Global attractors of nonautonomous dynamical systems and almost periodic limit...1

Global attractors of nonautonomous
dynamical systems and almost periodic limit
regimes of some class of evolutionary
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Abstract

One special class of the nonautonomous dynamical systems with
the global attractor in the paper is studies. These systems model the
properties of differential equations with convergence, i.e. the equations

having the global limit regime.
Introduction

In this paper we study the limit regimes of almost periodic equations

= f(t,x), (0.1)

where z € E((F,|-|) is a Banach space ), f : R x E — F is a closed
mapping and for any ¢y € R and zy € E the equation (0.1) admits a unique
solution x(t;tg, z¢) defined for all ¢ > ¢y and satisfying the initial condition
x(t;to, zo) = xo.

A bounded (compact) solution p : R — E is said to be limit regime
if it is globally asymptotic stable ( see, for example [1]). There are many
works [1-4], where one studies systems with convergence, i.e. systems which

admit the limit regime. The majority of these works are devoted to the
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study of periodic equations and only in the last 15-20 years one starts to
study systematically the nonperiodical systems with convergence (see, for
exemple [5-13]). It is necessary to underline that the notion of system with
convergence is not satisfactory in the nonperiodical case.

In this paper we propose a more general point of view on the notion of
system with convergence (0.1). We study the systems with convergence in
the liame of general nonautonomous dynamical systems admitting the global

compact attractor with special property.

1 Nonautonomous dynamical systems with con-

vergernce.

Let (X, p) and (Y,d) be complete metric spaces, R(Z) be a group of real
(integer) numbers, S = R or Z,S; = {t € S|t > 0} and T(S; C T) be a
subgroup of group S .
By (X, T, ) we denote a dynamical system on X and zt = 7 (¢, z) = 7'z.
Dynamical system (X, T, ) is called [14-17] compact dissipative, if there
exists a nonempty compact K C X such that
lim p(zt, K) =0 (1.1)

t—+o00

for all x € X, moreover equality (1.1) holds uniformly with respect to z € X
on each compact from X. In this case the set K is called attractor of family
of all compacts C(X) from space X .

We denote

J=K)= K

>0 r>t
then [14-17] the set J does not depend of the choice of attractor K and is
characterized by the properties of dynamical system (X, T, 7) . The set J is

called [18] Levinson’s center of dynamical system (X, T, 7).
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Let us mention some facts, which we will use below.
Will say that a space X has property (5), if for any compact K C X
there exists a connected set M C X such that K C M.

Theorem 1.1 [14-17] If (X, T, ) is a compact dissipative dynamical system
and J is its Levinson’s center, then:

1.J is invariant, i.e. w'J = J for allt € T

2. J is orbitally stable, i.e. for all € > 0 there exists () > 0 such that
p(x, J) <& implies p(xt, J) < e for all t > 0;

3. J is attractor for the family of all compact subsets of X ;

4. Jis mazimal compact invariant set of (X, T,);

5. J is connected if the space X possesses the (S)-property.

Let Y be a compact metric space and (X, Ty, 7)((Y, Ts, o)) be a dynamical
system on X (Y), (T; € Ty) and h : X — Y be a homomorphism of (X, Ty, )
onto (Y, Ty, o), then the triple < (X, Ty, 7), (Y, Ty, 0), h > is called [13,19-20]
a nonautonomous dynamical system.

Let W and Y be complete metric spaces, (Y,S, o) be a group dynamical
system on Y and < W, ¢, (Y, S, o) > be a skew product [21] (cocycle [22-23])
over (Y, S, o) with fibre W, i.e. ¢ is a continuous mapping of W x Y x T into
W, satisfying the following conditions: (0, w,y) = w and @(t + 7,w,y) =
o(t,o(1T,w,y),o(r,y)) for all t,7 € T,w € W and y € Y.

We denote X = W x Y and define on X a dynamical system (X, T, ) by
the equality m = (¢, 0) i.e. w(t, (w,y)) = (p(t,w,y),o(t,y)) for all t € T and
(w,y) € W x Y then the triple < (X, T, n), ((Y,S,0),h >, where h = pro,
is a nonautonomous dynamical system.

For any two bounded subsets A and B from X we denote by 3(A, B)
the semi-deviation of A to B , i.e. [((A,B) = sup{p(a,B)la € A} and
p(a, B) = inf{p(a,b)|b € B}.
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The skew product over (Y,S, o) with fibre W is called [16] compact dis-
sipative, if there exists a nonempty compact K C W such that

lim sup{p(U(t,y)M,K):y €Y} =0 (1.2)

t—-+o0

for all M € C(W), where U(t,y) = ¢(t,-,y).

Lemma 1.2 [In order for the skew product < W, ,(Y,S,0) > over (Y, T, o)
with fibre W to be compact dissipative, it is necessary and sufficiently that
the autonomous dynamical system (X, T,7) (X =W xY and 7 = (p,0))

should be compact dissipative.

By an entire trajectory of semi-group dynamical system (X, T, w) (of skew
product < W, ¢, (Y,S,0) > over (Y, T,o) with fibre W ), passing through
point z € X ( (u,y) € WxY ) we mean a continuous mapping v : S — X (v :
S — W) satisfying conditions : 7(0) = z(v(0) = w) and (t + 7) = w'y(7)
(y(t+71)=p(t,v(r),y7)) for allt € T and 7 € S.

Theorem 1.3 [16] LetY be a compact, < W, ¢, (Y,S, o) > be compact dissi-
pative and K be a non-empty compact, appearing in the equality (1.2), then:
1. 1, =Q,(K) #0, is compact, I, C K and

lim 3(U(t,y " )K,I,) =0

t——+o0

for everyy € Y, where

Q,(M) = ﬂ U Ulr,y")M

t>0 7>t

andy~ T =o(—T,y);
2. U(t,y)ly, =1y, forally €Y andt € T;

lim B(U(t,y )M, 1,) =0 (1.3)

t—+4o00
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forall M € C(W) andy € Y;
4.
Jim sup{B(U(t,y™ )M, 1) :y €Y} =0

whatever is M € C(W), where I =\ J{I,:y €Y} ;

5. I =priJ and I, = priJ,, where J is a center of Levinson of (X, T, )
and J, = J () X;

6. the set I is compact ;

7. the set I is connected if the space W XY has property (S).

A nonautonomous dynamical system < (X, Ty, 7), (Y, Tq,0),h > is said
to be convergent if the following conditions are valid:

a. the dynamical systems (X, Ty, ) and (Y, Ty, o) are compact dissipa-
tive;

b. the set Jx () X, contains no more than one point for all y € Jy, where
X, =hy) = {z|r € X,h(z) = y} and Jx(Jy) is a Levinson’s centre of
dynamical system (X, Ty, 7)((Y, Ty, 0)).

Let M C X and MxM = {(z1,x2)|z1, 09 € M, h(x1) = h(z2)}.

Lemma 1.4 Let < (X, Ty, 7),(Y,Ty,0), h > be a nonautonomous dynamical
system, K C X be a compact invariant set and M = h(K). If the equality

lim sup  p(zit,z9t) =0 (1.4)
t—+o0 ($1,$2)6K>'<K

takes place, then the set K, = K ()X, contains a single point for ally € M.

