtain a recurrent function v # 0
such that v(¢t) = 0 for all ¢ € T, which is impossible.

Now let (z,y) € B. Then there is an {z,,,y,} C B such that {z,,y,} — {z,y}.
Let 7, be the (unique) entire trajectory of (F, T}, n) bounded on T and satisfying
the condition 7, (0) = (zn,¥yn). By Lemma 1.7, we can assume that the sequence
{n} converges in C(T,X). Inequality (1.15) implies that v = limp,_ 400 Vn 1S
an entire trajectory of (F,T,,m) bounded on T. Moreover, ¥(0) = (z,y). Thus,
v € ®(z,4), whence (z,y) € B.

Since B is closed and invariant, (X, T, ) induces a dynamical system (B, Ty, )
on B, and 7'B = B for all ¢ € T,. By assertion (ii) of the theorem, 7': B — B
(t € T}) is a one-to-one map and (7!)~1(b) = ~,(—t) for all t € Ty and b € B,
where {7} = ®,. Lemma 1.7 implies that n*: B — B is a homeomorphism. To
prove assertion (iv), it is sufficient to apply Lemma 1.2.

We now prove the last assertion of the theorem. Since (X, T, 7) is asymptot-
ically compact, K = {(z,y) | (z,y) € B,|z| < 1,y € Y} is compact. Therefore,
every linear subspace B, of X, = E x {y} is finite-dimensional. Let y € Y and let
Z1,...,2; € By be abasis in B,. Then Lemma 1.1 implies that the points z1, ..., s
are jointly recurrent. Let ¢ be an arbitrary point of Y. Since Y is minimal,
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there is a sequence {t,} C T such that yt, — ¢ and 7(z;,t,) = & (i=1,...,k)
as n — 400, where &1, ...,&; € B, and the points £, ..., &, are jointly recurrent.

We claim that &1,...,&; are linearly independent. Assume the contrary. Then
there are constants cy,...,cg such that ¢1& + -+ + cxéx = 0 and Zle lei] # 0.
Since (&1,...,&) € H(x1,...,x) and (21, ..., ) is recurrent, there is a {7,} C T
such that g7, — y and 7(&;,7,) = z; (i =1,...,k) as n — 4o00. Therefore,

ci1x1+ - +epxr = nll}gl:loo 7T(C1£1 +--- 4+ CkgktaTn) =0.

The last relation contradicts the choice of z1,...,z;. Thus, dimB, > dimB, for
all ¢ € Y. Since Y is minimal, the reverse inequality also holds. Hence, dimB, =
dim B, for all ¢ € Y, which completes the proof of the theorem.

Theorem 1.9. Let (X, Ty, x),(Y,T,0),h) be a linear non-autonomous dynamical
system and assume that (X, Ty, ™) is asymptotically compact. Then the following
conditions are equivalent:

(i) there is an M > 0 such that (1.15) is valid for all v € @54y, (z,y) € B, and
teT;

(ii) B is closed in F'.

Proof. By Theorem 1.8, the theorem will be proved if we prove that (ii) implies (i).
By Theorem 1.6, there is an M > 0 such that (1.1) is valid for all (z,y) € B and
t € T. Since B is invariant, for any (z,y) € B and v € ®(, 4 the inequality

()| = M~z (1.18)

is valid for all t € T_. Repeating the arguments used in Lemma 1.7, we can show
that H(y) = {y- | 7 € T} is compact in C(T, X). Consider the group dynamical
system ((H(v),T,\),(Y,T, o), 1) (see the proof of Theorem 1.8). Inequality (1.18)
implies that the non-autonomous system ((H (), T, \), (Y, T,0), ), is distal on T-_.
By Lemma 1.1, v is recurrent. Therefore,

sup{|y(t)|: t € T} = sup{|y(t)|: t € T}.} < Mz|

for all v € ®(,,) and (z,y) € B. Hence, condition (i) holds and the theorem is
proved.

Theorem 1.10. Let (X,T4,7),(Y,T,0),h) be a linear non-autonomous dynam-
ical system. Assume that (X, Ty, ) is asymptotically compact and BT is closed.
Then

(i) B is closed, and

(ii) for any (x,y) € B there is a recurrent point (x,y) € B such that

limt—>+oo |(p(ta Zo, y) - (P(t, x, y)| =0.

