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ABSTRACT. The article is devoted to the study of nonautonomous Lorenz sys-
tems. This problem is formulated and solved in the context of nonautonomous
dynamical systems. First, we prove that such systems admit a compact global
attractor and characterize its structure. Then, we obtain conditions of con-
vergence of the nonautonomous Lorenz systems, under which all solutions
approach a point attractor. Third, we derive a criterion for existence of al-
most periodic (periodic, quasi-periodic) and recurrent solutions of the systems.
Finally, we prove a global averaging principle for nonautonomous Lorenz sys-
tems.

1. INTRODUCTION

The following n-dimensional systems of differential equations are called systems of
hydrodynamic type or autonomous Lorenz systems ([30]):

(1) U; = Ej,kbijkujuk + Ejaijuj =+ fi; 1= 1,2, L n,

where Xb;jpu;ujuy is identically equal to zero, Ya;ju;u; is negative definite, and
fi are constants. The well-known three-dimensional Lorenz system for geophysical
flows or climate modeling [25] is a special case of this type of systems.

It is known that solutions of (1) imbed in some ellipsoid and do not leave it later,
i.e. the autonomous system (1) is dissipative, and hence admits a compact global
attractor.

In the vector-matrix form the system (1) may be written as:
(2) u' = Au + B(u,u) + f,

where A is a positive definite matrix and B : H x H — H (H is a n-dimensional
real or complex Euclidian space) is a bilinear form satisfying the identity

(3) R€<B(’U,,U),’LU> = —Re(B(u,w),U)
for every u,v,w € H.

When f is not a constant vector but a bounded function of time ¢, it is known that
the equation (2) also admits a compact global attractor [22].
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The aim of the present article is to study the nonautonomous version of the equation
(2). Namely, in this case, the matrix A, the bilinear form B, and the function
f all depend on time t. We will consider issues like compact global attractors,
convergence, almost periodic (including periodic and quasi-periodic) solutions and
recurrent solutions, and averaging principles.

This paper is organized as follows:

In Section 2 we introduce a class of nonautonomous Lorenz dynamical systems and
establish its dissipativity (Theorem 2.2).

In Section 3 we prove that asymptotic compact Lorenz systems admit a compact
global attractor (Theorem 3.7) and we characterize the structure of the global
attractor. Furthermore, we obtain conditions for convergence of these systems
(Theorem 3.9), under which each section of the global attractor contains a single
point.

Section 4 is devoted to study of existence of almost periodic (periodic, quasi-
periodic) and recurrent solutions of nonautonomous Lorenz systems (Corollaries
4.2 and 4.6).

In Section 5 we prove a uniform averaging principle for a class of nonautonomous
dynamical systems (Theorem 5.3). With the help of this uniform averaging prin-
ciple, we prove a global averaging principle for nonautonomous Lorenz systems on
the semi-axis (Theorem 6.4) in Section 6.

2. NONAUTONOMOUS LORENZ SYSTEMS

Let €2 be a compact metric space, R = (—00, +00), (2, R, o) be a dynamical system
on ) and H be a real or complex Hilbert space. We denote L(H) (L?(H)) the space
of all linear (bilinear) forms on H. When W is some metric space, C(€2, W) denotes
the space of all continuous functions f : Q@ — W | endowed with the topology of
uniform convergence.

Let us consider the nonautonomous Lorenz system
(4) u' = A(wt)u + B(wt)(u,u) + f(wt), weQ,

where wt 1= o(t,w), A € C(Q,L(H)),B € C(Q,L*(H)) and f € C(Q, H). Note
that when the autonomous Lorenz system (2) is perturbed by periodic, quasi-
periodic, almost periodic or recurrent forces, it can then be written as (4). More-
over, we assume that the following conditions are fulfilled:

(i) There exists « > 0 such that
(5) Re(A(w)u, u) < —aful?

for all w € Q and v € H, where |- | is a norm in H ;
(ii)
(6) Re(B(w)(u,v),w) = —Re(B(w)(u,w),v)

for every u,v,w € H and w € Q) .
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Remark 2.1. a. It follows from (6) that

(7) Re(B(w)(u,v),v)) =0
for every u,v € H and w € Q.

b. From bilinearity and continuity, we obtain

(8) |B(w)(u,v)| < Cplullv]

for all u,v € H and w € Q, where Cp = sup{|B(w)(u,v)| : w € Q, u,v € H, |u| <
1, and |v| < 1}.

We will call the system (4) with conditions (5) and (6) a nonautonomous Lorenz
system or a nonautonomous system of hydrodynamic type.

We note that from the conditions (6) -(8) it follows that

9) |B(w)(z1,21) — B(w) (22, 22)| < Cp(|z1]| + |22])|z1 — 22|

for all x1,z5 € H and w € Q.

