GLOBAL PULLBACK ATTRACTORS OF C-ANALYTIC
NONAUTONOMOUS DYNAMICAL SYSTEMS

DAVID N. CHEBAN

ABSTRACT. This is a systematicstudy of global pullback attractors of C—analy-
tic cocycles. For the large class of C—analytic cocycles we give the description
of structure of their pullback attractors. Particularly we prove that it is trivial,
i.e. the fibers of these attractors contain only one point. Several applications of
these results are given (ODEs, Caratheodory‘s equations with almost periodic
coeflicients, almost periodic ODEs with impulse).

1. INTRODUCTION

lim lim One of the most studied classes of nonlinear ODEs is the class of C -
analytic differential equations, i.e. the equations

dz
(1) % re),
where the right hand side f is a holomorphic function with respect to complex
variable z € C¢. Let ¢(t, f, z) be a unique solution of equation (??) with initial
condition ¢(0, f,z) = z and be defined on R*. In virtue of fundamental theory of
ODEs with holomorphic right hand side (see, for example [?] and [?]) the mapping
¢ possesses the following properties:

1. ¢(0, f,2) = =.

2. ¢(t+1,f,2) = 6(t, fr, 6(7, f, 7)) for every t, 7 € Rt and » € C?, where f, is
a 7 translation of function f.

3. ¢ is continuous.

4. ¢(t, f,-) : C* — C% is holomorphic for every ¢ and f.

The properties 1.-4. will be the basis of our research of abstract C—analytic nonau-
tonomous dynamical system.
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The dissipative periodic equation (??)was studied by I.L.Zinchenko [?] and he
proved that in this case the equation (??) admits a unique periodic globally uni-
formly asymptotically stable solution. This result was generalized for almost peri-
odic equations (?7) by D.N.Cheban [?] and [?]. He studied this problem within the
framework of general C- analytic nonautonomous dynamical systems.

In this paper we study the structure of global pullback attractors of general C-
analytic cocycles with noncompact base (in terminology of equation (?7): the right
hand side f is unbounded with respect to time ¢ € R).

Our paper 1s organized as follows. In section 2 we recall some notions of dynamical
systems and introduce the class of C— analytic cocycle, which 1s studied detailed
in this paper.

In section 3 we establish some general facts about nonautonomous dynamical sys-
tems. We introduce the semigroup EJ, E and E, acting on the fiber X, of strat-
ification (X, h, ). These semigroups are subsemigroups of Ellis semigroup (in the
case of compact base Q) and play an important role in the study of nonautonomous
dynamical system.

Section 4 1s devoted to positively uniformly stable cocycles. For this class of cocycles
we prove that on every compact invariant set the corresponding cocycle can be
prolonged uniquely in the negative direction.

In section 5 we study the structure of compact global pullback attractor of C—
analytic cocycles with compact base. The main result in this section is Theorem 77
which states that for considered class of cocycles the pullback attractor {I,|w € 2}
is trivial, i.e. the section I, contains a single point.

Section 6 i1s devoted to study of the uniform dissipative cocycles with noncompact
base. For this class of cocycles we prove the triviality of its global pullback attractor
(see Theorem 6.5).

In section 7 we introduce the class of cocycles possessing the property of dissipativity
(nonuniform) with noncompact base. The main result in this section is Theorem
7.7 which describes the structure of compact pullback attractor of mentioned class
of cocycles. In particular its triviality 1s proved.

Section 8 is devoted to application of our general results, obtained in sections 3-
7 to study of differential equations (ODEs, Caratheodory equations with almost
periodic coefficients, almost periodic ODEs with impulse).

2. C- ANALYTIC COCYCLES.

Let Q be a complete metric space, let T, the time set, be either R or Z, Tt =
{teT t>0} (T-={teT|l t<O0}),let (2,T,0) be an autonomous two-
sided dynamical system on Q and E¢ be a d-dimensional real (R9) or complex (C?)
Euclidean space with the norm | - |.

Definition 2.1. (Cocycle on the state space E? with the base (Q, T, 0)). The triplet
(B4 6, (Q,T,0))(or briefly ¢) is said to be a cocycle (see, for example, [?] and [?])
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on the state space E* with the base (Q, T, ) if the mapping ¢ : TT x Q x B4 — B4
satisfies the following conditions:

i) ¢(0,w,u) =u for allu € BE* and w € Q.
i) ot + 1w, u) = ¢(t, 0,0, 0(T,w,u)) for alt, 7 € Tt ue BE? and w € Q.
ii1) the mapping ¢ is continuous.

Definition 2.2. (Skew-product dynamical system). Let (E4 ¢, (Q, T,8)) be a cocy-
cleon B9 X := E?* x Q and 7 is a mapping from TT x X to X defined by equality
T =(9,0), i.e. w(t,(u,w)) = (¢(t,w,u),bw) for allt € T+ and (u,w) € F¢ x Q,
the triplet (X, T, 7) is an autonomous dynamical system and it is called [?] a
skew-product dynamical system.

Definition 2.3. (Nonautonomous dynamical system). Let T; C Ty be two sub-
semigroup of group T, (X, Ty, 7) and (2, To, ) are two autonomous dynamical sys-
tems and b : X — 2 is a homomorphism from (X, Ty, 7) to (2, T2, 0) (i.e. h(m(t,z))
=0:(h(x)) for allt € Ty, x € X and h is continuous), then the triplet (X, Ty, 7),
(0, Ty, 0),h) is called (see [?] and [?]} nonautonomous dynamical system. In this
connection (82, To, ) is called the factor of dynamical system (X, Ty, 7) and (X, Ty, )
is called the extension of dynamical system (Q,Ta, 0) (see, for example, [?]).

Example 2.4. (The nonautonomous dynamical system generated by cocycle ¢ ).
Let (E4,6¢,(Q,T,8)) be a cocycle, (X, T+ m) be a skew-product dynamical system
(X = B4 x Qm = (¢,0)) and h = pro : X — Q, then the triplet (X, T+, 7),

(Q,T,0),h) is a nonautonomous dynamical system.

Denote by HC(C? xQ, C?) the space of all the continuous functions f : C¢ xQ — C¢
holomorphic in z € C% and equipped by compact-open topology. Consider the
differential equation

dz
(2) i flz,0w0), (weQ)
where f € HC(C* x Q,C%). Let ¢(t,w, z) be the solution of equation (?7?) passing
through the point z for t = 0 and defined on R*. The mapping ¢ : RTxQx C¢ — C¢
has the following properties (see, for example, [?] and [?]):

a) ¢(0,w,2) = z for all z € C4.

) ¢
b) ¢(t + 1w, 2) = ¢(t,0,w,¢(T,w,z)) forall t, 7 e RT w € Q and » € C*.
c

d

) the mapping ¢ is continuous.

) the mapping ¢(t,w) := ¢(t,w, ) : C¢ — C¢ is holomorphic for any ¢ € Rt and
Definition 2.5. (C-analytic cocycle). The cocycle (C¢ ¢, (Q, T,8)) is called [?],[7]
C-analytic if the mapping ¢(t,w) : C! — C¢ is holomorphic for all t € Tt and
w € Q.