Proof. Assume that B* is closed. By Theorem 1.6, there is an M > 0 such that
(1.1) is valid for all (z,y) € B* and t € Ty. Assume that (z,y) € B C B*.
Then inequality (1.1) implies that (1.18) is valid for all t € T and v € ®(, .
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Repeating the arguments used in the proof of Theorem 1.9, we obtain (1.15) for all
¥ € ®uy), (z,y) €Bandt e T. To complete the proof of the first assertion of
the theorem, it is sufficient to apply Theorem 1.8.

Now we prove the second assertion of the theorem. Let (x¢,y) € Bt. Since
(X,T,,n) is asymptotically compact, the semitrajectory {m*(xo,y) | t € T4} of
the point (zo,y) is relatively compact. Therefore, w(,,,) # @ is compact and
invariant. By Lemma 1.3, one can find a recurrent point (z,y) € W(zo,y) and a
sequence t, — +oo such that

hm [o(tn, 2o,y) — ¢(tn, 2,y)| = 0. (1.19)

n—-+o0o

Inequality (1.15) implies that

for all ¢ > ¢,. Formulae (1.19) and (1.20) imply the desired assertion, which
completes the proof of the theorem.

Remark 1.11. The second assertion of Theorem 1.9 remains true even if we do not
assume that B is closed.

We conclude this section with a condition under which a linear non-autonomous
system is asymptotically compact.

Let P: X — X be a projection of the vector bundle, that is, P, = P |Xy is a
projection in X, for every y € Y. Then P is said to be completely continuous if
P (M) is relatively compact for any bounded set M C X.

Lemma 1.12. Let (X, T4, 7),(Y,T,0),h) be a linear non-autonomous dynamical
system. Assume that the maps w° = n(-,t): X — X can be represented as sums
m(x,t) = mi(z,t) + ma(z,t) for all t € Ty and © € X, and that the following
conditions hold.

(i) |mi(z,t)| < m(t,r) for allt € Ty and xz € X, where m: R — Ry and for
every r > 0 the function m(t,r) tends to zero as t — +00.

(ii) The maps ma(-,t): X — X (¢t > 0) are conditionally completely continuous,
that is, ma(A,t) is relatively compact for any t > 0 and any bounded positively
tmwvariant set A C X.

Then the dynamical system (X, Ty, ) is asymptotically compact.

Proof. Let A C X be a bounded positively invariant set. Then A = X7 (A) = {#*A |
t €T, }. Since Y is compact and (X, h,Y) is locally trivial, there is an r > 0 such
that A C {z € X: |z| < r}. We claim that for any {zx} C A and ¢, — +o00 the
sequence {zty} is relatively compact. We can cover M = {zt;}72, with a finite
e-net for any € > 0. Assume that € > 0 and [ > 0 are such that m(l,r) < e/2. We
represent M as the union M U My, where M; = {xktk}z;l, My = {xktk}?;kl+l
and k; = max{k | tx <[}. The set My is a subset of 7/(XT(A)) whose elements can
be represented in the form 7 (z,t) + m2(z,t) (z € £1(A)). Since mo(XT(A),1) is
relatively compact, we can cover it with a finite (e/2)-net. For any y € m1 (X1 (A),1)
there is an z € X (A) such that y = m1(z,1) and |y| = |mi(z,1)| < m(l,r) < €/2.
Therefore, the zero section © of the vector bundle (X,h,Y) is an (¢/2)-net of
m1 (X1 (A),1). Since Y is compact and (X, h,Y) is locally trivial, the zero section
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O is compact. Hence, My and M are covered by the e-net ©® U Mj. Since O is
compact and the space Y is complete, M = {zt;}72, is relatively compact. We
complete the proof by applying Lemma 1.5.

Corollary 1.13. Let (X, Ty, n),(Y,T,0),h) be a linear non-autonomous dynam-

ical system and let P: X — X be a completely continuous projection. Assume that

there are positive numbers N and v such that |7'Q(z)| < Ne Vt|z| for all x € X

andt € Ty, where Q: X — X and Q, = Q|x, = I, — P, forally € Y (I, =idx,).
Then (X, Ty, m) is asymptotically compact.