Proof. Suppose that there exists yo € M such that K, contains at least
two points Z; and Zo(Z; # T2). Since set K is invariant, then there exists
a trajectory ;, passing trough the point z;(: = 1,2) such that ¢;(S) C K.
Let 0 < e < @ and L(e) > 0, so that p(x1t, xot) < e for all t > L(e) and
(71, 79) € Kx K. Thus, we have
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p(E1,2) = p(r'pr(—1), T oa(—t)) <€ (1.5)
for all t > L(e). The obtained contradiction shows that K, contains a single
point for all y € M. The lemma is proved.

A dynamical system (X, T, 7) is said to be satisfying condition (A) if the
set {7 K|t > 0} is relatively compact for every K € C(X) = {K|K C X
and K is compact }.

We denote by Ly = {z|x € X, so that at least one entire trajectory of
dynamical system (X, T, ) passes through x}.

Remark 1.5 For a compact dissipative system (X, T, n) we have Lx = Jx,

where Jx is a Levinson’s centre of (X, T, x) .

Theorem 1.6 Let (X, T,w) be a dynamical system satisfying the condition
(A) and (Y, T,o) be compact dissipative, then the following conditions are
equivalent:

1. the set Lx (X, contains no more than one point for all y € Jy;

2. every semi-trajectory X1 = {xt| t > 0} is asymptotically stable, i.e.

2.a. for alle >0 and p € X there exists 0(e,p) > 0 such that p(z,p) <
d(h(x) = h(p)) implies p(zt,pt) < e for any t > 0.

2.b. there exists v(p) > 0 such that p(z,p) < v(p)(h(x) = h(p)) implies
tli»inoo p(xt, pt) = 0.

3. a. for all e and K € C(X) there exists 0(e, K) > 0 such that
p(x1,x9) < d(h(x1) = h(x2), 21,22 € K) implies p(x1t, zot) < e for all t > 0.

b. tiifrnoo p(zit, zot) = 0 for all (v, 15) € XxX

4. the equality (1.4) takes place for all K € C(X).

Proof. We will prove that 1. implies 2.. Really, if we suppose that it is not
correct, then there are py € X, 9 > 0,p,, — po(h(pn) = h(po)) and t,, — +o0
so that

p(pntmpotn) Z €. (16)
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Since (X, T, ) satisfies the condition (A), then we may suppose that the
sequences {p,t,} and {pot,} are convergent. Letting p = nl_lgloo Puln, Do =
nl—l}:lf—loo pot, and taking into consideration (1.6) we will have p # py. On the
other hand h(p) = nEIfoo h(py)t, = ngrfmh(po)tn = h(py) = y € Jy and
according to the lemma 4 [10] p, po € Lx [ Xy, but in virtue of condition 1.
we have p = py. The obtained contradiction proves the necessary affirmation.

Now we will note that 1. implies 2.b.. To prove this implication it is
sufficient to show that

lim p(z1t, x9t) =0 (1.7)

t——+o0

for all (z1,79) € X xX. Assuming the contrary we obtain
p(aVt,, 25t,) > €. (1.8)

Dynamical system (X, T,r) satisfies the condition (A) and, consequently,
we may assume that sequences {z%,}(i = 1,2) and {yot,}(yo = h(z?) =
h(z3)) are convergent. We denote by z¥ = nl_lE"I_loo 29t, and o = nEElm Yotn,
then 79,z € Lx () Xy and according to condition 1. z§ = z9. The last
equality and inequality (1.8) are contradictory. This contradiction proves
the necessary affirmation.
We will show that 2. implies 3. . Note that
lim p(xt,pt) =0 (1.9)

t——+o0

for all p € X and = € X,(¢ = h(p)). In fact, we denote by G, = {z|z € X
such that the equality (1.9) takes place } and suppose that G, # X,,. In virtue
of condition 2. G, is open in the X,. Let I'; = 0G,(0G, is the boundary

of Gy) and € Ty, then B(5,7(5)) (X, \ Gy) # 0(B(5,(5)) = {lh(z) =
h(p), p(x,p) < v(p)}. It is easy to see that the last relations are not satisfied
simultaneously and, consequently, I'; = ) for all ¢ € Y, i.e. X, = G,. Let
K € C(X) and € > 0, then there exists d(e, K) > 0 such that p(x1,z2) <
d(h(x1) = h(z2), 1,29 € K) implies p(x1t, xot) < € for any ¢ > 0. Assuming
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the contrary, we obtain Ky € C(X), g9 > 0,4, — 0(d,, > 0), {2} C Ko(i =
1,2) and t,, — +oo such that p(z}, z2) < 6, and

p(xrtn, T2t,) > €0 (1.10)

Since Kj is a compact we may suppose that sequences {z‘}(i = 1,2) are
convergent and we denote by z = lim z) = lim 22(Z € Kj). According

n—-+o0o n—-+00

to condition 2. for g > 0 and € K, there exists §(%,7) > 0 so that
p(x,z) < 6(%,7)(h(x) = h(z)) implies p(xt,zt) < % for all t > 0. Since
xl, — T(i = 1,2), then there exists 7 such that p(z!,z) < 6(2,z)(n > n)

and, consequently,
2¢e 0

3
for all t > 0 and n > n. But the inequalities (1.10) and (1.11) are contradic-

p(xlt, 22t) < (1.11)

tory. Thus we showed that 2. implies 3. .
We will prove that 3. implies 4.. If we suppose the contrary, then there

exist gg > 0, Ky € C(X),t, — +oo and {2} C Ko(i = 1,2; h(x}) = h(2?))
such that the inequality (1.10) takes place. We may assume without loss

of generality that sequences {z}(i = 1,2) are convergent, because K is
compact. Let z = liril zh,,0 < e <gpand (5, Ko) > 0 be chosen according
n—-—1+0o0o

to condition 3.a.. Since h(z') = h(z?) and z',2* € K, then for £ there
exists L(Z,z',2%) > 0 so that p(z't, %) < § for all t > L(§,z',2?) and,

consequently,
p(xrtn, 22t,) < plait,, 2't,) + pla't,, 2%t,) + p(2°t,, 22t,) < (1.12)

for sufficiently large n. The inequalities (1.12) and (1.10) are contradictory.
Thus the necessary affirmation is proved.

Finally, we note that 4. implies 1. . In fact, if we suppose that there exists
Yo € Jy such that Lx )X, contains at least two points z1 and zo(z1 # x2)
and denoting by K a compact invariant set such that z;,2, € K, we will

have x1,29 € K,y = K[)X,,. On the other hand, according to lemma 1.4
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K,, contains no more than one point. The obtained contradiction proves the

theorem 1.2 .

Corollary 1.7 Let (X, T, 7) and (Y, T, o) be two compact dissipative dynam-
tcal systems, then the following conditions are equivalent:

1. a nonautonomous dynamical system < (X, T,n),(Y,T,o),h > is con-
vergent;

2. every semi-trajectory Z: (x € X) is asymptotically stable;

3. 3.a and 3.b from theorem 1.6 are fulfilled;

4. the equality (1.4) takes place for all K € C(X).