Since the coefficients of (4) are locally Lipschitzian with respect to u € H, through
every point & € H passes a unique solution ¢(t, z,w) of equation (4) at the initial

moment ¢ = 0. And this solution is defined on some interval [0,%, .)). Let us note
that

w'(t) = 2Re(y'(t,z,w), p(t, ,w)) = 2Re(A(wt)p(t, z,w), p(t,z,w))+
(10) 2Re(B(wt)(p(t, z,w), p(t, z,w)), (t, z,y)) + 2Re(f(wi), p(t, z,w))
= 2Re({A(wt)p(t, z,w), p(t, z,w)) + 2Re(f(wt), p(t, z,w))
< —2alp(t, z,w) > + 2| fllle(t, z, W),

where || f]| ;= max{|f(w)| : w € Q} and w(t) = |p(t, z,w)|?. Then

(11) w' < —2aw + 2| f||w?.
Thus
(12) w(t) < o(t)
for all t € [0,%(,.,), where v(t) is an upper solution of equation
(13) v' = —2av + 2||f]|v?,
satisfying condition v(0) = w(0) = |z|?. Hence

IfI1 —ar ., [f]]o
14 t) = ———)e ¥+ —
(14) o(t) = [(je] — e 4 11,
and consequently
(15) fott,,0)] < (fa] — ygmoe o W71

for all t € [0,%(,.)). It follows from the inequality (15) that solution o(t,z,w) is
bounded and therefore it may be extended to a global solution on Ry = [0, 4+00).

Thus we have proved the following theorem.

Theorem 2.2. (Dissipativity) Let the conditions (5) and (6) are fulfilled. Then
the following statements hold:
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(16) lp(t, 2, w)| < C(|z]),

forall t >0, w e Q and x € H, where C(r) =1 if r > 1o ::@ and
C(r) =m0 ifr <ro;

(17) limsup sup{|o(t, z,w)| :|z| <rwe Q} < WAl
t—4o0 a

for every r > 0.

The item (i) in this Theorem means that the nonautonomous Lorenz flow is bounded
on bounded sets, while the item (ii) implies that the nonautonomous Lorenz system
is dissipative, i.e., it admits a bounded absorbing set.

3. NONAUTONOMOUS DISSIPATIVE DYNAMICAL SYSTEMS AND THEIR
ATTRACTORS

Let Q and W be two metric spaces and (2,R,0) be an autonomous dynamical
system on ). Let us consider a continuous mapping ¢ : Rt x W x Q — W satisfying
the following conditions:

90(07 '7w) = ZdW (p(t + T,:L',(.U) = (P(t,(p(T,iE,W),WT)
for all t,7 € RY, w € Q and # € W. Here wr is the short notation for o, (w) :=

o(1,w). Such a mapping ¢ ( or more explicitly (W, , (2, R, 0))) is called a cocycle
on (2, R, o) with fiber W; see [1, 28].

Example 3.1. Let E be a Banach space and C(R x E, E) be a space of all con-
tinuous functions F' : R x E — E equipped by the compact-open topology. Let us
consider a parameterized differential equation

Z—j = F(ow,x), weN

on a Banach space E with Q = C(R x E, E), where oww := o(t,w). We will define
o1 : Q= Qbyow(-, ) =w(t+-,) for each t € R and interpret o(t,z,w) as solution
of the initial value problem
d
dt”
Under appropriate assumptions on F : Q x E — E (or even F' : R xE — E with
w(t) instead of opw in (18)) to ensure forward existence and uniqueness, then ¢ is
a cocycle on (C(R x E, E),R,0) with fiber E. Note that (C(R x E,E),R,0) is a
Bebutov’s dynamical system (see for example [2],[13], [26],[28]).

(18) (t) = F(ow,z(t)), z(0)==x.

Let ¢ be a cocycle on (2, R, o) with the fiber E. Then the mapping 7 : RT x E x Q
— E x Q defined by

7T(t, z, (U) = (W(ta z, w)? Utw)
for all t € RT and (z,w)€ E x Q forms a semi-group {7 (,-,")};cp+ of mappings
of X := Q x FE into itself, thus a semi-dynamical system on the state space X,
which is called a skew-product flow [28]. The triplet ((X,Ry,7), (2, R, ), h) (where
h:=pry : X — Q) is a nonautonomous dynamical system; see [3, 13].