To deduce this corollary from Lemma 1.12, it is sufficient to observe that
m(z,t) = m(z,t) + ma(x,t) for all x € X and ¢t € Ty, where m(z,t) = 7'Q(z)
and ma(z,t) = 7' P(z). Under the hypotheses of Corollary 1.13, for every ¢ > 0 the
map ma(-,t) = wtP is completely continuous and |my(z,t)] < Ne “!|x|. Hence,
Lemma 1.12 is applicable.

Remark 1.14. In the proofs of Lemma 1.12 and Corollary 1.13 we used only the
compactness of Y. Hence, these statements are also valid in the case when the
dynamical system (Y, T, o) is not minimal.

§ 2. Bounded solutions of linear differential equations
in a Banach space with almost periodic coefficients

Let [E] be the Banach space of all bounded linear operators that act on a Banach
space E equipped with the operator norm. Let A be a complete metric space of
closed linear operators that act on E (for example, A = [E]or A= {Ao+B | B € [E]},
where A is a closed operator that acts on F). Let C(R,A) be the space of all
continuous operator-valued functions A4: R — A equipped with the compact-open
topology and let (C(R,A),R, o) be the dynamical system of shifts on C (R, A).

2.1. Ordinary linear differential equations. Let A = [E] and consider the
differential equation

W= A(t), (2.1)

where A € C(R, [E]). Consider the H-class of equation (2.1), that is, the family of
equations

o = B(t), (2.2)

with B € H(A) = {A, |7 €R}, A, (t) = A(t+7), and t € R, where the bar
denotes closure in C(R, [E]). Let ¢(t,v,B) be the solution of equation (2.2) that
satisfies the condition ¢(0,v,B) = v.

We put Y = H(A) and denote the dynamical system of shifts on H(A) by
(Y,R,0). We put X = F xY and define a dynamical system on X by setting

7r((v, B), t) = ((p(t, v, B), Bt)

for all (v,B) € ExY andt € R. Then ((X,R,7),(Y,R,0),h) is a linear group
non-autonomous dynamical system, where h = pry: X — Y. Applying the results
of §1 to this system, we obtain the following assertions.
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Lemma 2.1 [17], [18]. (i) The map (t,u, A) — ¢(t,u, A) of R x E x C(R,[E]) to
FE is continuous, and

(ii) the map A— U(-,A) of C(R,[E]) to C(R, [E]) is continuous, where U(t,.A)
is the Cauchy operator [19] of equation (2.1).

Theorem 2.2. Assume that A € C(R, [E]) is recurrent (that is, H(A) is a compact
minimal set of (C(R,[E]),R,0). Then the following conditions are equivalent:
(a) the set

B* (B7,B)= {(v,IB%) eExH(A) sup  |e(t,v,B)| < +oo} (2.3)
teRy (R_,R)

is closed in E x H(A), and
(b) there is a positive number M such that

lo(t, v, B)| < Mv| (2.4)
for allt e Ry (R_,R) and (v,B) € Bt (B~,B).

Corollary 2.3. Let A € C(R,[E]) be recurrent. Then the following assertions are
equivalent:

(i) all solutions of all equations (2.2) are bounded on Ry (R_,R), and

(ii) there is an M > 0 such that (2.4) is valid for allv € E, B € H(A), and
teR, (R_,R).

Theorem 2.4. Assumethat A € C(R,[E]) isrecurrent, the linear non-autonomous
dynamical system generated by equation (2.1) is asymptotically compact, and all
solutions of all equations (2.2) are bounded on Ry. Then

(i) there is an M > 0 such that (2.4) is valid for all t € Ry, v € E and
Be H(A),

(ii) the set B defined by formula (2.3) is closed in E x H(A),

(iil) all solutions of all equations (2.2) bounded on R are recurrent,

(iv) for any B € H(A) equation (2.2) has only a finite number ng of solutions
that are linearly independent and bounded on R, and ng = n 4 for all B € H(A),

(v) for any vo € E and B € H(A) there is a (v,B) € B such that

lim |o(t,vo, B) — ¢(t,v,B)| =0,

t——+oo

that is, any solution of any equation (2.2) is asymptotically recurrent.

We now formulate some sufficient conditions for the asymptotical compactness
of the linear non-autonomous dynamical system generated by equation (2.1).