Theorem 1.8 Let < (X, T,n),(Y,T,0),h > be a nonautonomous dynami-
cal system, (Y, T,o) be compact dissipative and its Levinson’s centre Jy be
minimal (i.e. every semi-trajectory Z;(y € Jy) is dense in Jy), then the
following conditions are equivalent:

1. nonautonomous dynamical system < (X, T,n),(Y,T,o),h > is con-
vergent;

2. dynamical system (X, T, ) satisfies condition (A) and for every K €
C(X) the equality (1.4) takes place.

Proof. In virtue of the corollary 1.7, 1. implies 2. . We will show the
converse assertion. Let K € C(X), then S5 = U{D.F |» € K} is relatively

compact and according to lemma 4 [10] the set

UK) =YK
£>0 7>t
is nonempty, compact, invariant and, consequently, h(Q(K)) C Q(h(K)) C
Jy, because Jy is a maximal compact invariant set in Y. Thus Jy is minimal,

then the equality
hQUK)) = Jy (1.13)
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takes place. We note that Q(K;) = Q(K>) for all K; and K, from C(X).
In fact, since M = Q(K;)|JQ(K2) is compact and invariant and in virtue
of minimality of Jy, we have h(M) = Jy. On the other hand, according to
lemma 1.4 the set M, = M ()X, contains a single point for every y € Jy.
We have Q(K;) (X, C M N X,(i=1,2) and Q(K;) X, = QK) N X, =
M N X, for any y € Jy and, consequently, Q(K;) = Q(K>) for all K; and K>
from C'(X). From this it follows that (X, T, 7) is compact dissipative and ac-
cording to theorem 1.6 < (X, T, x),
(Y, T,o),h > is convergent.

Corollary 1.9 Let < (X, T,n),(Y,T,0),h > be a nonautonomous dynam-
ical system, (Y, T,o) be compact dissipative, Jy be minimal and (X, T, )
satisfies the condition (A), then the conditions 1.-4. from corollary 1.7 are

equivalent.

Theorem 1.10 Suppose that the following conditions are fulfilled:

1. let < (X, T,m),(Y,T,0),h > be a nonautonomous dynamical system ;

2. (Y, T, o) is compact dissipative;

3. (X, T, m)is locally compact, i.e. for all x € X there exist § = 0, > 0
and | = I, > 0 such that 7' B(x,0,) is relatively compact.

In order for nonautonomous dynamical system < (X, T,n),(Y,T,o),h >
to be convergent it is necessary and sufficient that every semi-trajectory Z;
of dynamical system (X, T, ) should be relatively compact and that system
< (h=(Jy),T,x), (Jy,T,0),h > be convergent, where Jy is Levinson’s centre
of system (Y, T, o).

Proof. The necessity of theorem is evident. Now we will show that under the
conditions of theorem system (X, T, ) is point dissipative. To this end it is
sufficient to show that the set Qx = ([J{w.|r € X} is compact. We note that

h(wy) € whz) C Jy and, consequently, w, C h™'(Jy). Since w, is compact
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and invariant, then w, C J, where J is the Levinson’s centre of dynamical
system (h~!(Jy),T,n). Thus Qx C J and, consequently, Qx is compact.
In virtue of theorem 1.3.1 [13], the point dissipativeness and compact dis-
sipativeness for the locally compact dynamical systems are equivalent and,
consequently,(X, T, 7) is compact dissipative. Let Jx be a Levinson’s center
of (X, T,n) , then h(Jx) C Jy and, consequently, Jy C h~*(Jy). Since J
is a maximal compact invariant set in h=1(Jy), then Jx C J. From this it
results that Jx (X, € JN X, for all y € Jy and, consequently, Jx )X,

contains no more than one point for any y € Jy. The theorem is proved.

Theorem 1.11 Suppose that the following conditions are fulfilled:

1. let < (X, T,m),(Y,T,0),h > be a nonautonomous dynamical system ;

2. (Y,T,0) is compact dissipative;

3. there exists a point yo € Y such that Y = H" (yo). A nonautonomous
dynamical system < (X, T, ), (Y, T,0),h > will be convergent if and only if
the following conditions are fulfilled:

a. dynamical system (X, T, ) satisfies the condition (A);

b. set Lx (X, contains no more than one point for any y € Jy = wy,.

Proof. The necessity of theorem is evident. Let zg € X, then h(H*(z¢)) =
H*(yo) and h(wy,) = wy,. We denote that h(2x) C Qy C Jy = wy, and since
Wy, € Qy, then h(Qx) = wy,. Since Qx C Lx and Lx ()X, contains no
more than one point for every y € Jy = w,,, we have w,, (X, = Qx [ X,
for all y € Jy and, consequently, Qx = w,,. Thus Qx = w,, is compact
and, consequently, the dynamical system (X, T, ) is point dissipative. We
have that (X, T, n) is point dissipative and satisfies the condition (A) and
according to the theorem 1.5 [24] (X, T, 7) is compact dissipative. We denote
by Jx a Levinson’s centre of dynamical system (X, T, ) , then Jx C Ly and,
consequently, Jx () X, contains no more than one point for any y € Jy. The

theorem is proved.
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A point yy € Y is called [24-26] asymptotically stationary (asymptoti-
cally w- periodic, asymptotically almost periodic, asymptotically recurrent)
if there exists a stationary ( w— periodic , almost periodic, recurrent ) point
q € Y such that

lim d(yot,qt) = 0. (1.14)

t——+o00

Remark 1.12 a. Let Y = H"(yo) = {yot|t > 0} be compact, then the dy-

namical system (Y, T, o) is compact dissipative and Jy = wy,(wy, = () U 07%0)-
T>1

b. Letyy be asymptotically stationary (asymptotically w- periodic, asymp-
totically almost periodic, asymptotically recurrent) and Y = H'(yo), then

(Y, T, o) is compact dissipative and the set Jy = wy, is minimal.

A point z € X is called [25,26] comparable with regard to the recurrence
property in the limit with a point y € Y if the inclusion L,, C L, takes place,
where L, = {{t,}|t, — +o0 and {yt,} is convergent}.

It is known [25,26] that if L, C L,, then the point x possesses the same
character of recurrence property in the limit as point y € Y. In particular,
if the point y € Y is asymptotically stationary (asymptotically w- periodic,
asymptotically almost periodic, asymptotically recurrent) and L, C L,, then
the point x will be asymptotically stationary (asymptotically w- periodic,

asymptotically almost periodic, asymptotically recurrent) .