RECURRENT MOTIONS AND GLOBAL ATTRACTORSOF NONAUTONOMOUS LORENZ SYSTEMS

A cocycle ¢ over (2, R, o) with the fiber W is called a compact (bounded) dissipative
cocycle, if there is a nonempty compact set K C W such that
(19) limsup{B(U(t,w)M,K)lwe 2} =0

t—+oo
for any M € C(W) (respectively M € B(W)), where C(W)( B(W)) denotes the
family of all compact (bounded) subsets of W, 3 is the semidistance of Hausdorff
and U (t,w) := ¢(t,-,w). We can similarly define a compact or bounded dissipative
skew-product system.

Lemma 3.2. Let Q2 be a compact metric space and (W, p, (2, R, o)) be a cocy-
cle over (Q,R,0) with the fiber W. In order for (W,p,(Q,R,0)) to be compact
(bounded) dissipative, it is necessary and sufficient that the skew-product dynamical
system (X,Ry,7) is compact (bounded) dissipative.

This assertion directly follows from the corresponding definitions (see for example
[18],[13]).

We now define whole trajectories of the semi-group dynamical system (X, R, )
(or whole trajectories of the cocycle (W, o, (2, R,0)) over (2,R,0) with the fiber
W). A whole trajectory passes through the point z € X((u,y) € W x Q) is a
countinuous mapping v : R — X (or v : R — W) which satisfies the conditions :
v(0) =z (or v(0) =u) and wiy(1) =v(t+7) (or v(t+7) = p(t,v(r),wr)) for all
teRy and 7 € R

Moreover, for M C W, we denote by

(20) (M) = () J ¢(r, M,w7)
t>072>t

for every w € Q, where w™7" := o(—7,w). This formula is useful in the construction

of global attractors. We recall the following result.

Theorem 3.3. ([11],[13]) Let Q be a compact metric space, (W, p, (1, R, 0)) be a
compact (bounded) dissipative cocycle and K be the nonempty compact set in the
dissipation property (19). Then the following assertions hold:

(i) The set I, := Q,(K) # 0, is compact, I, C K and
(21) lim B(U(t,w ")K,I,) =0

t——+00

for every w € Q;
(i) U(t,w)l, = I for allw € Q and t € Ry ;

(iii)
(22) Jim BU(w ML) =0
for all M € C(W) (respectively M € B(X)) and w €  ;
(iv)
(23) t_l}gloo sup{BU(t,w " YM,I)jw € Q} =0

for any M € C(W) (respectively M € B(X)) , where I = U{l,| w € Q};
(v) I, :==prid, for all w € Q, where J is a Levinson’s centre of (X,Ry,7), and,
hence, I = priJ;
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(vi) The set I is compact;
(vii) The set I is connected if the spaces W and Y are connected.

Now we define the concept of compact global attractors. The family of compact
sets {[,|lw € @} (I, C W is nonempty compact for every w € ) is called (see,
for example, [11] or [13]) the compact global attractor of cocycle ¢ if the following
conditions are fulfilled:

(i) The set I :=J{l,|] w € Q} is precompact.
(i) {I,] w € Q} is invariant w.r.t. the cocycle ¢, i.e. ¢(t,w,1,) = I5,, for all
te Ry and w € .
(iii) The equality t_1)1+m sup B(¢(t, K,w),I) = 0holds for every nonempty bounded

e Q
set K CW.

The set I, will be called a section of the global attractor.

Corollary 3.4. Under the conditions of Theorem 3.3, the cocycle ¢ admits a com-
pact global attractor.

Dynamical system (X,Ry,n) is called asymptotically compact (see [18],[23], [29]
and also [11],[13]) if for any positive invariant bounded set A C X there is a compact
K4 C X such that

(24) lim B(r'4,K4) = 0.

t—+o0
Dynamical system (X, R}, 7) is called compact (completely continuous) if for every

bounded set A C X there exists a positive number [ = [(A) such that the set 7' A
is precompact.

It is easy to verify (see for example [13]) that every compact dynamical system
(X, R4, ) is asymptotically compact.

The cocycle (W, ¢, (Y, R, o) is called compact (asymptotically compact) if the asso-
ciated skew-product dynamical system (X, Ry, 7) with X =W xY and 7 = (p, 0)
is compact (respectively asymptotic compact).

Let (X,R;,n) be compact dissipative and K be a compact set, which attracts all
compact subsets of X. Let

(25) J = QK),

where Q(K) = ;50 U,>; 7K. The set J defined by the equality (25) does not
depend on selection of the attracting set K, and is characterized only by the prop-
erties of the dynamical system (X, Ry ,7) itself. The set J is called the Levinson’s
centre of the compact dissipative system (X, Ry, 7).