Theorem 2.5. Let A € C(R,[E]), A(t) = Ai(t)+A2(t) for allt € R, and assume
that H(A;), i=1,2, are compact and the following conditions hold.
(i) The zero solution of the equation

W= A (t)u (2.5)



592 D. N. Cheban

is uniformly asymptotically stable, that is, there are positive numbers N and v such
that
|U(t, AU (1, Ay)|| < Ne ) (2.6)

for allt = 7 (t,7 € R), where U(t, A1) is the Cauchy operator of the equation
U= .Al (t)u
(ii) The family of operators {As(t) | t € Ry} is uniformly completely continuous,
that is, for any bounded set A C E the set {A2(t)A |t € Ry} is relatively compact.
Then the linear non-autonomous dynamical system generated by equation (2.1)
is asymptotically compact.

Proof. Let B € H(A). Then there are {t,} C T and B; € H(A;), i = 1,2, such
that B(t) = B1(t) + Bz (t) and B;(¢) = limy, 400 A;i(t + t,,). Note that

o(t,v,B) =U(t,B1)v +/O U(t, B)U (1, B1)Ba(1) (7, v, B) dr. (2.7)

By Lemma 2.1,

U(t,B;) = lim U(t, Ai,), A, (1) = Ai(t + ),

n—-+4oo

and the equality
U(t, Are, U N7, A1r,) = Ut + tn, AU (T + ty, Ar)
and inequality (2.6) imply that
U, B)U (7, By)|| < Ne V(=7 (2.8)

for all t > 7 and By € H(A;). By Lemma 1.12, Theorem 2.5 will be proved if we
can prove that the set

{/O Ul(t, B1)U (1, B1)Ba(1)p(7,v,B) dr | (v,B) € A}

is relatively compact for every ¢ > 0 and every bounded positively invariant set
ACEXY. We put

Ka={B2(0)p(t,0,B) | t € Ry, (v, B) € A.

Then

t
/ U(t,B1)U *(r,B1)Bs(1)(T,v,B) dr
0
et m{U(t,Bl)Uil(T, Bl)w | 0<7<t, By € H(A1>, w e KA} (29)

Since H(A;), H(A), and K4 are compact sets, formula (2.9), condition (ii) of
Theorem 2.5, and Lemma 2.1 imply that U{U(¢t,B1) U (r,B1)w | 0 < 7 < t,
B € H(A;),w € K4} is compact, which completes the proof of the theorem.
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Theorem 2.6. Let H(A) be compact and assume that there is a finite-dimensional
projection P € [E] such that

(i) the family of projections {P(t) | t € R}, where P(t) = U(t, A)PU1(t, A), is
relatively compact in [E], and

(ii) there are positive numbers N and v such that

|U(t, AQU (r, A)|| < Ne V(=7

forallt > 1, where @ =1— P.
Then the linear non-autonomous dynamical system generated by equation (2.1)
is asymptotically compact.

Proof. Since the family of projections {P(t) | t € R} is relatively compact, we
can assume that the sequence {P(t,)} converges. Let P(B) = limy, o0 P(tn).
We claim that the family H = {P(¢t) | t € R} is uniformly completely continuous,
where the bar denotes closure in [E]. Indeed, let A be a bounded subset of E,
{zn} C{QA| Q € H}, and ¢, | 0. Then there are ¢, € R and v, € A such
that p(zn, P(tn)vn) < €n. Since the sequence {P(t,)} is relatively compact, we
can assume that it converges. Let L = lim,, 1o, P(ty). Then L is completely
continuous, which implies that the sequence {z!,} = {Lv,} is relatively compact.
Note that

p(zn, 27) < P(xnvp(tn)vn) + P(P(tn)mevn) Sen+ [[P(tn) — L] - |vnl,

which implies that p(z,,z]) — 0 as n — +oo. Hence, {x,} is relatively compact.
Assume that B € H(A) and {t,} C R are such that

B= nEIEoo Atn, P(B) - ngrfoo P(At")7
where P(A;,) = U(tn, A)PU"(t,, A). The assertions proved above imply that
the family {P(B) | B € H(A)} is uniformly completely continuous. Note that
Q(B) = limy— 100 Q(Az,), where Q(B) = I — P(B) and Q(A;,) = I — P(A,).