Theorem 1.13 Let y € Y be asymptotically stationary (asymptotically w-
periodic, asymptotically almost periodic, asymptotically recurrent) and Y =
H*(yo), then the nonautonomous dynamical system < (X, T,7), (Y, T,0),h >
will be convergent if and only if the following conditions are fulfilled:

a. the dynamical system (X, T, m) satisfies condition (A);

b. every point x € X is comparable with regard to the recurrence prop-
erty in the limit with a point y = h(z) and, in particular, x is asymptoti-
cally stationary (asymptotically w- periodic, asymptotically almost periodic,

asymptotically recurrent);
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c. for anye >0 and K € C(X) there exists 0 = 6(e, K) > 0 such that
p(x1, 9) < d(h(x1) = h(x2); 21, 22 € K) implies p(x1t, xot) < e for all t > 0.
d. the equality tliin p(zit, wot) = 0 takes place for all (z1, 1) € XX X;

Proof. The necessity of conditions a.,c. and d. is assured by corollary 1.7 .
Now we will show that under the conditions of theorem the condition b. takes
place. Let x € X and y = h(z), then according to the convergence of nonau-
tonomous dynamical system < (X,T,7),(Y,T,0),h > the set H"(x) =
{at]t > 0} is compact. We note that w, (X, € Jx (X, for all ¢ € w, and
since

< (X,T,n),(Y,T,0),h > is convergent, then w, (] X, contains a single point.
According to theorem 1 [27] the point z is comparable with regard to the re-
currence property in the limit with point y. If y € H*(yo), then it is evident
that point y will be asymptotically stationary (asymptotically w- periodic,
asymptotically almost periodic, asymptotically recurrent) and, consequently,
the point x possesses the same character of recurrence property in the limit
as point y does.

We will show that the conditions a., b., c. and d. imply the convergence
of nonautonomous dynamical system < (X, T,7), (Y, T,0),h >. First of all,
according to condition b. we have that w, # ) is compact, minimal and
h(wy) = wy, for all z € X. We note that w, (| X, contains a single point for
every g € wy,. In the opposite case there exist gy € wy,, p1,p2 € wy (| Xy (01 #
p2) and t! — +oo(i = 1,2) such that xt! — p;(i = 1,2) as n — +oo. We
note that yt! — qo(i = 1,2) as n — +o0, where y = h(z). Let 5, ; =t} and
ton, = t2 for every n € N, then {¢,} € L, and, consequently, {t,} € L,, i.e.
{zt,} is convergent, therefore p; = po. The last equality contradicts to the
choice of points p; and ps. The obtained contradiction proves the necessary
assertion. Now we will prove that w,, (X, = w., (X, for all z1,25 € X
and q € wy,. Let ¢ € wy,, {pi} = wa, N X,(i = 1,2) and {¢,} € L, such that

gt, — ¢q. In virtue of condition c. and minimality of w,, (i = 1,2) we have
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p(pitn, potsn) — 0 as n — 400 and, consequently, p; = py. Thus, w,, = wy,
for all z1, 29 € X and, consequently, (X, T, ) is point dissipative and since
(X, T, ) satisfies the condition (A), then according to the theorem 1.5 [24]
(X, T,7) is compact dissipative. To finish the proof of the theorem it is
sufficient to apply the theorem 1.6 and remark 1.5 .

Corollary 1.14 Under the conditions of theorem 1.10 if the space X 1is lo-

cally compact, then the condition a. results from conditions b., c. and d.

Theorem 1.15 Let (Y, T,0) be compact dissipative and h(Lx) = Jy. In
order that nonautonomous dynamical system < (X, T,n),(Y,T,o),h > be
convergent it 1s necessary and if Jy =Y, then it is also sufficient that the
following conditions be fulfilled:

1. Z;r 1s relatively compact for all x € X;

2. Lx 1s relatively compact,

3. Lx (X, contains a single point for everyy € Y;

4. for any € > 0 there exists () > 0 so that p(z,z,) < d({z,} =
Lx N X, and h(z) =y € Jy) implies p(xt,x,) < e for allt >0 and z € X.

Proof. Necessity. Let < (X, T, ), (Y, T, o), h > be convergent, then (X, T, )
is compact dissipative and Jy = Lx. It is evident that the conditions 1.,2.
and 3. are fulfilled. We will prove that the condition 4. takes place. Suppose
that it is not true, then there are g9 > 0,6, — 0(0, > 0),{z,},{yn} C Jy
and t,, — 400 such that p(x,,z,,) < 0,(y, = h(x,)) and

P(Tnln; Ty,t,) > o (1.15)

Thus Jy and Jx are compacts, then we may assume without loss of generality
that sequences {y,} and {z,, } are convergent. Let y, = hI_P Yn, then
n—-+0oo

Ty, = lim z,, = lim z,.In virtue of compact dissipativeness of dynamical
n—-+00 n—-+4o0o
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system (X, T,7) we may suppose that the sequence {z,t,} is convergent.
We denote by x = nEI—Poo ZTpt, . Since Jy is compact, then we may suppose
that the sequence {y,t,} C Jy is convergent and then we denote by §y =
nEToo Yntn . We note that h(z) = nEIPm h(z,)t, = nEToo Yntn = U, T € Jx
and, consequently, = € Jx () X; = {z;}, i.e. T = x;. On the other hand,
passing to the limit in (1.15) as n — 400 we have p(Z,z5) > eo. This
contradiction proves the necessary assertion.

Sufficiency. Suppose that conditions 1.-4. are fulfilled. In order to prove
that nonautonomous dynamical system < (X, T,x),(Y,T,o),h > is con-
vergent under the conditions of theorem 1.15 it is sufficient to show that
the dynamical system (X, T, ) is compact dissipative. In virtue of condi-
tions of theorem 1.15 the dynamical system (X, T, 7) is point dissipative
and Qx C Lx. We note that set Lx is closed. We will show that Lx
is orbitally stable. Suppose that this assertion is not true, then there are

go > 0,2, — xg € Lx and t, — 400 such that
p(Tntn, Lx) > €0 (1.16)

Since y, — yo = h(xo)(yn = h(x,)) then under the conditions of theorem 1.15
Ty, — T, = To and, consequently, p(z,,x,,) — 0. From the last relation
and the condition 4. of theorem 1.15 it results that p(z,t,,2y,:,) — 0 as
n — +oo. But the last relation contradicts the inequality (1.16). Thus,
Lx is compact, invariant and orbitally stable. Taking into account that
Qx C Ly, we have J"(Qx) C Ly. We will show that J*(2x) = Lx. Really,
let 7 € Ly and ¢ : S — Ly be the whole trajectory of dynamical system

(X, T, 7) passing through the point Z. We denote by o = (| U ¢(7), then

t<07<t

QxNat # 0. Let p € Qx(aZ and t, — —oo such that ¢(t,) — p, then
T mo(t,) = ©(0) = z, ie. T € JF C J"(Qx) and, consequently, Lx =
J*(Q2x) is compact and orbitally stable and in virtue of theorem 2.5 [28] the

dynamical system (X, T, x) is compact dissipative. The theorem is proved.
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Theorem 1.16 Let < (X, T,x),(Y,,0),h > be a nonautonomous dynamical
system and Y 1s a compact minimal set, then the following conditions are
equivalent:

1. < (X,T,7),(Y,T,0),h > is convergent;

2. every semi-trajectory "1 (v € X) is relatively compact and asymptot-
weally stable;

3.a. every semi-trajectory E;(:E € X) is relatively compact .

3.b. tggrnoo p(xit, zot) =0 for all (v, 35) € XxX .

3.c. for any e > 0 and K € C(X) there exists §(e, K) > 0 such that
p(x1,9) < I(h(x1) = h(x2); 21, 22 € K) implies p(x1t, xot) < e for all t > 0.