Example 2.6. Let (HC(RxC? C4), R, o) be a dynamical system of translations on
HC(Rx T4, C4) (Bebutov’s dynamical system (see, for evample, [?])). Denote by F
the mapping from C¢ x HC(R x C*,C%) to C* defined by equality F(z, f) := £(0, 2)
forallz € C* and f € HC(R x ¢, C%). Let Q be the hull H(f) of a given function
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fEHCMR x C4 ), that is Q= H(f) := {f:|r € R}, where f,(t,2) := f(t+7,2)
forallt,7 € R and » € C. Denote the restriction of (HC(R x C*,C?), R, o) on
Q by (R o). Then, under appropriate restriction on the given function f €
HC(R x C* CY) defining Q, the differential equation % = f(t,z) = F(z,0.f)

dt —
generates a C—analytic cocycle.

Remark 2.7. Analogously as above every difference equation with holomorphic
right hand side generates a C-analytic cocycle with discrete time Z%.

3. SOME GENERAL FACTS ABOUT NONAUTONOMOUS DYNAMICAL SYSTEMS.

Definition 3.1. (Poisson stability). The point w € § is called (see, for example,
[?] and [?]) positively (negatively) stable in the sense of Poisson if there exists a
sequence t, — +oo(t, — —oo respectively) such that 0; w — w. If the point w is
Poisson stable in both directions, in this case it is called Poisson stable.

Denote by M, = {{t,}|0i,w — w}, NI = {{t,} € MNu|t, — +oo} and N =
Htnt € Nultn = —o0}.

Definition 3.2. (Conditional compactness). Let (X, h,Q) be a fiber space, i.e. X
and €2 be two metric spaces and h : X — Q be a homomorphism from X wnto Q. The
subset M C X is said to be conditionally precompact, if the preimage h=*(Q') (M
of every precompact subsel ' C Q is a precompact subset of X, in particularly
M, = h=Y(w)(\ M is precompact for every w. The set M is called conditionally
compact if it 1s closed and conditionally precompact.

Example 3.3. Let K be a compact space, X := K x Q, h = pro : X — Q, then
the triplet (X, h, Q) be a fiber space, the space X is conditionally compact, but not
compact.

Let ((X,T*, ), (Q,T,0), k) be a nonautonomous dynamical system and w € Q be
a positively Poisson stable point. Denote by

Etr ={¢ 3{tn} €Nt such that ='"|x, — &},
where X, .= {z € X| h(z) =w} and — means the pointwise convergence.

Lemma 3.4. Let w € Q be a positively Poisson stable point, {((X,T% ),
(Q,T,0), h) be a nonautonomous dynamical system and X be a conditionally com-
pact space, then EY is a nonempty compact subsemigroup of the semigroup XX«
(w.r.t. composition of mappings).

Proof. Let {t,} € MY, then 6; w — w and, consequently, the set

Q = J{x' (X)In €11}

is compact, because X is conditionally compact. Thus {n'"|x } C @QX~ and ac-
cording to Tyhonov’s Theorem this sequence is precompact. Let & be a limit point
of {mt=|x_}, then £ € EF and, consequently, Ft #£ .

We note that £+ C XX« and, consequently, £+ is precompact. Let now &1,&s €
E}, we will prove that &1-&5 € EF . Since £1,&2 € EF, then there are two sequences
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{ti} eNt (i =1,2) such that
7rt2|Xw =& (i=1,2).

Denote by € := & -3 € XXe C QX« | then we have nln £y — €& = £ asn — +00.
Let U C XX« be an arbitrary open neighborhood of point ¢ in XX« then from
relation (?7) results that there exists a number ny(£) € N such that '~ - &, € Uy
for all n > n1(€). Now we fix n > ny(&), then there exist an open neighborhood

Uﬂt}z.& C Ug of point tn €5 € QX and a number m,, € I such that

t! t2
ﬂ-n.ﬂ-m|Xw EUﬂ_t}L &

for any n > ny(€) and m > m, (€) and, consequently,

! t2
ﬂ-n.ﬂ-m|Xw EUE

for any n > ny1 (&) and m > my, (€). Thus from sequence {mtntto|x_} it is possible to
1 2 1 2

extract a subsequence {r‘m T |x 1 (), 412, — +oo) such that ml i o —

& and, consequently, € = & - & € EF. The Lemma is proved. O

Corollary 3.5. Let w € §Q be a negatively Poisson stable point, (X, T, ),
(2, T,0),h) be a two-sided nonautonomous dynamical system and X be a condi-
tionally compact space, then E; = {&| FHt,} € N, such that =n'~|x, — &} is
a nonempty compact subsemigroup of semigroup Xj(‘“.

This assertion follows from Lemma ?7 by change of time ¢t — —{.

Lemma 3.6. Let w € Q be a two-sided Poisson stable point, (X, T, ),
(2, T,0),h) be a two-sided nonautonomous dynamical system and X be a condi-
tionally compact space, then E, = {¢| 3{t,} € Ny such that ='=|x, — &} isa
nonempty compact subsemigroup of the semigroup XX«

Proof. This assertion can be proved using the same type of arguments as well as in
the proof of Lemma 7?7 and therefore we omit the details. Ol

Corollary 3.7. Under the conditions of Lemma ?? EY and E are two nonempty
subsemigroups of the semigroup E.,,.

Lemma 3.8. Under the conditions of Lemma 77 the following assertions hold:

1 ifé& € E; and & € EY, then & -& € E; (N ED.

2. E; N EY is a subsemigroup of the semigroup E ,E} and E,,.

3. E; -E,CE; and EY -E, C E}, where A1+ Ay := {&1-&06 € Ay (1 =1,2)}
and A; C E,.

4. if at least one of the subsemigroups E; or Et is a group, then E; = EX = E,,.

w

Proof. Let & € E and &5 € EF| then there are 1 — —oo and ¢2 — +oo such that
0y w — w and mtn|x, — &(i = 1,2). Using the same type arguments as well as in
the proof of Lemma ?? we may choose the subsequence {¢;;, +t2, 1} C {t}+12,} with
the following properties: a) ¢}, +1t2, > kort} +1t% < —k and b) alm Tt
§1-& e & - &€ EBFNE.
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The second statement follows from the first one.

Let gl S E;I)— (E;a

tl — 400 (or —oco, respectively) and ¢2 such that 7'» — & (i = 1,2). Then we
may choose a subsequence {t}, +12 } with the following properties:

respectively) and & € E,, then there exist two sequences

1 2 : th, +t5
ajt,, +t,, >k (< =k, respectively) and b)m T e = &y - &y,
and consequently, & - & € B (E7, respectively).

Finally, let E_ be a subgroup of the semigroup E,,. According to the third state-
ment of Lemma ??7 E - E, C E_. Since E is a nonempty compact invariant
set w.r.t. FE,, then in E] exists a compact minimal subset I C EJ, i.e. I # {,
compact and u - £, = [ for every u € I. Let now u € I be an idempotent element
of right ideal I of semigroup F,, then w is an unit element (u(z) = ¢ V& € X))
of I because I C E, and E_ according to conditions of Lemma 7?7 is a subgroup
of the semigroup £,. Thus we have E, = u - E, = I C E and, consequently,
E7 = B,. Analogously Ef = E,. The theorem is proved. O

Lemma 3.9. Let w € Q be a two-sided Poisson stable point, (X, T, ),
(2, T,0),h) be a two-sided nonautonomous dynamical system and X be a condi-
tionally compact space and

(3) Tillelgp(xltn, Zatp) > 0

for all {tp,} € N, and x1,20 € X (21 # x2), then E is a subgroup of the
semigroup F,,.