Moreover, condition (ii) of Theorem 2.6 implies that
U (t, Ar, )Q(Ar, YU (7, Ar, )| < Nem (=7 (2.10)

for all ¢ > 7. Passing to the limit in (2.10) as n — 400 and taking Lemma 2.1 into
account, we obtain that

||U(t,B)Q(B)U*1(T’ B)” < Nefll(t—-r)

for all ¢ > 7 and B € H(A). We complete the proof of the theorem by observing
that U(t, B)Q(B) + U(t, B)P(B) = U(t,B) and applying Lemma 1.12.

2.2. Linear functional-differential equations. Let r > 0, C([a,b],R")
be the Banach space of all continuous functions ¢: [a,b] — R™ with the norm
sup. For [a,b] = [-7,0] we put C = C([-r,0,R"). Let ¢ € R, a > 0,
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and u € C([c—r,c+a],R™). We define u; € C for any t € [¢,c+ a] by the relation
u(0) = u(t +60), —r <0 <0. Let A =2A(C,R™) be the Banach space of all linear
operators that act from C to R™ equipped with the operator norm, let C(R,2l)
be the space of all operator-valued functions A: R — 20 with the compact-open
topology, and let (C’(]R, 2A), R, O’) be the dynamical system of shifts on C'(R,%).
Let H(A) = {A; | 7 € R}, where A; is the shift of the operator-valued function A
by 7 and the bar denotes closure in C(R, ).
Consider the linear functional-differential equation with delay

= A(t)uy (2.11)
along with the family of equations
0 = B(t)vy, (2.12)

where B € H(A). Let o(t,v,B) be the solution of equation (2.12) satisfying
the condition ¢(0,v,B8) = v and defined for all ¢t > 0. Let Y = H(A) and
denote the dynamical system of shifts on H(A) by (Y,R,0). Let X = C xY
and let @ = (¢,0) be the dynamical system on X defined by the equality
7((v, B),7) = (¢(7, v, B), B;). The non-autonomous system (X, Ry, 7), (Y, R, 0), h)
(h =pry: X —Y) is linear.

Lemma 2.7. Let H(A) be compact in C(R, ). Then the linear non-autonomous
dynamical system ((X,Ry,7),(Y,R,0),h) generated by equation (2.11) is com-
pletely continuous, that is, for any bounded set A C X there is anl = [(A) > 0
such that w A is relatively compact.

This follows from general properties of solutions of linear functional-differential
equations with delay (see, for example, [12], Lemmas 2.2.3 and 3.6.1) since
Y = H(A) is compact.

Applying the results obtained in §1 to the linear non-autonomous dynamical
system generated by equation (2.11), we obtain the following assertions.

Theorem 2.8. Let A € C(R,2) be recurrent. Then the following conditions are
equivalent:

(i) all solutions of all equations (2.12) are bounded on Ry,

(i) there is a positive number M such that |p(t,v,B)| < M|v| for all t > 0,
veCl, and Be H(A).

Theorem 2.9. Let A € C(R,2) be recurrent, and assume that all solutions of all
equations (2.12) are bounded on Ry. Then
(i) the set of all the solutions of all equations (2.12) that are bounded on R is
closed in C(R,C) x H(A),
(ii) all the solutions of all equations (2.12) that are bounded on R are recurrent,
(iii) for any B € H(A) equation (2.12) has only a finite number ng of solutions
that are linearly independent and bounded on R, and ng = n 4 for all B € H(A),
(iv) all solutions of all equations (2.12) are asymptotically recurrent.

Now consider the neutral functional-differential equation

d
aDUt = A(t)us, (2.13)
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where A € C(R,2) and the operator D € 2 is atomic at zero [12], Russian p. 67.
Like (2.11), equation (2.13) generates a linear non-autonomous dynamical system
(X, R4, 7m),(Y,R,0),h), where X =C xY, Y = H(A), and 7 = (¢, 0).

Lemma 2.10. Let H(A) be compact, and assume that the operator D is stable,
that is, the zero solution of the homogeneous difference equation Dy, = 0 is uni-
formly asymptotically stable [12]. Then the linear non-autonomous dynamical sys-
tem ((X,Ry,m), (Y, R, o), h) generated by equation (2.13) is asymptotically compact.