4. every semi-trajectory ZZ(x € X) is relatively compact and the equality
(1.4) takes place for all K € C(X).

Proof. In [27,29] the equivalence of conditions 1., 2. and 3. is proved .
According to the theorem 1.2 1. implies 4. . To finish the proof of theorem
is sufficient to establish that the condition 4. implies, for example, 3. . We
note that from the condition 4. follow 3.a and 3.b . We will show that from
the condition 4. results condition 3.c . In fact, if we suppose that it is not
true, then there are gy > 0, Ky € C'(X),d, — 0,{z'} C Ko(i = 1,2; h(z}) =
h(x2)) and t,, — +oo such that p(zl, z2) < 6, and

plait,, 2t,) > 0. (1.17)

According to the equality (1.4) for compact Ky € C'(X) there exists L(%, Ko) >
0 such that

plait, 22t) < %. (1.18)

for all ¢ > L(%, Ko). But the inequalities (1.17) and (1.18) are contradictory.

The obtained contradiction proves the theorem.
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Theorem 1.17 Let < (X, T,n),(Y,T,0),h > be a nonautonomous dynam-
ical system, M # () be a compact and positive invariant. Suppose that the
following conditions are fulfilled:

1. (M) =Y;

2. M (X, contains a single point for ally € Y;

3. M s globally asymptotically stable, i.e. for any € > 0 there exists
d(e) > 0 such that p(z,p) < é(x € X,,,p € M, = M () X,) implies p(zt, pt) <
e for allt >0 and tE+moop(xt, Mpzye) = 0 for all x € X.

Then the nonautonomous dynamical system < (X, T,m), (Y, T,0),h > is

convergent.

Proof. We note that under the conditions of theorem the dynamical system
(X, T,7) is point dissipative and Qx C M. We will show that set M is
orbitally stable in (X, T,7) . Suppose that it is not true, then there are
g0 > 0,0, — 0,2, € B(M,J,) and t,, — +oo such that

p(Tptn, M) > eg. (1.19)

Since M is compact, then we may suppose that the sequence {z,} is conver-
gent. Let o = lim z,,z,, € M, p(x,, M) = p(x,,x,,) and yo = h(xg),
n—-—+00

then 2o = lim =z,, and xy € M,,. Let g, = h(x,) and we note that

n—-400

p('r"“an) S p(xn’xyn> + p<$yn7‘r‘hl) —0 (120)

as n — 400, because ¢, — Yo and x,, — xo. Taking into account (1.20) and

the asymptotical stability of set M we have

P(Tntn, Tut,) = P(Tnln, Tg,tn) — 0. (1.21)

But the equality (1.21) and inequality (1.19) are contradictory. Hence, the set
M is orbitally stable in (X, T, 7) and in virtue of lemma 7 [29] the dynamical
system (X, T, ) is compact dissipative and Jx C M. To finish the proof of
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theorem is sufficient to note that h(Jx) = Jy and for all y € Jy we have
Jx (X, € M) X, and, consequently, Jy ()X, contains a single point for
any y € Jy. The theorem is proved.

Remark 1.18 If there exists yo € Y such that Y = H*(yo) , then it is
evident that the theorem 1.17 is invertible. To this end we may take set

H™*(xg), where xg € Xy, in the quality of set M, which figures in the theorem.

Theorem 1.19 Let (X, T,7) and (Y,T,o) be two compact dissipative dy-
namical systems, then the following conditions are equivalent:

1. monautonomous dynamical system < (X,T,n),(Y,T,0),h > is con-
vergent ;

2. there exists a continuous function V : X x X — R, which satisfies the
following conditions:

2.a. 'V is positive definite, i.e. V(x1,x2) = 0 if and only if v1 = o;

2.b. V(x1t, z9t) < V(x1,29) for allt >0 and (z1,72) € X x X;

2.c. V(xit, xot) = V(x1,29) for any t > 0 if and only if x1 = x2;

3. there exists a continuous function V : X x X — R, which satisfies the
following conditions:

3.a. 'V is positive definite;

3.b. V(xit,xat) < V(zy,xq) for all t > 0 and (z1,75) € XxX \ Ay,
where Ay = {(z,x)|r € X}.

In the case when Jy is minimal the theorem 1.19 is proved in [12]. In
general case the same type argument that in [12] proves the theorem 1.19

utilizing the results given above.

Theorem 1.20 Suppose that the following conditions are fulfilled:
1. (X,T,x) and (Y, T, o) are two compact dissipative dynamical systems;
2. there exists a continuous function V : X x X — R, which satisfies the

following conditions:
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2.a. V 1is positive definite;

2.b. V(xgt,xat) < w(V(xy,22),t) for all t > 0 and (z1,75) € XxX,
where w : Ry X Ry — Ry is a non-decreasing function with respect to first
variable and w(x,t) — 0 as t — 400 for every x € R,.

Then < (X, T,n),(Y,T,0),h > is convergent.

Proof. According to corollary 1.7 in order for the nonautonomous dynamical
system < (X, T, m)
, (Y, T, o), h > to be convergent it is necessary and sufficient that the equality
(1.4) takes place for all K € C'(X). First of all we will show that

lim sup  V(zt,zot) =0 (1.22)
t=4o0 (Il,xg)EK;(K
for any K € C(X). In fact, in virtue of compactness K there exists o > 0
so that V(zy,13) < « for all (z1,75) € KxK and V(#1,2Z2) = a for certain
(71,%2) € KxK and, consequently,

V(zit, xot) < w(V(xy, x9),t) < w(a,t). (1.23)

Taking into account that w(a,t) — 0 as t — +00 we note that (1.23) implies
(1.22). We will show that (1.22) implies (1.4). If we suppose that it is not
true, then there are K € C'(X),g0 > 0,{z’} C K(i = 1,2) and ¢, — +0o0
such that

p(Thtn, T2t,) > 0. (1.24)

Without loss of generality we may assume that the sequences {z't,}(i = 1,2)
are convergent because (X, T, ) is compact dissipative. Let z; = nginoo Tt
then according to (1.24) we have ; # Zs. On the other hand, according
to (1.23) we have 0 < V(zlt,,2%t,) < w(a,t,) — 0 as n — +oo and,
consequently, V(zy,Zs) = nErEOOV(x}ltn,x%tn) = 0. Therefore the equality

1 = Iy takes place. The contradiction obtained proves the theorem.
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Remark 1.21 a. Let V(x1t,x9t) < Ne "'V (x4, x2) for allt > 0 and (z1,22) €
X xX, then the condition 2. of theorem 1.20 is fulfilled and in this case
w(z,t) = Nxe vt

b. If the inequality V (x1t, xot) < (V2 (24, x2)+(a—2)t)ﬁ(oz > 2) takes
place for all (z1,25) € XxX and t > 0, then the condition 2. of theorem
1.20 is satisfied with function w(x,t) = (2>~ + (o — 2)t)ﬁ.

c. All the results from § 1 are true also in the case when spaces X andY
are not metric, but pseudometric.

d. The nonautonomous dynamical systems with convergence are the sim-
plest among nonautonomous dissipative dynamical systems. If < (X, T, m),(Y,T,0), h >
is a nonautonomous dynamical system with convergence and Jx(Jy) is a
Levinson’s centre of dynamical system (X, T, x)
((Y,T,0)), then Jx and Jy are homeomorphic. In spite of the fact that
Levinson’s centre Jx of nonautonomous dynamical system with convergence
admits a complete description, it is necessary to note that the structure of Jx

may be very complicated ( for example, Jx may be a strange attractor [12]).