Proof. Indeed, if w € E is an arbitrary idempotent element of EJ, then u? = u

and there exists a sequence {t,,} € 917 such that 7' — u. According to (?7) we
have u(xq) # u(zs) forall 21 # x2 (21,22 € X,). On the other hand u?(z) = u(z)
for all # € X, and, consequently, u(z) = z for all # € X,. Thus every idempotent
of semigroup E is an unit element of F, (in particular F_) and, consequently,

E; is a group (see, for example [?]). O

Lemma 3.10. Let w €  be a two-sided Poisson stable point, (X, T, ),
(2, T,0),h) be a two-sided nonautonomous dynamical system and X be a con-
ditionally compact space and the condition (??) holds for all {t,} € M, and
r1,x9 € Xy(x1 # x2), then inequality (?77) is fulfilled for any {t,} € N and
r1,%2 € Xw(l‘l ;é l‘z).

Proof. According to Lemma 77 under the conditions of Lemma 7?7 we have E =
Et = E, and E, is a group. Suppose that for some sequence {t,,} € N7

(4) Tillelgp(xltn, zaty) = 0.

Since 6;,w — w and the space X is conditionally compact, the sequence {m'"|x_}

is precompact in @QX«, where Q := | J{r!»(X,)|n € N} and, consequently, we may
assume that it is convergent. Let & = lir_l{l m"|x,, then from equality (77?) results
n— 400

that £(z1) = &(w2) (w1 # x2), but £ € E,, and E,, is a group and, consequently, &
is a one-to-one mapping. The obtained contradiction proves our assertion. l
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Definition 3.11. (Entire trajectory) Let (E% ¢,(Q,T,0)) ((X,T* 7)) be a co-
cycle (onesided dynamical system, respectively). The continuous mapping v : T —
E? (y:T — X, respectively) is called an entire trajectory of cocycle ¢ (of dynam-
ical system (X, T+, 7)) passing through point (w,u) € Q x B4 (zx € X) fort =0 if
B(t,0sw,v(s)) = v(t+s) and v(0) = u (7'y(s) = y(t+s) and v(0) = x, respectively)
forallt € TTand s € T.

Lemma 3.12. Let w € Q be a positively Poisson stable point, ((X,T,(Q2,T,8), k)
be a nonautonomous dynamical system, generated by cocycle ¢ (see example 77),

pri( U 7' X,) be precompact and
>0

(AU X)X,

>0

Au(Xy) :

then for any ® € A, (Xw) there erists an entire trajectory of dynamical system
(X, T+, 7) passing through point x fort =0 and pri(y(T)) (y(T):= {y(t)[t € T})
18 precompact.

Proof. Let A, (X,), then there are {t,} € N, and z, € X, such that z =
lim #f»z,, 60, w — w and t, — +co. We consider the sequence {v,} C C(T, M),

n—00

where M := |J 7t X, defined by equality
t>0

Yo (t) = 7'ttre,, if t>—t, and y,(t) =z, for t<t,.

Now we will prove that the sequence {~,} is equicontinuous on every segment
[—{,!] C T.If we suppose that it is not true, then there exist g,{y > 0, € [—lo, lo]
and 6, =+ 0 (d, > 0) such that

(5) |t — 3] <4, and p(1n (trlz)a'Yn(trzz)) > €o.
We may suppose that ¢, — ¢, (i = 1,2). From (??) we obtain
(6) g0 < p(vn (1), 3 (82)) = p(a'n 1o ~Pog,), wtntlo (e —log, )

for sufficiently large n (¢, > ly). Note that the sequence {x’»~'oz,} is precompact

and h(mielox,) = 0, _ h(zn) = 0, _j,w = 0_j,w. Let # = lim 7f»~loz, then
n—o00

passing to limit in the inequality (??) we obtain g < 0. The obtained contradiction
proves our assertion.

Now taking into account the conditional compactness of set K we can affirm that

{vn} is a precompact sequence of C(T,M). Let v be a limit point of sequence

{¥n}, then there exists a subsequence {7, } such that v(¢t) = lim 7, (¢) uniformly
n—od

on every segment [—[,{] C T. In particular v € C(T, M). We note that 7'y(s) =
lim 7ty (s) = lim v, (s +t) = v(s+ ) for all t € T* and s € T. Finally, we
n—00 n—00

see that (0) = nh_}n(}o Y5, (0) = nh_}n(}o mlenp, = @, i.e. v is an entire trajectory of

dynamical system (X, T¥, ) passing through point . The Lemma is completely
proved. l
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4. POSITIVELY UNIFORMLY STABLE COCYCLES

Let B4 be a d—dimensional real (R%) or complex (C?) Euclidean space with the
norm | - |, p be the distance generated by this norm, £ be a metric space and the
triplet (E4, ¢, (9, T,8)) be a cocycle on the state space E<.

Definition 4.1. (Compact global pullback attractor). The family of compact sets
{I,Jw € Q} (I, C E? is nonempty compact for every w € Q) is called (see,
for example [?]) the compact global pullback attractor of cocycle ¢ if the following
conditions are fulfilled:

1. The set I .= J{l]| w € Q} is precompact.

2. {I,| w €8} is invariant w.r.t. the cocyele ¢, i.e. ¢(t,w,I,) = Iy, for all
te Tt and w € Q.

3. The equality . li}rl_n Blo(t,6_w)K, 1) = 0 holds for every nonempty compact
— oo
K C EY andw € Q, where 3(A, B) := sup p(a, B) is the semi distance of Hausdorff.
aEA

Remark 4.2. If{I,| w € Q} is a compact global pullback attractor, then the set
J = H{Ju| w e Q}, where J, := I, X w, is the mazimal conditionally compact
invariant set of skew-product system (X, T* w) and, consequently the for the given
cocycle ¢ there exists at most one compact global pullback attractor.

Remark 4.3. [t is clear that v is an entire trajectory of a cocycle ¢ passing through
point (w,u) if and only if v = (v, Idq) is an entire trajectory of the skew-product
dynamical system, passing through the point @ = (w,u).

Definition 4.4. (Positively uniformly stable cocycles) The cocycle ¢ is called posi-
tively uniformly stable on the family of compact sets K := {K,|w € Q} (K, C E9)
if for arbitrary ¢ > 0 there exists a §(g, K) > 0 such that |uy — ua| < & implies
lo(t,w,ur) — @(t,w,u2)| < e forallt > 0,w € Q and uy,us € K. The cocycle ¢ is
called positively uniformly stable of it is positively uniformly stable on every family
of compact sets from F<.

Theorem 4.5. Let (E4, ¢, (Q,T,0)) be a cocycle with the following properties:

1) It admits a conditionally precompact invariant set {I,| w € Q} (i.e. | J{lu|w €
Q'} is precompact subset of E% for any precompact subset Q' of Q).

2) The cocycle ¢ is positively uniformly stable on {I,| w € Q}.

Then all motions on J := | J{Ju| w € Q} (Ju := I, x {w}) may be continued
uniquely to the left and define on J a two-sided dynamical system (J, T, ), i.e.
the skew-product system (X, TT, m) generates on J a two-sided dynamical system

(J,T,m).

Proof. First step: we will prove that the set J C X is distal in the negative direction
w.r.t. the nonautonomous dynamical system ((X,T*, x), (Q, T, ), h) (see example
??),i.e. for all w € @ and uy, us € I, (w1 # uz) the following inequality holds

(7) tHSlg p(y1(t),v2(t)) >0
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for all v; € ®(,u,)( = 1,2), where by ®(, ) it is denoted the family of all the
entire trajectories of (X, TT, m) passing through point (w, u) and belonging to J. If
it is not true, then there exist wg € Q,u € L, (u} #ud),~? € @(woyu?)(i =1,2)
and —t,, — —oo such that

(8) p(7 (=tn), Y5 (—tn)) = 0

as n — oo. Let ¢ := p(uf,ul) > 0 and § = d(g) > 0 be chosen from positively
uniformly stability of cocycle ¢ on family of compact subsets {I,|w € Q}, then for
sufficiently large n from (??) we have p(v{(—t,),¥5(—t,)) < & and, consequently,
e = p(ul,uy) = p(x'~)(—tn), 7'=y3(—t,)) < €. The obtained contradiction proves
our assertion.