This follows from Theorem 12.3.2 and Lemma 12.4.1 in [12], since Y = H(A) is
compact. Therefore, Theorems 2.8 and 2.9 hold for equations (2.13).

2.3. Linear partial differential equations. Consider the differential equa-
tion (2.1) with unbounded coefficients. Let A € C(R,A), where A is a complete
metric space of linear closed operators that act on E (for example, A = {4y + B |
B € [E]}, where Ay is a closed operator that acts on E). Consider the H-class (2.2)
of equation (2.1), where B € H(A). We assume that the following conditions are
fulfilled for equation (2.1) and its H-class:

(i) for any v € E and B € H(A) equation (2.2) has precisely one solution that is
defined on R and satisfies the condition ¢(0, v, B) = v;

(ii) the map ¢: (¢,v,B) — ¢(t,v, B) is continuous in the topology of R} x E x
C(R, A);

(iii) for every t € Ry the map U(t,-): H(A) — [E] is continuous, where U (t, B)
is the Cauchy operator of equation (2.2), that is, U(¢t, B)v = ¢(t, v, B) for all t € R
and v € E.

Under the above assumptions equation (2.1) generates a linear non-autonomous
dynamical system to which the results obtained in § 1 can be applied. Therefore,
Theorems 2.2 and 2.4 hold in this case.

In conclusion we consider a partial differential equation that satisfies condi-
tions (i)—(iii).

Example 2.11. A closed linear operator A: D(A) — E with dense domain D(.A)
is said [20] to be sectorial if one can find a ¢ € (0,7/2), an M > 1, and a real
number a such that the sector

Sap ={A @< |arg(A—a)| <7, A#a}

lies in the resolvent set p(A) of A and |[(A-I—A)71|| < M|A—a| ! forall XA €S, .
An important class of sectorial operators is formed by elliptic operators [20], [21].
Consider the differential equation

i = (A1 + A2 (b)), (2.14)

where A, is a sectorial operator that does not depend on ¢t € R, and As € C(R, [E]).
The results of [6], [20] imply that equation (2.14) satisfies conditions (i)—(iii). There-
fore, analogues of Theorems 2.2 and 2.4 hold for equation (2.14).

Remark 2.12. Statements similar to Theorems 2.2 and 2.4 hold for difference equa-
tions and can be deduced from the results of §1 by applying these results to lin-
ear non-autonomous dynamical systems with discrete time generated by the corre-
sponding difference equations.
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§ 3. Finite-dimensional systems

Throughout this section we assume that the Banach space F is finite-dimensional
and its norm | - | is induced by the scalar product (-, -), that is, | - |2 = (-, -).
We propose several conditions for equations (0.1) in a finite-dimensional space that
are equivalent to the uniform bistability of the zero solution of equation (0.1), and
prove that the uniform Lyapunov stability of the zero solution of equation (0.1)
implies that there is a frame of solutions of equation (0.1) bounded on R whose
Gram determinant is separated from zero.

Let x1,..., 2% be a set of vectors in E. Let us recall [22] that the Gram deter-
minant T'(xy,...,xz;) of the vectors xy,...,z; is defined to be the determinant
|(xi, zj)|7;=1- The Gram determinant of the vectors zi,...,z) is non-negative,
and equals zero only if the vectors x1, ..., xy are linearly dependent.

Theorem 3.1. The following assertions are equivalent:

(i) there is an M > 0 such that (1.1) is valid for allt € T and (z,y) € B;

(ii) B is closed;

(iii) B is a subbundle of F', that is, B is closed and there is a k such that dimB, =k
forally €Y,

(iv) all the motions in F that are non-trivial and bounded on T are separated
from zero, that is, inf{|p(t,z,y)|: t € T} > 0 for any (z,y) € B such that x # 0;

(v) one can find a yo € Y and a basis &1, ..., & € By, such that

ggﬂgr(fl,...,fk;t)za>0, (3.1)

where & = (zi,y0), 1 =1,...,k, and T'(&1,...,&;t) is the Gram determinant of
the vectors m(&;,t) e ExXY, i=1,... k.

Proof. Assertions (i) and (ii) are equivalent by Theorem 1.6. By Theorems 1.6
and 1.8, (ii) implies (iii) (the reverse implication is obvious). The equivalence of
conditions (iii) and (iv) follows from [16], Theorem 8.22.