2 The periodic, almost periodic and recur-
rent limit regimes of some class of nonau-

tonomous differential equations.

2.1 Let (E,|-|) be a Banach space, C(R x E, F) is a space of all continuous
mappings from R x E into E equipped with the topology of convergence on
every compact (open-compact topology ). For f € C(R x E,E) and 7 € R
we denote by f, the 7 translation of f with respect to ¢, ie. f.(t,x) =
Flt 4 72), H* () = (17 € By and wy = {gl3r, — +oo.g = lim [},

Consider the differential equation

¥ = f(t,x), (2.1)
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where f € C'(R x E, E), and a family of equations

y =g(t,y) (2.2)

with g € HT(f) or wy. Throughout this section we suppose that f € C'(R x
E,E) is regular, i.e. for all g € H"(f) and x € E the equation (2.2) admits
a unique solution ¢(t, z, g) defined on R, with condition that ¢(0,x,g) ==
and mapping ¢ : Ry x E' x H*(f) — E is continuous.

The solution (¢, xg, f) is called uniformly stable, if for any £ > 0 there
exists d(¢) > 0 so that |o(tg,x, f) — w(to, o, f)| < 0 implies |p(t,z, f) —
o(t,xg, f)| < e forallt >ty >0.

The solution ¢(t, zo, f) is called globally asymptotically stable, if ¢ (¢, xq, f)
is uniformly stable and for all ¢ > 0 and K € C(X) there is T'(¢, K) > 0 so
that |o(t, x, f) — p(t,xo, f)| < e for all t > tog+ T(e, K)(p(to, x, ) € K).

We will call the equation (2.1) convergent if it admits at least one compact

solution on R, which is globally asymptotically stable.

Remark 2.1 We note that the notion of convergence generalized above is
the well known concept of convergence ( see, for example [1]). We note that
the equation x' = —x + et is convergent according to our definition, but is

not convergent by usual definition [1].

Lemma 2.2 If the equation (2.1) is convergent, then for all g € wy the
equation (2.2) admits a single compact solution defined on R, which is globally

asymptotically stable.

The proof of lemma 2.2 is similar to the proof theorem A (see [30, p.176-
177)).

Example 2.3 Let Y = H*(f) and (Y,R,,0) be a dynamical system of
translations, i.e. o(g,7) = g,. Let X = E x Y and we will define on X
the dynamical system (X,R.,7) in the following way: ©™ = (p,0) , i.e.
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(< 2,9 > 7) =< @(1,2,9),9, > for allT € R,z € X and g € H(f),
then the triple < (X,Ry,m), (Y,Ry,0),h >, where h = pry : X — Y is a

nonautonomous dynamical system, generated by equation (2.1).

Applying the theorems 1.6, 1.17 and the lemma 2.2 to the so-constructed

nonautonomous dynamical system we will obtain the following assertion.

Theorem 2.4 Let f € C(RxE, E) be a regular function and H*(f) be com-
pact. In order for equation (2.1) to be convergent it is necessary and sufficient
that the nonautonomous dynamical system < (X, Ry ), (Y,Ry,0),h >, gen-

erated by equation (2.1) (see example 2.1 ) is convergent.

A function f € C(R x E, F) is called stationary ( w— periodic, almost
periodic, recurrent, asymptotically stationary, asymptotically w— periodic,
asymptotically almost periodic, asymptotically recurrent ) with respect tot €
R uniformly with respect to x on every compact from £, if the motion o(f, 7)
possesses the same property in the dynamical system (C'(R x E, E),R, o) of
translations, i.e. o(f,7) = f-.

Applying the results from § 1 to the constructed in example 2.3 nonau-
tonomous dynamical system constructed in example 2.3 we obtain the fol-

lowing results.

Theorem 2.5 Let E be a finite dimensional space, f € C(R x E,E) be a
regular function and asymptotically stationary ( asymptotically w— periodic,
asymptotically almost periodic, asymptotically recurrent) with respect tot € T
uniformly with respect to x on every compact from E, then the following
conditions are equivalent:

1. the equation (2.1) is convergent;

2. all the solutions of equation (2.1) are bounded on R, and for any
g € wy the equation (2.2) admits a single bounded solution defined on R
which 1s globally asymptotically stable;
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3. for all g € HT(f) every solution of equation (2.2) is bounded on R

and is asymptotically stable.

Theorem 2.6 If the function f € C(Rx E, E) is reqular and almost periodic
( recurrent ) with respect to t € R uniformly with respect to x on every
compact from E, then the following conditions are equivalent:

1. the equation (2.1) is convergent;

2. for any g € H*(f) = wy the equation (2.2) admits a single compact
solution , defined on R which is asymptotically stable;

3. for all g € HT(f) = wy every solution of equation (2.2) is defined on

R, , compact and is asymptotically stable.

2.2. Let (H,< -,- >) be a Hilbert space and f € C(R x H,H) be a

function satisfying the condition
Re < _anf(tvml) _f(t,l'z) >§ —I{|ZL‘1 _$2|a (23)

forallt e Ry and z € H (k> 0 and o > 2). We note that every function
g € HT(f) satisfies the condition (2.3) with the same constants x and «.
According to the results of [31] if the function f satisfies condition (2.3),

then it is regular.

Lemma 2.7 If the function f € C(R x H, H) satisfies the condition (2.3)
and H*(f) is compact, then :

1. for every u € H the solution ¢(t,u, f) of equation (2.1) is compact on
Ry, i.e. the set (R, u, f) is relatively compact in H;

2. for anyt > 0 and x1,x2 € H we have

[p(t, o1, ) = p(twa, )] < (lry — 2P ™ + (@ =2)0)7=. (24)

Proof. Suppose that the conditions of lemma 2.7 are fulfilled and f €
C(R x H,H) , then we will define the function FF € C(R x H,H) in the

following way
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flt,x) if (t,z) e Ry x H
F(t,z) =
f(0,z) if (t,x) e Ry x H
It is easy to see that function F' possesses the following properties:
a. {F;|7 € R} is relatively compact in C(R x H, H);
b. Re < xy — xo9, F(t,x1) — F(t,25) > < —k|zy — 29| for all t € R and
xr1,T0 € H.
In virtue of theorem 2.2.3.1 [31] the equation 2’ = F(t,z) admits a single

solution ¢(t, zg, F') compact on R and for all 21,29 € H and t > 0 we have
o(t, 21, F) = p(t, 2, F)| < (Jor — 2" + (a = 2)t)7=. (2.5)

and, consequently, tliin lo(t, z, F) — p(t, o, F')| = 0 for all € H. From the
last relation it follows that every solution of equation (2.1) is compact on

R, , because p(t,z, f) = ¢(t,z, F') for all t > 0. The lemma is proved.
Corollary 2.8 Under the conditions of lemma 2.7 we have

|Q0(t,l’1,g) - @(t7$2,9)‘ < (’xl - $2|2_a + (Oé - 2){;)ﬁ (26)
forall g€ H*(f),t € Ry and x1,22 € H.