Theorem 3.5. ([11],[13]) Let (E, 2, h) be a local-trivial Banach fibering, ((E, Ry, ),
(Q,R,0),h) be a nonautonomous dynamical system and the dynamical system
(E,Ry,7) be completely continuous. Then the following two statements are equiv-
alent :

(i) There is a positive numberr such that for any v € X there will be T = 7(z) > 0
for which |xT| < r; here 1 := n(r,x).
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(ii) Dynamical system (E,Ry,7) is compact dissipative and
(26) lim sup p(xt,J) =0

for any R > 0, where J is a Levinson’s centre of dynamical system (E,R;,7),
that is, the nonautonomous system ((E,R; ,m), (Q,R,0),h) admits a compact
global attractor J.

A dynamical system (X, Ry, ) satisfies conditions of Ladyzhenskaya (see [23] and
also [13]) if for any bounded set A C X there is a compact K4 C X such that the
equality (24) holds.

Theorem 3.6. ([11],[13]) Let ((E,R4,7),(Q,R,0),h) be a nonautonomous dy-
namical system and let (E,Ry,m) satisfy the condition of Ladyzhenskaya. Then
the statements 1. and 2. of Theorem 3.5 are equivalent.

Applying the above general theorems about nonautonomous dissipative systems to
nonautonomous system constructed in the example 3.1, we will obtain series of facts
concerning the nonautonomous Lorenz system (4). In particular, from Theorems
2.2, 3.3 and 3.6, we have the following results.

Theorem 3.7. (Compact global attractor) Let Q) be a compact metric space, (Q, R, o)
be a dynamical system on 0 and the conditions (5) and (6) are fulfilled. If the co-

cycle ¢ generated by nonautonomous Lorenz system (4) is asymptotically compact,

then for every w € (, there exists a non-empty compact connected set I,, C H such

that the following conditions hold:

(i) The set I =U{l, : w € Q} is compact and connected in H;
(i)

li Ult,w " M,I) =0

S sup BUEw™)M, 1)

for any bounded set M C H, where U(t,w) = ¢(t,-,w) and B is the semi-
distance of Hausdorff;

(iii) U(t,w)l, = Ly for allt € Ry and w € Q;

(iv) I, consists of those and only those points © € H through which passing the
bounded solutions (on R) of the nonautonomous Lorenz system (4).

This theorem states that I = U{l, : w € Q} is the compact global attractor of
the nonautonomous Lorenz system (4) and also characterizes the structure of the
sections I, of the attractor.

Theorem 3.8. (Flow estimate on sections of global attractor) Under conditions of
Theorem 3.7

A1l

o
forallt € R, we Q and ¢ € I,, where ¢ is the cocycle generated by Lorenz
nonautonomous system (4). This establishes the flow estimate on each section of
the compact global attractor.

(27) |p(t, @, w)| <

Proof. According to Theorem 3.3 the set J = [J{I, x {w} : w € Q} is a Levinson’s
centre of dynamical system (X, R}, ) and according to (25) for any point (ug,yo) =
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z € J there exists t,, - 4+o00,up, € H and w, € Q such that the sequence {uy}

is bounded, up = lim @(t,,up,wy) and wg = lm  w,t,. From the inequality
n—-+00 n—+00

(15), it follows that |ug| < @, ie. o(t,x,w) € I, for all w €  and ¢t € R, hence

lo(t, z, w)| < @ for any t € R,z € I, and w € ). The theorem is proved. O

Theorem 3.9. (Convergence Theorem) Let ¢ be the cocycle generated by the Lorenz

nonautonomous system (4). Under conditions of Theorem 3.7 and further assume

that a=2Cg||f|| < 1. Then this cocycle o is convergent, i.e. for any w € () the set
1, contains a single point u,,.

Proof. Let w € Q and uy,us € I,,. We define () = ¢(t, u1,w) — @(t, us,w) and

(28) w(t) = |(10(t7u17w) - (p(tvu27w)|2'

According to Theorem 3.8, the function w(t) is bounded on R. On the other hand,
in view of (10) and (5), we have

(29) w'(t) < —20w(t) + 2Re(B(wt) (1(1), p(t, uz, w)), ().
From the inequalities (9), (29) and Theorem 3.8, it follows that
w'(t) < —2aw(t) +2Cp ”fé—”w(t).