Assume that (iv) is fulfilled, let yo € Y, and let {1, ..., &, € By, be a basis in B,.
We claim that (3.1) holds. Assume the contrary. Then one can find a {¢,} C T
such that |t,| — 400 and I'(&,...,&k;tn) — 0 as n — 4o0o. Since all non-zero
motions in F' are separated from zero, Lemma 1.1 implies that &;,...,& and y
are jointly recurrent. Without loss of generality, we can assume that the sequences
{n(&,tn)}, i=1,...,k, and {o(y,t,)} are convergent.

Let
i :ngr}}oo’]r(givtn% 1= 17"'7k7 q:nglfooo—(ymtn)
Then
F(7717 ey 77k) = nEI-‘,r-loo F(Tr(£17tn)7 sy ﬂ-(gkn tn)) =0.
Hence, 11, ..., n are linearly dependent. Repeating the above argument, we deduce
from the last fact that &;,...,&; are linearly dependent, which contradicts their

choice. Hence, (iv) implies (v).
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We claim that (v) implies (iv). First, we prove that for any ¢ € Y one can find

a basis 11, ...,n, such that T'(n1,..., 9k t) = a > 0. Indeed, since Y is minimal,
there is a sequence {t,} C T such that o(yo,t,) — ¢. Since &1,...,& € By,
we can assume that the sequences {w(&;,t,)}, @ = 1,...,k, are convergent. Let
7, = limy, 4 oo (&, tn). Then n1,...,m, € By and
I‘(nh?nk?t):nll}}}oor(glv75k7t+tn) (32)
for all t € T'. Therefore, 71, ...,n; are linearly independent. Hence, ny, = dimB, >

Ny, = dimB,,. Since Y is minimal, the reverse inequality also holds. Therefore,
ng = ny, for all ¢ € Y. This implies that 7:,...,n is a basis in B,. Thus,
we have shown that for any ¢ € Y there is a basis n1,...,n; in B, that satisfies
condition (3.2). For any ¢ € Y and (z, q) € B, we have inf{|¢(t,z,q)|: t € T} > 0.
Indeed, if we assume the contrary, then there are (zo,q) € By, =z # 0, and
|tn| — 400 such that

o (tn, o, y)| = 0 (3-3)

asn — +o0. Let 7, ..., n;, be a basis in By, and let ] = (zo,¢). Then (3.3) implies
that
C(nitn, - Mitn) = 0. (3.4)

Since 1, ...,m% and 71,. .., are two bases in B, there is a non-degenerate lin-
ear transformation that transforms the first basis into the second, and vice versa.
Formula (3.4) implies that a similar relation holds for the basis 1, ..., 7k, which
contradicts inequality (3.2). This contradiction completes the proof of the implica-
tion (v) = (iv). The theorem is proved.

Applying Theorem 3.1 to the linear non-autonomous dynamical system gener-
ated by equation (0.1), we obtain the following assertion.

Theorem 3.2. Let A € C(R,[E]) be recurrent. Then the following conditions are
equivalent:

(a) the set B = {(u,B) € E x H(A) | supseg |o(t,u, B)| < 400} is closed in
E x H(A);

(b) there is a positive number M such that

lp(t, u, B)| < Mlu| (3.5)

for allt € R and (u,B) € B;

(c) B is closed and all fibres Bg have the same dimension, that is, all the equa-
tions (2.2) have the same number of solutions that are linearly independent and
bounded on R;

(d) all non-trivial solutions of all equations in the H-class (2.2) bounded on R
are separated from zero, that is,

inf |ip(t, u, B)| > 0 (3.6)

for all (u,B) € B, u #0;

(e) there is a basis ¢1,...,¢0k (k = dimBy4 and B4 = {(u, A) | (u, A) € B})
that consists of solutions of equation (2.1) bounded on R and satisfies the condition
L(e1,-- s pr3t) = a >0 for all t € R, where (g1, ..., px5t) = [{pi(t), ;)7 =1
is the Gram determinant of v1,...,Pk-
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Corollary 3.3. Let A€ C(R,[E]) be recurrent. Then the following conditions are
equivalent:
(i) all solutions of all equations from the H-class (2.2) are bounded on R;
(ii) there is an M > 0 such that |@(t,u,B)| < M|u| for ollt € T and u € E;
(iil) all non-zero solutions of all equations from the H-class (2.2) are bounded on
R and separated from zero, that is, (3.6) is valid for all (u,B) € B such that u # 0;
(iv) there are positive numbers C and « such that |U(t, A)|| < C forallt € R
and inf{|det U (¢, A)|: t € R} = «, where U(t, A) is the Cauchy operator of equa-
tion (2.1).