Second step: we will prove that for any w € 2 and u € I, the set ®(, ,) contains
only one entire trajectory of (X, T, r) belonging to J. Let ® := [J{®(, u)|(w,u) €
J} C C(T, X), where C(T, X) is a space of all the continuous functions f: T — X
equipped with compact-open topology and (C(T, X), T, ¢) is Bebutov’s dynamical
system (dynamical system of translations (see, for example, [?, ?])). Tt is easy to
verify that @ is a closed and invariant subset of dynamical system (C(T,X), T, o)
and, consequently, induces on the set ® the dynamical system (®, T, o). Let H be
a mapping from ® into Q, defined by equality H(y) := h(y(0)), then it is possible
to verify (see [?]) that the triplet ((®, T, ), (2, T,0), H) is a nonautonomous dy-
namical system. Now we will show that this nonautonomous dynamical system is
distal on the negative direction, i.e.

3 f t t
tlrslop(%mz) >0

for all 41,72 € ®,,  (y1 # v2) and w € Q. Indeed, otherwise there exist wy,y1,72 €
®,, (71 # 72) and t, — 400 such that p(y7'" 75 ") = 0 (where 47 := o (v, 7), i.e.
Y7 (s) :=y(r +1) for all s € T) as n — oo and, consequently,

(9) 11 (=tn) = 2 (=ta)| < p(r7 "5 ") = 0.

Since 41 # 72, then there exists tg € T such that ¥1(to) # v2(to). Let %;(¢) =
¥i(t + to) for all t € T, then 4; € ®,, and from inequality (??) we have

(10) 91 (=tn) — F2(—tn)| — 0.

asn — 00, —t,—tg = —oo. Thus we found wq := h(y;(t0)) and u; := priv;(to) (i =
1,2),ur,us € Ly, (w1 # ws) and the entire trajectories ¥; € @, .,)(i = 1,2)
such that 7 and 42 are proximal (see (?7)). But (??) and (??) are contra-
dictory. Thus the negative distality of the nonautonomous dynamical system

((®,T,0), (2, T,0), H) is proved.

Now we can prove that for any w € { and u € I, the set ®(, ,) contains a unique
entire trajectory. In fact, if it is not true, then there exists (wo,ug) € Q x E¢ and
two different trajectories v, 72 € ®(uqu0) (71 # 72). In virtue of above v; and 7,
are negatively distal with respect to ((®,T, ), (2, T,0), H), i.e.

a(y1,72) = inf p(31,%5) > 0

and, consequently, p(y1(t),v2(¢)) > a(y1,72) > 0 for all ¢ > 0. In particular
¥1(0) # ~2(0). The obtained contradiction proves our statement.
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Third step: let now ™ be a mapping from T x J into J defined by equality
rt,e)=m(t,z) if t<0 and ~,(t) if t<0

for all « € J, where =, is a unique entire trajectory of the dynamical system
(X, T+, 7) passing through point # and belonging to J. To prove that (J, T, 7) is
a two-sided dynamical system on J it is sufficient to verify the continuity of the
mapping 7. Let . € J, t € T7, 2, — x and ¢, — ¢, then there is a Iy > 0 such
that ¢,, € [—lo, lo] and, consequently,

(11) p(7(tn, n), 7(t, 2)) = p(r' oy, (=), 70y (=) <
p(rirtloy, (=), 7oy, (=1o)) + p(r'n Ty (—lo), 7o, (—1o)).

Reasoning as in the proof of Lemma 7?7 it is possible to establish that the sequence
{¥s,, I is precompact in C'(T, .J) and that every limit point of this sequence v € ® and
¥(0) = «. Taking into account the result of the second step we claim that v,, — v
uniformly on every segment [—[,{] C T(! > 0). In particular, v;, (—lo) = v»(—lo).
Passing now to limit in inequality (??) when n — oo we obtain the continuity of
mapping 7 in the point (¢, ). The theorem is completely proved. O

Remark 4.6. Theorem 77 is true and in the case if we replace the condition 2)
by the following: 2.1) for arbitrary ¢ > 0 there exist two positive numbers 6(¢) and
L(e) such that

(12) plo(t,w,u), d(t,w,uz)) < e
for all w e Q,t > L(e) and uy, us € I, with condition p(u1,us) < 4.

5. THE COMPACT GLOBAL PULLBACK ATTRACTORS OF C—ANALYTIC COCYCLES
WITH COMPACT BASE

In this section we suppose that (C¢, ¢, (2, T, 8)) is a C—analytic cocycle and € is a
compact space.

Theorem 5.1. Let (C¢, ¢, (Q,T,8)) be a C—analytic cocycle admitting a compact
global pullback attractor {I,|w € Q}, then:

1. The compact invariant set J = |J{Ju|w € Q} of the skew-product dynamical
system (X, T+, 7) (X :=C? x Q, m:=(¢,0)) is asymptotically stable.

2. There exists a positive number 8y such that the cocycle ¢ is positively uniformly
stable on the compact set B[I,6] := |J{B[l,,d]| w € 2}, where B[l,,d] .= {z €
CY p(z, L) <8}, for all 0 < 6 < dg.

3. The skew-product dynamical system (X, TT 7) generates on J a group dy-
namical system (J, T, 7).

Proof. Denote by X = C? x Q and by (X, T+, ) the skew-product dynamical
system. Then under the conditions of the theorem the set J = [ J{Ju|w € Q} is a
nonempty compact invariant set and according to Theorem 4.1 [?] is asymptotically
stable with respect to (X, T*, 7). In particular there exists a §y > 0 such that the
set B[J,dg] := {x € X|p(x,J) < dp} is positively invariant. Since Q is compact
and 7' (u,w) = (¢(¢,w, u), fiw), then there exists a positive number C' = C'(dg) such
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that |¢(t,w,u)| < C for all w € @ and u € B[l,,dg]. Taking into account the
connectedness of set I, (see, for example [?]) according to Cauchy’s Theorem for
all & < &y there exists a positive number L(J) such that

(13) |¢(t’w’u1) —¢>(t,w,u2)| < L(6)|u1_u2|

for all w € Q,t € Rt and uy,us € B[I,,d]. 1t is easy to see that from inequality
(??) results the positively uniformly stability of set B[I,d] for every 0 < § < dg.
Particularly the set I := | J{I,|w € Q} will be positively uniformly stable and to

finish the proof of Theorem it is sufficiently to apply Theorem 7?7 to our situation
for the skew-product system (X, T*, 7). The Theorem is completely proved. O

Definition 5.2. (Linear cocycle) The cocycle (E4, ¢, (2, T,8)) is called linear (see,
for example, [?],[7] and [?]) if the mapping ¢(t,w) : B4 — E? is linear for every
te Tt andw € Q.

Theorem 5.3. ([?],[?] and [?]) Let (C¢, 6, (Q, T,8)) be a linear cocycle, then the
following conditions are equivalent:

1. lim |¢(t,w,u)|=0 for allu € B¢ and w € Q.
t—4o00

2. There exist positive numbers N, v such that |¢(t,w,u)| < N exp (—vt)|u| for
alt e TH weQ and u e B

Theorem 5.4. Let (C¢ ¢, (Q,T,8)) be a C—analytic cocycle admitting a compact
pullback attractor {I,| w € Q}, and let every point w € Q be positively Poisson
stable. Then the following assertions hold:

1. For every w € § the set I, consists of a unique point v(w).

2. v(bw) = ¢(t,w,v(w)) for allw € Q and t € TT.