Hence, w(t) < w(0)e 2@~Cs &t je

|(p(t7u17w) - (P(t,UQ,W)| S |U,1 — U2|e_(a_@03)t

forall t > 0, w € Q and uy,us € I,. In particular,
(30)
|U1 - U2| S |(10(t7()0(_t7u170.(_t7w))7w) - (p(t,<p(—t,u2,a(—t,w)),w)

for all t > 0,w € Q and uy, us € J,. Note that |¢(t, u1,w) — p(t, uz,w)| is bounded
on R. Thus from (26) it follows that u; = uy, where p(—t,7,w) 1= uy(_s ) for all
z€l,, t>0 and w € Q. The theorem is proved.

e~ (a—tEkCn)e

4. ALMOST PERIODIC AND RECURRENT SOLUTIONS OF NONAUTONOMOUS
LORENZ SYSTEMS

In this section, we discuss almost periodic and recurrent solutions of nonautonomous
Lorenz systems. Let T =R or Ry and (X, T, n) be a dynamical system. The point
x € X is called a stationary (7-periodic, 7 > 0,7 € T) point, if zt = z (27 = x
respectively) for all ¢t € T, where =t := (¢, z).

A number 7 € T is called € > 0 shift (almost period) of point © € X if p(x7,z) < &
(p(x(T +t),at) <e, for all t € T, respectively).

A point x € X is called almost recurrent (almost periodic) if for any ¢ > 0, there
exists a positive number [ such that on any segment of length I, there is a € shift
(almost period) of point z € X.

If a point z € X is almost recurrent and the set H(z) = {zt | t € T} is compact,
then z is called recurrent.
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The solution (¢, x,w) of nonautonomous Lorenz system (4) is called recurrent
(almost periodic, quasi-periodic, periodic), if the point (z,w) € H x ) is a recurrent
(almost periodic, quasi-periodic, periodic) point of skew-product dynamical system
(X,Ry,7) (X =H xQand 7 = (p,0)).

We note (see, for example, [26],[27] and [24]) that if w € Q is a stationary (7-
periodic, almost periodic, quasi periodic, recurrent) point of dynamical system
(Q,R,0) and h : @ — X is a homomorphism of dynamical system (2, R, o) onto
(X, R4, ), then the point = h(w) is a stationary (r-periodic, almost periodic,
quasi periodic, recurrent) point of the system (X, Ry, 7).

Let X = H x Q and @ = (¢,0), then mapping h : 2 — X is a homomorphism
of dynamical system (2, R, o) onto (X,R;,n) if and only if h(w) = (u(w),w) for
all w € 2, where v : 0 — H is a continuous mapping with the condition that
u(wt) = p(t, u(w),w) for all w € @ and ¢t € Ry.

Theorem 4.1. Let Q be a compact metric space, the cocycle p, generated by the
nonautonomous Lorenz system (4), is asymptotic compact and the conditions (5),
(7)-(8) are fulfilled with ”fc‘!# < 1. Then the set I, contains a unique point
z, (Lo = {zu}) for every w € Q, the mapping v : Q@ — H defined by u(w) := z,, is
continuous and u(wt) = (t,u(w),w) for allw € Q and t € Ry.

Proof. According to Theorems 3.3 and 3.9, it is sufficient to show that the mapping
u: ) — H defined above is continuous. Let w € Q, {w,} C @ and w,, — w. Consider
the sequence {z,} := {z,, } C I = J{l, | w € Q}. Since the set I is compact, then
the sequence {z,} is precompact. Let z' be a limit point of this sequence, then
there is a subsequence {zy,, } such that z;, — z'. Let J be a Levinson’s centre of the
skew-product dynamical system (X, R, ,7), generated by the cocycle ¢. Note that
the point (x, ,wr,) € Ju,, = L, X {wr,} C J and taking in the consideration
that J is compact we obtain that (z',w) € J. Thus (¢',w) € J, = I, x {w} and,
consequently, z' € I, = {z,}, i.e. the precompact sequence {x,} has a unique
limit point z,. This means that the sequence {z, } converges to z, as n — +o0.
The theorem is proved. O

Corollary 4.2. Let Q be a compact minimal (almost periodic minimal, quasi-
periodic minimal or periodic minimal) set of dynamical system (Q,R,0). Then
under the conditions of Theorem 4.1, the nonautonomous Lorenz system (4) ad-
mits a compact global attractor I, and for all w € ), the section I, of the attractor
contains a unique point &, through which passes a recurrent (almost periodic, quasi-
periodic, or periodic) solution of equation (4).

Let H be a d-dimensional complex Euclidean space, i.e. H = C%. Denote by
HC(C? x Q,C?%) the space of all continuous functions f : C* x Q@ — C? holomorphic
in z € C? and equipped with compact-open topology. Consider the differential
equation

d
(31) = fmow), (weW)
where f € HC(C? x Q,C?). Let ¢(t,w, 2) be the solution of equation (31) passing
through point z at ¢+ = 0 and defined on RT. The mapping ¢ : Rt x Q x C¢ — C¢

has the following properties (see, for example, [14] and [19]):
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a) p(0,z,w) = z for all z € C?.
b) ot +7,2,w) = @(t, (1, z,w),0.w) for all t,7 € RY ,w € Q and z € C*.
¢) Mapping ¢ is continuous.

d) Mapping U (t,w) = p(t,-,w) : C¢ — C¢ is holomorphic for any ¢t € Rt and
w e .