This follows from Theorem 3.2, since (1, ..., pn;t) = |det U(t,.A)|?, where
©1,- -, are the column-vectors of the matrix U (¢, A).

Remark 3.4. The equivalence of conditions (i) and (ii) was established in [1], [2].
The implication (iv) = (i) sharpens a result in [2].

Theorem 3.5. Assume that all solutions of all equations from the H-class (2.2)
are bounded on Ry. Then there is an M > 0 such that |p(t,u, B)| < M|u| for all
t € R and (u,B) € B, that is, B is closed.

This follows from Theorems 1.6 and 1.10.
In conclusion we consider examples that illustrate the above results.

Example 3.6. Let a € C(R,R) be the Bohr almost periodic function defined by
the equality

t

a(t) = kzzo SR sin o7 (3.7)

and let

t °° 2 . 9 t
h(t) = /0 a(s)ds = kZ:O 2k + 172" 20K+ 1)

Note that a(t + ¢,) — —a(t) uniformly on R, where ¢, = 7w(2n + 1)!!. Therefore,
—a € H(a) = {a, | 7 € R}. Using the inequality |sint| > 1[t| with |t| < 1, we
obtain that

(oo}
2 .t t 1
hH) =2 Qk+1) 727" 20k +1) ~ 2. 3 (2k + 1)5/2
£ k>3(5-1)
t2 ds 1223/2

1
= — |t|1/2
8 Jy(yy Gs+ 172 241 6v2

— +00

as |t| — 4o00. This implies that the moduli of all non-zero solutions of the equation
T =a(t)z (3.8)
tend to +o00 as [t| — +o0, whereas those of the equation
y="0b(t)y, (3.9)

with b = —a € H(a) tend to zero.
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The above example is a slight modification of the well-known example of Favard
(see [23] or [24], p. 435). Our case differs from Favard’s example in that the solutions
of equation (3.9) are not only bounded on R, but they tend to zero as [t| — +oc.
Thus, a non-zero solution of equation (3.9) is asymptotically stable, but the zero
solution of equation (3.8) is not, even though a € H(b).

Example 3.7. Let a € C(R,R) be the Bohr almost periodic function defined by
the equality

a(t) = kzzo = +11)3/2 cos Qki -, (3.10)
and let
¢ = 1 t
h(t) = /0 a(s) ds — kz:% ST T
Then

(i) hyp, — h uniformly on any line segment [—I,1], [ > 0, where

1 t

h,(t) = i ;
®) ; 2k + 172" 2k 11

(ii) hn(t + tn) = —hy(t) for all ¢t € R, where t,, = 7(2n + 1)!I;

(iii) if M,, = max{h,(¢): t € [0,2t,]} and 7,, € [0, 2¢,] is such that h,(7,) = M,,
then M, > > 1_,(2k +1)7Y2 - 400 as n — +o0;

(iv) since sinz > 0 for z € [0, 1], we have sin 5% > 0 for n > n(t) = (] +1,
and h(t) = hy(t) for all n > n(t) and ¢ € R, and therefore, sup{h(t): t € Ry} =
+00.

Consider the differential equation (3.8), where a is defined by formula (3.10).
Assertions (i)—(iv) imply that all non-zero solutions are unbounded on R and

infyer [p(t, x, a)| = 0, where ¢(t,z,a) = zexp fot a(s)ds.

Example 3.8. Assume that a € C(R,R) is defined by the formula a(t) =
—1+sin v/, t € R. For equation (3.8) the sets

BT = {(x,b) |z € R,b€ H(a)} =R x H(a),
B ={(0,0) | be H(a)} U{(z,0) | 2 € R},

where 0 € C(R,R) is the function identically equal to zero, are closed. Thus, the
recurrence of A in Theorem 3.2 (Theorem 3.5) is a sufficient condition, but this
condition is not necessary.
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