3. The mapping w — y(w) is continuous, where v := (v, Idg).

4. Bvery point y(w) is positively Poisson stable.

5. The continuous nvariant section v s uniformly asymptotically stable, i.e.

5.a) for arbitrary € > 0 there exists () > 0 such that p(z,v(w)) < & implies
plo(t,w, 2),v(fw)) < e forallt >0 and w € Q.

5.b) There exists 6y > 0 such that
lim p(¢(tawa Z)a V(gtw)) =0

t—+o00

for all w € Q and z with the condition p(z,v(w)) < dg.

Proof. Under the conditions of Theorem 77 there exists a positive number dg such
that the set M := B[J, §p] is a compact and positively invariant set of skew-product
system (X, TT, ) (see the proof of Theorem ?7), where B[/, d] := |J{B[L., o] x
{w} | w € Q}. Denote by E = E(M, T+, ) the Ellis semigroup of the dynamical
system (M, T+ ), B, = {¢ € E|¢M, C M,}, where M, := {(u,w)| (u,w)€ M}
and EF :={¢ € E,| 3{t,} € N} such that 7'=|p, — &}. According to Theorem
7?7 and Lemma 77 ET is a nonempty compact subsemigroup of the Ellis semigroup
E. Note that every mapping € € EF, which maps B[l,, dy] into I, is holomorphic
because, according to Theorem 7?7, the convergence wi*|y, — £ is uniform on



12 DAVID N. CHEBAN

M,,. Consider an idempotent v € E}, then v(v(u)) = v(u) for all u € M, and,
consequently, v(p) = p for every p € v(M,) = v(l,). Since v is holomorphic and
v(I,) is a compact connected set, then [?] v(/,) contains only one point v(w). On
the other hand we have v(v(u)) = v(u) for all w € M, i.e. v(v(w)) = v(u). Thus
there exists a sequence ¢, — 400 such that

(14) lp(tn,w,u) = ¢(tn,w,v(u)|=0

for all u € M,,. Taking into account the positively uniformly stability of cocycle ¢
from (??) we obtain the equality

(15) |¢>(t,w,u)—¢>(t,w,1/(u))|:0

for allu € B(1,,d0) := {u € C¥p(u, I,) < Jo}. Now we will prove that I, = {v(w)}
for every w € Q. Let 0 < § < dp,u € I, and h € C? with condition |h| < J, then
according to equality (??) we have

16 lim su t,w,u+h t,w,u)| =0
(16) i, sup 600,14 ) = 60,0,

for all w € @ and u € I,,. In virtue of Cauchy’s formula (see [?] and also [?])
(17) Ut (u,w))w =

/= =4
)

where U (2, (u,w)) = M(gﬂ for all (u,w) € M and t € T*. From (??) and (?7?) it
follows that . liin [|U (%, (u,w))]| = 0 for all (v,w) € M. According to Theorem ??
400

there exist positive numbers N and « such that

(18) U (w, w))|| < N exp (—at)

for any (u,w) € M. Let now uy,us € I, and ¢ : [0,1] = B(I,,d) be a continuously
differentiable function with properties: (0) = uy and (1) = wua. Consider the
function A(s) := ¢(t,w, ¢¥(s)), then according to Lagrange’s formula we have

(19) A1) = A(0) = A'(7),
where 0 < 7 < 1. Hence from (??) and (??) we have
(20) lo(t,w,ur) — @(t,w, u2)| < Nyexp (—at)|u; — us|

forallt € Tt w e Q and uy, us € M,,, where Ny = N -m and m = Oréla<xl|1/) (s)]-

To finish the proof of theorem it is sufficient to remark that according to Theorem 77
on set J there is defined a two-sided dynamical system (J, T, ) and, in particular,
through every point u € I, passes a unique entire trajectory of cocycle ¢, i.e. the
function ¢(¢,w,u) (u € I, and w € Q) is defined on T. If ug # ua  (uy,us € 1),
then from (?7?) follows that

|o(—t, w,u1) — ¢(—t,w, us)| > Nyexp (at)|uy — us]

for all ¢ € T*. But the trajectories ¢(¢,w,u;) € Ip,w(i = 1,2;t € T) are bounded
on T. The obtained contradiction proves our assertion. Thus we have I, = {v(w)}.
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Now it is easy to see that the mapping w — v(w) is continuous, where v = (v, Idq),
and m'y(w) = y(6iw) for all w € Q and ¢t € T and, consequently, v(fw) =
o(t,w,v(w)) forallw € Qand t € TT.

Next we will note that every point vy(w) is positively Poisson stable. Indeed, let
{ta} € N, then 7'y(w) = v(#;,w) — 7(w) and, consequently, {t,} € Iy w).
Finally, the uniformly asymptotically stability of continuous and invariant section
v results from Theorem ?7. The theorem is completely proved. O

6. THE UNIFORM DISSIPATIVE COCYCLES WITH NONCOMPACT BASE

Let Q be a complete metric space (generally speaking noncompact), (E4, ¢, (2, T, 8))
be a cocycle on the state space E¢ and (X, T+, 7) be the corresponding skew-
product dynamical system, where X = E¢ x Q and 7 = (¢, 0).

Definition 6.1. (Dissipative cocycle) The cocycle (E4 ¢, (Q, T, 0)) is said to be
dissipative if for any w € € there is a positive number r, such that

i sup [6(t,, )| < .
for allw € Q and v € E?, i.e. for all u € E? and w € Q there exists a positive
number L(w,u) such that |¢(t,w,u)| < ry for all t > L{w,u).

Definition 6.2. (Uniformly dissipative cocycle) The cocycle (E% ¢, (Q,T,8)) is
said to be uniformly dissipative if there exists a positive number v (v is not de-
pendant upon w € Q) such that for any R > 0 there is a positive number L(R) such
that |¢(t,w,u)| <7 for allw € Q and |u| < R and t > L(R).

Theorem 6.3. ([7, 7, ?]) Let (E%, ¢,(Q,T,0)) be an uniformly dissipative cocycle,
then it admits a compact global pullback attractor {1,| w € Q} with |u| <r for all
u € 1, and w € €, where r is the positive number in definition 77.

Theorem 6.4. Let (C? ¢, (Q, T,60)) be a C—analytic uniformly dissipative cocycle,
then the following statements hold:

i). The cocycle ¢ admits a compact global pullback attractor {I,| w € Q} with
|u| < v for all u € I, and w € Q, where r is the positive number in condition (17).

ii). For any R > 0 there exist positive constants C' = C(R) and L(R) such that
(21) p(o(t,w,u1), ¢(t,w, uz)) < Cpluy, us)
for allt > L(R),w € Q and uy,us € C* with the condition |u;| < R (i = 1,2).

iii). For arbitrary ¢ > 0 there exist L(e) > 0 and d(g) > 0 such that

[o(t,w, u+h) —o(t,w,u))| <e

forallt > L(¢), u € I,,w € Q and |h| < 4.

w). The set J of (X, T+, ) is negatively distal, i.e.

nf p(71(t),72(1)) > 0,

where v; (i=1,2) is a entire trajectory passing through point (u;,w) € Jyuy # us
and v;(S) C J.
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v). On the set J there is defined a two-sided dynamical system (J, T, ) generated
by skew-product system (X, T+, 7).