Theorem 2.9 If a function f € C(R x H, H) satisfies the condition (2.3)
and H*(f) is compact, then the equation (2.1) is convergent.

Proof. According to lemma 2.7 all solutions of equation (2.1) are compact
on Ry and in virtue of corollary 2.8 every solution ¢(t, z, f) of equation (2.1)

is uniformly asymptotically stable.

Corollary 2.10 If the function f € C(Rx H, H) satisfies the condition (2.3)
and is asymptotically stationary (asymptotically w— periodic, asymptotically

almost periodic, asymptotically recurrent ) with respect to t € R uniformly
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with respect to x on every compact from H, then any solution of equation
(2.1) is asymptotically stationary (asymptotically w— periodic, asymptotically
almost periodic, asymptotically recurrent ) and for all t > 0 and z1,29 € H

the inequality (2.4) takes place.

Example 2.11 . Consider the equation
2’ = —ala| +p(t), (2.7)

where p € C(R, H). It is easy to see that function f(t,x) = —x|z|+ p(t)
satisfies the condition (2.3) with k = § and o = 3. In fact,

< T — ZL‘Z,f(t,ZL‘l) — f(t,{L‘Q) >=< T — T2, —I1|$1| + ZL‘2|ZE2| >

=< r1—2, —l’l(’l’1|+|l’2|)+l’2(|$1| > +|l’2|) >+ < .T1—$2,.I1‘I2’—I2|131| >
1
= —|o1 — @ (|| + |22]) + SUzal + lz2) 2lanllze] =2 < 21,22 > (2.8)

In virtue of Schwart’s inequality < x1—xq, x1|To|—xa|z1| >< %]xl—x2\2(]$1|+

|zo|), consequently, we have

1 1
<xy—x, f(t, o) — f(t,22) >< —§|$1 — 2o (|| + |z2]) < —§|$1 — 1],
(2.9)
Thus, the theorem 2.9 and corollary 2.10 are applicable for equation (2.7) .

Remark 2.12 We note that in the case when o = 2 the convergence of

equation (2.1) is proved in [8].

2.3 Let H be a real Hilbert space. Recall [31-33] that an operator A :
D(A) — H(D(A) C H) is called uniformly monotone if there exists o > 0
so that

<Au—Av,u—v> >alu—of (2.10)

for all u,v € D(A).
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Example 2.13 Consider the differential equation
¥+ Az = f(t), (2.11)

where f € C(R, H) and A is a mazimal monotone operator. It is known [33]
that for all zo € D(A) there exists a unique weak solution p(t,xo, ) of equa-
tion (2.11) satisfying the condition v(0,x, f) = xo and defined on R. Let
Y = H"(f) and (Y,Ry,0) be a dynamical system of translations on'Y. We
denote by X = m xY and by (X,Ry,7) a dynamical system on X where
(< wv,g>,t) =< @(t,v,9), g >, then the triple < (X, R, 7), (YR ,0),h >
(h=pry: X —Y) is a nonautonomous dynamical system [34], generated by
equation (2.11). Applying the results from § 1 to the so-constructed nonau-
tonomous dynamical system we will obtain the following results for equation

(2.11).

Theorem 2.14 Let HY(f) be compact, then the equation (2.11) is conver-
gent, i.e. the equation (2.11) admits at least one compact solution on R

which s globally asymptotically stable.

Proof. Modifying the results from [8,34], we obtain that under the conditions
of theorem 2.14 all the solutions of equation (2.11) are compact on R,. On

the other hand, in virtue of condition (2.10) we have

|90(t7x1’f> _Qo(tvx%f)l S e_at|l'1 _$2| (2.12)

for all t > 0 and x1, 22 € H. And what is more, if g € H*(f), than for the

solutions of equation

Y + Ay = g(t) (2.13)

the following estimation

lo(t, y1,9) — ©(t, y2, 9)| < e |yr — vo| (2.14)
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takes place for all t > 0 and y;,y, € H. From inequality (2.12) it follows
that every solution of equation (2.11) is globally asymptotically stable. The

theorem is proved.

Remark 2.15 We note that the equation (2.1) is convergent if and only
if the nonautonomous dynamical system < (X,Ry,7),(Y,Ry,0),h > con-

structed in the example 2.13 possesses the same property of convergence.

Corollary 2.16 Let f € C(R, H) be asymptotically stationary (asymptoti-
cally w— periodic, asymptotically almost periodic, asymptotically recurrent ),
then every solution of equation (2.11) is asymptotically stationary (asymptot-
ically w— periodic, asymptotically almost periodic, asymptotically recurrent )

and globally asymptotically stable.

Example 2.17 Consider the equation

0%u ou

o =80 G,

in the open set Q@ C R™ with condition ulsgq = 0 on the boundary 0 of Q.
Suppose that the function ¢ : R — R satisfies the conditions : ¢(0) = 0
and 0 < ¢; < ¢'(&) < (€ € R). Then the equation may be rewritten in the

following way
Gu —y
o : (2.16)
o =Au—¢(v)+ f(t)
We denote by H = W,*(Q) x L*(Q) and we will define on H the scalar
product

)+ f(t) (2.15)

< (u,v), (u*,v*) >= /[vv* + AulAu® + Auv® + \u*v]de,
0

where X is a certain positive constant independent of ¢; and co. It is possible
to verify (see, for example, [35]) that to the system (2.16) the theorem 2.1}
and corollary 2.16 may be applied.
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2.4 Let I CR, D(I,R) be a space of all infinitely differentiable func-
tions ¢ : I — H with compact support and [H| be the algebra of all linear
operators on H.

Consider the equation

/kwmww>+<A®mmww>+<ﬂmwwﬂﬁ=m (2.17)

where A € C(R,[H]) and f € C(R,H). A function u € C(I, H) is called
the solution of equation (2.17) if the equality (2.17) takes place for all ¢ €
D(1, H).

Let z € H,p(t,z, A, f) be a solution of equation (2.17) defined on R,
and satisfying the condition ¢(0,x, A, f) = z and

/kM%d@>+<B®Mmﬂ®>+<ﬂmﬂﬂﬂﬁ=0 (2.18)

is a family of equations, where (B, g) € HT (A, f) = {(A, f-)|T € Ry }. We
will suppose that the operator-function A € C(R,[H]) is self-adjoint and
negative defined, i.e. A(t) = —A;(t) +iAy(¢) for all t € R, where A;(t) and
As(t) are self-adjoint and

< Ai(Hu,u> > alul? (2.19)
for all t € R and v € H, where a > 0.

Lemma 2.18 [36] We have

1d

2dt|90(t7x7147 f)|2 =—-< Al(t)(p(tvwav f),gO(t,[E,A,f) >

+Re < f(t),o(t,z, A, f) > (2.20)

for allt > 0.
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Lemma 2.19 The following inequality

t
jolt.. APl < Jol + [ 1f)lar (221)
0
takes place for allt > 0.