The cocycle (C4, ¢, (Q,T,0)) is called (see [5],[10],[12],[13]) C-analytic if the map-
ping U(t,w) : C¢ — C? is holomorphic for all + € Ry and w € €.

Example 4.3. Let (HC(R x C¢,C%),R,0) be a dynamical system of translations
on HC(Rx C4,C%) (Bebutov’s dynamical system (see, for example, [26] and [13])).
Denote by F the mapping from C¢ x HC(R x C¢,C?) to C? defined by equality
F(z,f) == f(0,2) for all z € C* and f € HCO(R x C4,C%). Let Q2 be the hull
H(f) of given function f € HC(R x C*,C%), that is 0 = H(f) := {f.|7 € R},
where f(t,z) := f(t+71,2) for all t,7 € R and z € C%. Denote the restriction of
(HC(R x C*,C%),R,0) on Q by (U, R,0). Then, under appropriate restriction on
the given function f € HC(R x C*,C?%), the differential equation % = f(z,t) =
F(z,0.f) generates a C—analytic cocycle.

Theorem 4.4. ([12]) Let Q2 be a compact minimal (almost periodic minimal, quasi-
periodic minimal, or periodic minimal) set of dynamical system (Q,R,0), and
let (C?,p,(Q,T,0)) be a C—analytic cocycle admitting a compact global attractor
{I,| w € Q}. Then the following assertions hold:

i) For every w € Q, the set I, consists of a unique point u(w).
) u(orw) = p(t, u(w),w) for allw € N and t € Ry
ii) The mapping w — y(w) is continuous, where v := (u, Idg).

) Every point v(w) is recurrent (almost periodic, quasi-periodic or periodic).

) The continuous invariant section v is global uniformly asymptotically stable,
1.€.

a. The fact that for arbitrary € > 0, there exists 6(e) > 0 such that p(z,v(w)) <

0, implies p(p(t,w,z),v(ow)) < e for allt > 0 and w € Q.
b.
lim p((P(t, Z,W), u(atw)) =0

t—+o00

for all w € Q and z € C?.

Theorem 4.5. Let H = C%, Q be a compact minimal set and the conditions (5),
(7)-(8) are fulfilled. Then the nonautonomous Lorenz system admits a compact
global attractor {1, | w € Q} and the set 1, contains a unique point z,, (I, = {x,})
for every w € Q, the mapping v : Q@ — H defined by equality u(w) = x, is
continuwous and u(wt) = p(t,u(w),w) for all w € Q and t € Ry, where ¢ is a
cocycle generated by the nonautonomous Lorenz system.

Proof. We note that under the conditions of Theorem 4.5 the right-hand side
flw,z) := A(w)z + B(w)(z, 2) + f(w) is C-analytic because D, f(w, z)h = A(w)h +
B(w)(h, z) + B(w)(z,h) for all w € Q and z € C?, where D, f(w, z) is a derivative of
function f(w,z) w.r.t. 2 € C?. Now our statement directly results from Theorems
3.7 and 4.4. The proof is complete. o
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Corollary 4.6. (Amost periodic and recurrent motions) Let Q be a compact min-
imal (almost periodic minimal, quasi-periodic minimal or periodic minimal) set of
dynamical system (), R,0). Then under the conditions of Theorem 4.5, the nonau-
tonomous Lorenz system (4) admits a compact global attractor I and for all w €
the set I, contains a unique point x, through which passes a recurrent (almost
periodic, quasi-periodic or periodic) solution of equation (4).

5. UNIFORM AVERAGING PRINCIPLE

Now we consider a uniform averaging principle for a general class of differential
equations. In the next section, we apply this averaging principle to the nonau-
tonomous Lorenz system (4).

Let C(R x H, H) be the space of all continuous functions f : R x H — H equipped
with compact open topology and let 7 C C(R x H,H). In Hilbert space H (with
the norm |-| induced by the scalar product) we will consider the family of equations

(32) ' =cf(t,x), feF,
containing a small parameter ¢ € [0,&0] (€, > 0).

We assume that on the set Ry x B[0,r], where B[0,7] ;== {x € H | |z] < r}isa
ball of radius » > 0 in H, the functions f € F are uniformly bounded, i.e. there
exists a positive constant M such that

(33) |f(t,z)| <M
for every f € F, t € Ry and z € B[0,r], and satisfies the condition of Lipschitz
(34) |f(t,@1) = f(t,22)] < Llzy — 2| (21,22 € B[0,r])

with a constant L > 0 depending neither on t € Ry nor on f € F.