Proof. The first assertion of theorem results from Theorem 77. Let now R > 0 and
R’ > R, according to uniformly dissipativity of cocycle ¢ there exists L(R') > 0
such that |¢(¢,w,u)| < rforallt > L(R'),w € Q and |u| < R’. In virtue of Cauchy’s
formula for R < R’ there is a constant C'(R) > 0 such that |32 (t,w, u)| < C(R) for
allt > L(R),w € Q and |u] < R and, consequently the inequality (?7) holds.

The third assertion we will prove by method of contradiction. If it is not true, then
there exist eg > 0,6, = 0 (6, > 0), |hn| <dn (hn € C¥) ¢, > n, w, € Qand
up € I, such that

|¢(tnawna Up + hn) - ¢(tnawna un))| Z 3]

Let now R > r and C(R), L(R) be positive constants figuring in the inequality
(??), then we have the following inequality

(22) o < |o(ln,wny tn + ) = 6(tn, wny )| < C(R)|hn| < C(R)dn.

Passing to limit in the inequality (?7) as n — oo we obtain gg < 0. The obtained
contradiction proves our assertion.

The fourth and fifth statements follow from Theorem ?7 (see also Remark ?7)
because from condition iii) results that for arbitrary £ > 0 there exist two positive
constants d(g) and L(e) satisfying the inequality (?7). The Theorem is completely
proved. O

Theorem 6.5. Let (C¢, ¢, (Q, T, 8)) be a C—analytic uniformly dissipative cocycle
and every point w € Q be positively Poisson stable, then:

1. The set 1, consists of only one point v(w) for every w.

2. The mapping w — y(w) is continuous, where v := (v, Idg).

3. v(bw) = ¢(t,w,v(w)) for allw € Q and t € TT.

4. t_ljg_noo plo(t, 0_ww)z,v(w)) = 0 for every w € Q uniformly with respect to z in
compact subsets of C%.

5. Bvery point y(w) is positively Poisson stable.

6. tl}lin p(d(t,w,2),v(0w)) =0 for allw € Q and 2 € C%, i.e. every positive

semi trajectory ¢(t,w, z) is asymptotically Poisson stable in positive direction.

Proof. Let (C%,¢,(Q,T,0)) be a C—analytic uniformly dissipative cocycle, then
according to Theorem 77 this cocycle has the properties i)-v). Let {I,| w € Q}
be the compact global pullback attractor of cocycle ¢ and let (X, TT, x) be the
skew-product dynamical system. Denote by

ES =gl Hta}eng, n'rlx, = £}

Since the cocycle ¢ possesses the property ii), then the pointwise convergence
mtn|x, — € coincides with uniform convergence on every compact subset of X, =
C* x {w} and, consequently, every mapping £ € E7 is holomorphic. As well as in
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Lemma 77 it is possible to show that E} is a nonempty compact semigroup w.r.t.
composition of mappings. Consider the idempotent element v of semigroup EJF.
We will show that v(X,) C I,. Indeed, v € E} and, consequently, there exists a
sequence {t,} € NI such that v = lim 7'"|x . Let z € v(X,), i.e. = v(z) for

n—od

some & € X,,. This means that £ = lim n’»z. According to Lemma 77 there exists
n—od

an entire trajectory v of the skew-product system (X, T*, r) passing through the
point & for t = 0 and 4(T) := {~(t)|t € T} is conditionally precompact. Taking
into account that J is a maximal invariant set of (X, T*, 7) with precompact prqJ
(see remark ?77) we have & € J,, ie. v(X,) C J,. Since X, = C¢ x {w} and
v 18 holomorphic by virtue of Liouville’s Theorem the holomorphic function v 1s

a constant, i.e. there exists y(w) € J, such that v(X,) = {y(w)}. We note that

v? = v and, consequently, v(v(z)) = v(z) for all z € X,,, i.e. v(y(w)) = v(z). Thus,

there exists a sequence ¢, — 400 such that

(23) lim p(r'"y(w), 7" z) = 0.

t—+o00

Taking into consideration the property ii) of cocycle ¢ we obtain from (?7) the
equality

(24) lim p(6(t,w, 2), 6(t,w, v(®))) = 0

n—r 00
for all z € C?, where v := (v, Idq).

Now we will show that there exists g > 0 such that for arbitrary ¢ > 0 there is
L(e) > 0 with the property

(25) lo(t,w,u+ h) — ¢(t,w,u)| < ¢

for all (u,w) € J, t > L(¢) and uniformly w.r.t. |h| < &g. If it is not true, then
there are § — +0,e9 > 0, |hy| < 0, wpn € @, u, € I, and &, > n such that

|¢(tnawna Up + hn) - ¢(tnawna un)| Z £g-
On the other hand, according to property ii), there exists C'(R) > 0 (R > supd,)
neN
such that for sufficiently large n we have

(26) g0 < |@(tn, wn, tn + hp) — ¢(tn, wn, un)| < C(R)O,.

Taking into account that é, — 0 from (?7) it follows that e; < 0. The obtained
contradiction prove our assertion.

From equality (?7) and inequality (?7?) it follows that
(27) lim ||U(t, (u,w))|]|=0

t—+o00

uniformly with respect to (u,w) € B[J, 6g]. Denote by
m(t) = sup{llU (&, (e, D] () € BLL 81,
then
a) m(t) = 0 as t = 4oo.
b) 3L > 0 such that m is bounded on [L, +00).
c) m(t+7) <m(t)m(r) forall t, 7 > L.
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From a)-c) it follows (see, for example, [?]) that there exist N,« > 0 such that
m(t) < Nexp (—at) for all t > L and, consequently, from (??) we have

U, (w,w))]] < Nexp (—at)

for all (u,w) € B[J,dp] and ¢t > L. Using the same arguments as well as as in the
proof of Theorem ?? we conclude that I, = {v(w)} for all w € Q.

Now we will prove that the mapping w — 5(w) is continuous. Let w, — w and
consider the sequence {y(wy)} C J. Since .J is conditionally compact, this sequence
is precompact. Let Z be a limit point of {vy(w,)}, then it is easy to see that
z € J, = {y(w)} and, consequently, y(w) is a unique limit point of precompact
sequence {y(wy)}. Hence y(wp) = y(w).

The equality v(fw) = ¢(t,w,v(w)) follows from invariance of J and from equality
Jo = {y(w)} for all w € Q, taking into account that v(w) = priy(w).

The equality 4 follows from equality J, = {v(w)} = {(v(w),w)} and from the fact
that {v(w)| w € Q} is a compact global pullback attractor of cocycle ¢.

The stability in the sense of Poisson in the positive direction of point y(w) follows
from the continuity of vy and the equality 7'y (w) = y(6;w) for allt € TT and w € Q.

The sixth assertion follows from (7?) and the equality ¢(¢,w, v(w)) = v(6w) for all
t € TT and w € Q. The Theorem is completely proved. O

7. THE COMPACT AND LOCAL DISSIPATIVE COCYCLES WITH NONCOMPACT BASE

Definition 7.1. (compact dissipative cocycle) The cocycle (E4, ¢, (Q, T, 0)) is said
to be compactly dissipative if for any nonempty compact Q' C € there is a positive
number ros such that for arbitrary R > 0 there exists a positive number L(R, Q)
with the following property

(28) |¢(t, w, u)| < rav

forallwe Q' |u] < R and t > L(R, Q).