Proof. In virtue of equality (2.20) we have

zdtw r AP < F@)]e(t. 2, A ).

Let v(t) = |p(t, z, A, f)|?, then 2 < 2| f(¢)|y/v(t) and, consequently,

Volt) — Vo) < / 1£(5)|ds

from which the inequality (2.21) follows.

Lemma 2.20 Letl,r and f > 0,20 € H, A € C(R, [H]) and f € C(R, [H]),
then there exists M = M(f,l,r,3,x¢) > such that

|90(t7$a Byg) - Sp(taxmAa f)| < |ZIZ' - $0|+

M/O 1B — ||d7+/ 9(r) = f(P)\dr (2.22)

forallt € [0,1] and x € B(xg, 1) = {x|x € H,|x—zo| < r}if |g(t)— f(t)] < B
and Re < B(t)x,z ><0 for any t € [0,l] and x € H.

Proof. We denote by v(t) = p(t, z, B, g) — ¢(t, xg, A, f), then

/[< v(t), ¢ (t) >+ < A(t)v(t), p(t) > +

< B(t) = A(1))v(t), o(t) > + < g(t) — f(£),(t) >]dt = 0

for any ¢ € D(R, H). In virtue of lemma 2.18

29
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+Re[< (B(t) — A(t))e(t, z, B, ), v(t) > + < g(t) — (1), v(t) >]

and according to lemma 2.19 we have

()] < |v(0)] +/0 (B(7) = A(7))e(7, 2, B, g) + g(7) — f(7)|dr

< 10(0 |+/ IB() — A(F)||o(r. 2, B.g |dT+/ g(7) — f(7)]dr. (2.23)

On the other hand according to lemma 2.19 for (¢, x, B, g) we have

t
olt, 2, B, g)| < |2] + / ()l < [zl + 7+ A1
0

+lmax |f(t)| = M(f,1,r, 5, x0). (2.24)

0<t<l
Taking into account the inequalities (2.23) and (2.24) we obtain (2.22). The
lemma is proved.
Let X = Hx H*(A, f) and we denote by X the set of all < u, (b, g) >€ X
such that through the point u € H passes a solution ¢(t, u, B, g) of equation
(2.18) defined on R;.

Lemma 2.21 The set X C H x HY(A, f) is closed in H x HT(A, f).

Proof. Let < z, (A4, f) >€ X, then there exists a sequence < zy, (B, gx) >€
X such that xy — x inspace H, By — Ain C(R,[H]) and g, — f in C(R, H).
Let [, > 0 are such that

2 — x| <&, |fu(t) — fm(t)] <e and ||Bi(t) — Bn(t)|| <e (2.25)

for all t € [0,(] and k,l > ky. Denote r = sup{|zx| : & € N}, then according

to lemma 2.20

t
0

/ | fir(T (7)|dT < e+ Mel + €l (2.26)
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for all t € [0,{] and k,m > ko, where M is a positive constant which is
independent of 7,/ and f. Taking into account that space C(R, H) is com-
plete and inequality (2.26), we conclude that the sequence {¢(t, xy, B, fx)}
is convergent in C'(R,, H) and according to inequality (2.26) ¢(t,z, A, f) =

klim o(t, ry, B, fr). The lemma is proved.
— 400

Lemma 2.22 The mapping ¢ : Ry x X — H(e¢ : (t,< u,B,g >) —
o(t,u,G,g)) is continuous.

Proof. Let t, — t, 2, — x, By — B and g — ¢ then
|w(t7$kaBkagk) - go(t,:v,B,g)| S |90(t7$k7Bk7gk) - SO(tk’aszvgN

—HSO(tkavaag) - c,o(t,x,B,g)l < 52?2(1 “P(t,xk,Bk,gk;) - @(taxaBag)’

In virtue of inequality (2.27) and lemma 2.20 we obtain the necessary asser-

tion. The lemma is proved.
Lemma 2.23 For all (B,g) € HY(A, f) and 1,22 € H we have

[o(t, 21, B, g) — @(t, 22, B, g)] < €™ |2y — 5] (2.28)
foranyt € R,.

Proof. If the operator-function A(t) is negative defined, then every operator-
function B € H'(A) is negative defined and Re < B(t)u,u > > aful®* (t €
R,u € H), where @ > 0 is the same constant as that one figuring in (2.19)
for operator-function A(t). Let w(t) = @(t, 21, B, g9) — ¢(t,x2, B, g), then

according to lemma 2.18 we have

S0P = Re < BOw(t),w() > < —ale(P  (229)

and, consequently, |w(#)| < |w(0)]e* for all t € R,. The lemma is proved.
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Example 2.24 We will define on X a dynamical system in the following
way: w(x,t) = w(< u,(b,g) >,t) =< p(t,u,B,q),(Bi,g) > for all <
u,(B,g) >¢ X and Ry. Let Y = H" (A, f) and (Y,Ry,0) be a dynam-
wcal system of translations on' Y and h = pro : X — Y, then the triple
< (X,Ry,7m),(Y,R,,0),h > is a nonautonomous dynamical system, gener-
ated by equation (2.17).

We will call the equation (2.17) convergent if it admits a compact solution
on Ry which is globally asymptotically stable. According to the results of
§ 1 the equation (2.17) will be convergent if and only if the nonautonomous
dynamical system < (X,Ry,m), (Y,R,,0),h > generated by equation (2.17)

( see example 2.2 ) will be convergent.

Theorem 2.25 Let A € C(R,[H]), f € C(R,H) and H*(A, f) be compact,
then the equation (2.17) is convergent.

Proof. According to the results from [8,34] all the solutions of equation
(2.17) are compact on Ry and in virtue of lemma 2.23 every solution of

equation (2.17) is globally asymptotically stable.

Corollary 2.26 Let A € C(R,[H]) and f € C(R, H) be asymptotically sta-
tionary (asymptotically w— periodic, asymptotically almost periodic, asymp-
totically recurrent), then all the solutions of equation (2.17) are asymptoti-
cally stationary (asymptotically w— periodic, asymptotically almost periodic,

asymptotically recurrent) and globally asymptotically stable.

We note that in the case when A and F' are almost periodic the corollary

2.26 generalizes the results from [36].

Example 2.27 Consider the equation

ou _

5 — Lut f(t,z) (Um0 = ¢(2), ulon = 0), (2.30)
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where Lu = Y 7| a%i(aij(t’ x)a‘%“j)—a(t, x)u is an uniformly elliptic operator,

i.e. the following inequality

AeP? < Z a; ;€& < plél?
ij=1
(A, ;> 0) takes place for all & € R™. It is known [36] that the equation (2.30)
may be rewritten in form (2.17) if we denote by H = L*(Q2) , where ) is a
bounded domain in R™ and 02 is its boundary with operator-function A(t)

defined by equality

B . ou Oy
< A(t)u, p >= — /[]2:1 a,-j(t,x)a—xjaxi + a(t, x)up|dz.
Q W=

Hence, to equality (2.30) the theorem 2.25 and corollary 2.26 may be applied.
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