Furthermore, we assume that the mean value of f is uniform with respect to (w.r.t.)
f € F and z € B|0,7]

(35) fol2) = lim / £t 2)d

T—~4oco T

i.e. for every € > 0 there exists a I =1(¢) > 0 such that

T
(36) I /0 F(t,2)dt — folx)] < ¢

for all T > i(e), « € B[0,r] and f € F, and the function fy does not depend on
ferF.

Lemma 5.1. The condition (35) holds if and only if there exists a decreasing con-
tinuous function m : Ry — Ry, satisfying the condition m(t) — 0 as t — 0, such
that

T
(37) 7 [ St @) <m)

forallT >0, z € B[0,r] and f € F. The function m depends neither on x € B|0, 7]
nor on f € F.
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Proof. Denote by
1 T
(38) WD) = sw g [ - o)
feF zeB0,r] 0
The mapping k possesses the following properties:

() 0 < K(T) < 2M, where M := sup{|{(t,2)| : f € F, |zl < r};
(ii) k(T) = 0asT — +oo.

Let

cn = sup k(T),
T>n

then ¢, > ¢; > ... > ¢y, > ... and ¢, — 0 as n — +00. Define now the function
m : Ry — Ry by the equality
m(t) :=cp—1+ (E—n)(ch —cno1) M<t<n+1,n=0,1,..),

where c_1 := ¢ + 1. The lemma is proved. O
Lemma 5.2. Let F C C(Rx E, E) be a family of functions satisfying the condition
(35), then for every L > 0

Tt

I(e) = Sup{|/ fCoadt ~ o) - 0<T <L fEF, el <) -0
0

as € —+ 0.
Proof. According to Lemma 5.1 there exists a decreasing continuous function m :

R+ — Ry with the condition m(t) — 0 as t — 0 and such that the inequlity (37)
holds. Let v € (0,1), then

ey <sll [l 0<r<e peE b+
0
sunfl [ Sl - <T<L feF, ful <0} =
0
(39) Sup{T|§/5 faydl] : 0<7<e, feF, e <rl+
T Jo

sup{rlS [ fto)d] " <7<L fEF fal<r) <
0

m(0)e” + Lm(s"™') = 0

as € = 0. The lemma is proved. O

Under the assumptions above, it is expedient to consider along with equation (32)
the averaged equation

(40) ' =ef,(x).

From (35) we see that the function fp also satisfies the conditions (33) and (34).
Let ¢(t,z) (0 <t <Tp) be a solution of equation

(41) y' = foly).

taking values in B[0,r] and passing through the point z at the initial moment
t = 0. Then, as can easily be seen, the function ¢(t, z,€) := p(et, z) is the solution
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of equation (41) on the interval 0 < ¢ < % We will establish below a connection
between ¢(t,x,e) and the solution p(t,x, f,€) of equation (32) with the initial
condition ¢(0,z, f,e) = z.

More precisely, we will prove the following assertion.

Theorem 5.3. (Uniform averaging principle) Suppose that on Ry x B0, 7], func-
tions f € F satisfy the conditions (33)-(35). Then for any n > 0 there exists an

e>0 (0 <e <egp) such that the estimate
T
|(,0(t,.’17,f,5) - (P(t,$,5)| < n (0 <t< ?)

holds uniformly w.r.t. f € F and z € B[0,r].

Denote by K the family of all solutions (bounded by r) « : [0,T5] — B[0,r] of the
equation (41). Let us prove an auxiliary assertion.

Lemma 5.4. Let F C C(R x H,H) be a family of functions satisfying the condi-
tions (33)-(35). Then the equality

mnéﬂﬂgmﬁMs=Arﬁ@w»w (0<7<Ty)

e—0

holds uniformly w.r.t. v € K, 7 € [0,To] and f € F.

Proof. Observe that

. ToT
(42) 511_1)1(1)/0 f(g,ib’)dT = 7fo(x)
or, equivalently,
(43) iy & [ (6,00t = fo(o)
e—=0 T 0

uniformly w.r.t. « € K, 7 € [0,T5] and f € F. In fact, according to Lemma 5.2

é/o: £t 2)dt — fol@)] = 0

as € = 0 uniformly w.r.t. € B[0,r], f € F and 7 € [0,To]. Let us note that the
equality (43) is equivalent to (35). From (42) it follows that for any 1,72 € [0, 1]
we have

lim /:f(g,z)dT:/: fola)dr

e—0

uniformly w.r.t. z € B[0,7], 7 € [0,Tp] and f € F. Hence for any 0 <73 < 7» <
wTp—1 < T =To, zp, € B[0,r] (k=1,2,...,n), we conclude that

(44) gl_r)r%JZ/ﬂc f(r,xp, e)dr = Z /TIc folzy)dr
1 Tk—1 1 Tk—1

uniformly w.r.t. z1,2s,...,z, € B[0,r] and f € F.