Definition 7.2. (Local dissipative cocycle) The cocycle (E4 ¢, (Q, T, 8)) is said to
be locally dissipative if for any w €  and R > 0 there are positive numbers 1, d,,
and L(R,w) such that

(29) |6(t, &, u)| < rov

forall € B(w,d,) :={w € Q] pl@,w) <y}, |u| <R andt> L(R,w).

Lemma 7.3. FEvery locally dissipative cocycle ¢ is compactly dissipative.

Proof. Suppose that ¢ is locally dissipative and let ' C 2 be a nonempty compact
set. According to locally dissipativity of ¢ for every w € 2, and R > 0 there exist
7w, L(R,w) > 0 and &, > 0 such that the inequality (??) holds. Considering the
open covering (J{B(w,du)|w € @'} of compact set ©', we may extract the finite
sub covering |J{B(wi,d,,)i = 1,k}. Let L(R, Q') := max{L(R,w;)|i = 1, k}, then
it is clear that inequality (??) holds for all w € ', |Ju| < R and t > L(R, Q). The
Lemma is proved. l
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Remark 7.4. Compact dissipativity, generally speaking, does not imply locally dis-
stpativity.

Lemma 7.5. Let (E% ¢,(Q,T,0)) be a compactly dissipative C—analytic cocycle.
Then for any nonempty compact ' C Q and R > 0 there exist L(QY, R) and
C=C(Q,R) >0 such that

(30) p(¢(tawaul)a¢(tawau2)) S C(Q/aR)p(ulaUZ)
forany w € Q' |u;| <R (i =1,2) and t > LY, R).

Proof. Let R > 0 and R’ > R, then according to the compact dissipativity of
cocycle ¢ for nonempty compact ' C Q and R' > 0 there exist rgr > 0 and
LY, R) > 0 such that |¢(¢,w, u)| < ros for all w € Q, |u| < R and ¢t > L(Q', R').
In view of Cauchy‘s formula for R < R’ there exists a constant C' = C(R, ) > 0
such that |%(t,w,u)| < C(R,Y) for all t > L(R',Q),w € @ and |u] < R and,
consequently, the inequality (??) holds for |u1], |ua] < Ryw € Q andt > L(Y, R) :=
inf{L(Y, R")|R' > R}. O

Lemma 7.6. Let (E% ¢,(Q,T,0)) be a compactly dissipative C—analytic cocycle,
and 1,72 are two entire bounded trajectories passing through point (ui,w) and
(ug,w) fort =0 respectively, then the following assertions hold:

1. If w € Q is negatively Poisson stable and {t,} € 9, then

(31) inf p(71(tn), 72(tn)) > 0
if w1 # us.
2. If w € Q is positively Poisson stable and {i,} € N, then the equality
32 B (61,0, 01), B0, 0, 05)) = 0
wmplies
(33) Jim p(0(1,,m), 6(1,,15)) = 0.

Proof. Let w € Q be a negative Poisson stable point, {t,} € 9N, and uy # us. If
the equality (?7?) is not true, then p(y1 (¢n), v2(¢n)) = 0 as n — co. Denote by R :=
supmax{|y1 ()|, |[v2(&)|} > 0, := {6, w|n € N} C Q and let C (', R), L(<Y, R) be
teT

the corresponding constants figuring in the inequality (?7), then we obtain
(34) plur, uz) = p(¢(—tn, 0w, 71(tn)), ¢(—tn, b1, wa(tn)))
<

C(Q/’ R)p(71 (tn)aVZ(tn))
for sufficiently large n (—t, > L(£¥, R)). Passing to limit in the inequality (?7?) as
n — oo we have p(uy, us) < 0, but 4y # uz. The obtained contradiction prove the
first statement of Lemma 77 .

Let now w €  be a positive Poisson stable point and {¢,} € NI such that the
inequality (?7?) holds, then for arbitrary € > 0 there exists ng = ng() such that

(35) p((t,w, u1), d(t,w, us)) < m
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and, consequently, according to Lemma ?? we obtain
(36) p(¢(ta W, ul)a ¢(ta W, UZ)) = P(¢(t - tna gtnwa ¢(tnawa ul))a

¢(t - tna gtnwa ¢(tna W, UZ)) S C(Q/a R)p(¢(tnawa ul)a ¢(tna W, UZ))
for all ¢t > ¢, + L(', R), where R := sup{max{|¢(t,w,u;)|, |¢(¢,w, us)|}|t € TT}.
Denote by L(e) 1= tn () + L(2, R), then from inequalities (77) and (77) we obtain

p(¢(ta W, ul)a ¢(ta W, UZ)) <e
for all t > L(g) and, consequently, (??) holds. The lemma is proved. O

Theorem 7.7. Let (E4 ¢,(Q,T,0)) be a compactly dissipative C—analytic cocycle
admitting a compact pullback attractor {I,| w € 2} and every point w € § be
two-sided Poisson stable, then the following assertions hold:

1. The set I, consists of only one point v(w), i.e. I, = {v(w)} for every w € Q.

2. The mapping w — y(w) s continuous, where v = (v, Idg).

3. v(bw) = ¢(t,w,v(w)) for allw € Q and t € TT.

4. The point y(w) is Poisson’s stable for all w € Q.

5. t_ljg_noo B(é(t, 0_1w) K, v(w)) = 0 for all compact subsets K of C¢, where 3(A, B)
1s the semi-distance of Hausdorff between A and B.

6. . li}rl_n lp(t,w,z) — v(Bw)| =0 for allw € Q and z € C*.
— oo

Proof. To prove the first assertion of Theorem 7?7 we consider the nonautonomous
dynamical system ((®, T, o), (2, T,8), H) constructed in the proof of Theorem 77?.
Using the same type of argument as in Theorem 77 and taking into consideration
the Lemma ??7 we may state that the system ((®,T, o), (2, T,8), H) possesses the
following properties:

a) ® is conditionally compact invariant set.
b) for every w € Q,y1,72 € @ (71 # y2) and {t,} € N, holds
inf p(yi",75") > 0.
inf p(m*,72") >
Then according to Lemmas ??7-77 we have that F; = EX = F, is a group. Par-
ticularly there are two sequences t. — 400 and ¢2 — —oo such that
. t; _ -
(37) Jim o' =y (1=1,2).

for all v € @, i.e. every entire trajectory v of global pullback attractor {I,|w € 2}
is two-sided Poisson stable. On the other hand according to Lemma 77 we have

(38) dim p(y1(t),72(t)) = 0.
From (?7) and (?7?) we obtain
POy (1), 72(1) = lim p(yi(t+15),72(L + 1)) = 0

forallt € T,i.e. 41 = 2. Thus there exists a unique entire trajectory 7, € ®,,, i.e.
®, = {J.} and, consequently, I, = {3,(0)} := {y(w)}, where y(w) := 4. (0).
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The proof of item 2)-6) of Theorem ?7 uses the same type of arguments as in
Theorem ??7. The Theorem is proved. O

8. APPLICATIONS

8.1. Ordinary differential equations. We consider the equation

dz
2t

(39) e

where f € CH(R x C¢,C%) and the family of equations
dz

4 — =gt

(40) g,

where ¢ € H(f) = {f;|7 € R} and f; is a T—translation of function f w.r.t.
variable t, i.e. f(t,z) := f(t + 7,2) for allt € R and z € C¢. Denote by ¢(¢, g, 2)
the solution of equation (??) with the initial condition ¢(0,g,7) = z, then ¢ is a
C—analytic cocycle on C?.

Definition 8.1. The equation (??) is called dissipative if there exists a positive
number r such that . liin sup |6(t,g,2)| < r for all 2 € C* and g € H(f).
—+co

Definition 8.2. The function f € CH(R x C¢ C%) is called positively (negatively)
Poisson stable in t € R uniformly w.r.t. z on compact subsets of C¢ [?],[7] if there
erists t, — +oo (t, = —o0, respectively) such that f(t+1t,,2) = f(t,2) asn = >
uniformly on every compact subsets of R x C%.

Theorem 8.3. Suppose that the following conditions hold:
1. The set H(f) C CH(R x C* C%) is compact.

2. Buvery function g € H(f) is positively Poisson stable (in this case function f
is called [?],[?] quasi recurrent).

3. The equation (??) is dissipative.

Then every equation (?7) admits a unique bounded on R and positively Poisson
stable solution. This solution is globally uniformly asymptotically stable.

Proof. We consider the dynamical system of translations (Bebutov’s system [?],[?]
(CH(R x C* C¢),R,0). Since H(f) is invariant and closed subset of C'H(R x
C4,C%), then on set H(f) it is induced a dynamical system (H(f),R,o). Let
Q := H(f), then on space C? it is defined a C—analytic cocycle (C¢, ¢, (2, R, 7)),
generated by equation (?7). According to the general properties of equation (?7?)
with holomorphic right hand side f, the cocycle ¢ will be C—analytic (see, for
example, [?]). To finish the proof of this theorem it is sufficient to apply to cocycle
¢ the Theorem 77. O

Definition 8.4. (Bohr’s almost periodic function) The function f € CH(R x
C4,C%) is called almost periodic (in the sense of Bohr) int € R uniformly w.r.t. 2
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on compact subsets of C* [?, 7, 7] if for every ¢ > 0 and nonempty compact subset
K C C? the set

(e, f,K):={re R|Hé€}§(|f(t +7,2)— ft,2)] < e}
is relatively dense on R, i.e. there is a number | =l(e, f, K) > 0 such that

Te, f,K) [ Vla,a+1) # 0
foralla e R.

Definition 8.5. The equation (?7) is called pullback dissipative if for every g €
H(f) there exists a positive number ry such that for all R > 0

Jim sup[6(t, g—¢, 2)| <7y
uniformly w.r.t. |z] < R.

Theorem 8.6. Let f € CH(R x C¢ C%) be an almost periodic function in t € R
uniformly w.r.t. z on compact subsets of C? and the equation (??) be pullback
dissipative, then every equation (?7) admits a unique bounded solution vy(t), which
1s almost periodic and satisfies the following conditions:

1. vy(t) is uniformly asymptotically stable (locally).
2. lim sup |¢(t,w_¢)z — 14(0)]| = 0.

t—4o00 |Z|SR

Proof. The proof of this theorem uses the same type of argument as the proof of
Theorem ?? and is based on the Theorem ?7. O

8.2. Caratheodory differential equations. Consider now the equation (?7)
with right hand side f satisfying the conditions of Caratheodory (see, for example,[?]
) and holomorphic w.r.t. variable = € C?. The space of all the Carateodory func-
tions we denote by €H (R x C¢, C?). The topology on this space is defined by family
of semi-norm (see [?])

n

Prm(f) = lgllggllf(t,Z)ldt
This space is metrizable and on ¢H (R x C¢ C?) the dynamical system of transla-
tions (CH (R x C¢,C?%),R, o) can be defined.

Using the standard arguments for ODEs (see,for example, [?] and [?]) one can prove
that every equation (?7) admits a unique solution ¢(t, ¢, z) with initial condition
#(0,9,2) = z and supplementary the mapping ¢(t,9) = ¢(t,g,-) : C¢ — C¢
is holomorphic. Thus if the solutions ¢(¢,g,z) are defined on R* the mapping
¢ : RY x H(f) x C* — C¢ defines a C—analytic cocycle on C¢ with the base
H(f), where H(f) := {f-|r € R} and the bar denotes the closure in the space
CH(R x C* C?). Hence we may apply the general results from sections 2-7 to
cocycle ¢, generated by equation (?7) with Caratheodory’s right hand side, and
we will obtain some results for this type of equations. For example the following
assertion holds.
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Theorem 8.7. Let f € €H(R x C* C?%) be an almost periodic function in t € R
(in the sense of Stepanov [?]) uniformly w.r.t. z on compact subsets of C¢, i.e. for
every € > 0 and compact subset K C C the set

1
(e, f, K) = {TE]R|/0 max [ 7(t 47+ 5,2) = f(t + 5, 2)lds < <)

is relatively dense on IR. Suppose that the equation (?7) is dissipative, then every
equation (77) admits a unique almost periodic (in the sense of Bohr) solution v,(t)
which s globally uniformly asymptotically stable.

8.3. ODEs with impulses. Let {t, },ez be a sequence of real numbers, inf{t, 11—
to] mn€Z}>0,p: R —= C? be a continuously differentiable function on every
interval (t,,%,41), continuous to the right in every point ¢ = ¢,,, almost periodic in
the sense of Stepanov and

p/(t) = Z Snétn’

nen
where s, 1= p(t, + 0) — p(t, — 0) (i.e. the function p is piecewise constant). More
information about the function described above can be found in the books [?] and

[7].
Consider the equation with impulses
dz
(1) FREED SN

or equivalently

dz
(12) Lo p 0.
At the same time we consider the family of equations
dz
(13) T = gt,2) + ),

where (g9,9) € H(f,p) :={(fr,ps)|7 € R} and by the bar we denote the closure in
the product-space €H (R x C¢ %) x ¢(R, ).

Denote by ¢(t, g, ¢, z) the unique solution of equation (?7?) (see [?] and [?]) satisfying
the initial condition ¢(0,g,q, z) = z. This solution is continuous on every interval
(tn,tn+1) and continuous to the right in every point ¢t = ¢, (see [?] and [?]).

Definition 8.8. The equation (??7) is called dissipative if there erists a number
r > 0 such that . liin sup |6(t, 9,4, 2)| < r for every (g,q) € H(f,p) and z € C*.
—+co

Using the transformation w := z + ¢(f) we can transform the equation (?7?) into
the equation

dw
(44) E:g(t,w—l—q(t)).

Remark 8.9. Denote by q;(t,g, q,z) the cocycle defined by the family of equations
(??), then it is clear that the cocycle ¢ generated by (??) is dissipative if and only
if the cocycle ¢ generated by (??) is dissipative.
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Theorem 8.10. Let f € CH(R x C¢ C%) be a Bohr’s almost periodic function in
t € R uniformly with respect to z on every compacts subsets of C*, locally Lipshitz
in 2 uniformly w.r.t. t € T and p € €(R, %) be a Stepanov almost periodic function
bounded on R. If the equation (77} is dissipative, then for every (g,q) € H(f,p) the
equation (77} admits a unique Stepanov almost periodic solution and this solution
15 globally uniformly asymptotically stable .

Proof. Let ¢(t,g,q, z) be the cocycle generated by equation (?7) and let q;(t, g,q,w)
be the cocycle generated by equation (?7). Then we have the following equality

(45) $(t,9,9,2) = q(t) + (t, 9,9,z — q(0)).

Under the conditions of Theorem ?? the cocycle ¢ is dissipative, C—analytic and
the right hand side of equation (?7) under the conditions of Theorem ?7? is Stepanov
almost periodic in ¢ € R uniformly on every compact of C¢ w.r.t. z. To finish the
proof of this theorem we apply the Theorem (?7) to the equation (??) and take
into consideration the relation (?7). The theorem is proved. Ol
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