If we introduce the step functions Z,,(7) := (1) (Th—1 < 7 < Th; Tk — The1 =
%; k=1,2,..,n and =z € K), then from the equality (44), we have the following
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relation

. s .
(45) gl—%/o f(g,xn(s))ds = /0 fo(Z
Under our assumption the family of functions K is equicontinuous on [0, 7p] and,

consequently,

(46) sup sup ||Zn(7) —z(7)|]| = 0
2EK0<T<T,

as n — +00. Using the condition of Lipschitz (34) for the family of functions F we
obtain the estimate

an 1 [ - / olaleds] < [ 17 a(e) = £ o)+

[ G 0) = foaolas] + / Fo(e(s) — folaa(s))lds <
2LTysup sup |Zn(1) — z(7)| + |/ — fo(zn(s))]ds|.
zeK 0<r<Ty
From (44) - (47) immediately we obtain the results in the lemma. O

Proof. of Theorem 5.2. Now we will prove Theorem 5.3. Denote by 9(7,, f,¢)
(respectively ¥(7,x)) a unique solution of equation

(48) o= f(Z.)

(respectively (41)) passing through point = € B[0,r] at the moment 7 =0 and de-
fined on [0, TO] The functions ¥ (7, z, f,e) and (7, ) satisfy the integral equations

wirafie)=a+ [ FC (s e)ds
and .
B(r,w) = o+ / fol(s,2))ds,

respectively. Using the condition of Lipschitz (34), we obtain the estimate

60, .8) = B = | [ U000, £,9) = folio,a)lds] <
/07|f<§,¢(s,x,f,e>> P0G aDlds + 1 [ T 00 2)) = i ] <

L/ |1/}(87:I"7f78) —1/;(871‘)|d8+0(8),
0
where

)= s | / o2, 2()) = fola(s)]dsl

0<T<Th,
According to the Gronwall inequality (see, for example,[16] or [19]), we can now
conclude that

(7, @, f,€) — ¥(,2)| < exp(2L7)c(e)
and it remains only to note that in virtue of Lemma 5.4, ¢c(¢) — 0 as € — 0 and
|z(t,€) —y(et)| = [(r,, f,e) — (7, )| < exp(2L7)c(e) = exp(2Let))c(e)
for all t € [0, %] The theorem is thus proved. (]
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In the next section, we will also need the following lemma.

Lemma 5.5. Let F be a transitive subset of C(R x H,H), i.e. there exists a
function g € F such that F = H(g), the hull of g. Then the following two assertions
are equivalent:

(i) There exists fo € C(H, H) such that
1 /7
Jim [ s = foe)

uniformly w.r.t. f € F and z € B[O, r];
(i) There exists fo € C(H, H) such that

1 t+T
lim — dr =
i / g(r,0)dr = folz)

T—+o00 T

uniformly w.r.t t € R and xz € B[0,r].

Proof. 1t is evident that (i) implies (i) because g; € F for all t € R and, conse-
quently,

1 t+T 1 T
T/ g(T,x)dr = T/o gt + 7, x)dr — fo(x)
t
as T'— +oo uniformly w.r.t ¢t € R and z € B[0,r].

Let now ¢ > 0 and f € F = H(g), then there exists a sequence {t,} C R and
L(e) > 0 such that g, — f and

T
(49) |%/0 o7+t 2)dr — fol(z)] <

for all T > L(e). Passing to limit as n — +o0 in the inequality (49) we obtain

T
7 [ froir -l <

for all T' > L(e). From the latter inequality, the required statement immediately
follows. This proves the lemma. O

Remark 5.6. All the results of this section are true for arbitrary Banach space
too, not only for Hilbert space.

6. GLOBAL AVERAGING PRINCIPLE FOR THE NONAUTONOMOUS LORENZ
SYSTEMS

Now we consider a global averaging principle for the nonautonomous Lorenz sys-
tems. Let Q be a compact metric space and (2, R, o) be a dynamical system on (2.
We consider the “perturbed” nonautonomous Lorenz equation

dz

(50) i eA(wt)z + eB(wt)(z, x) + € f(wt),
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where € € [0, 9] (€9 > 0) is a small parameter. Suppose that the conditions (5)—(8)
are fulfilled and the following averaging values exist uniformly w.r.t. w € Q:

(51) A= lm or /A wt)d

(52) B= lim /B (wt)d
T—4o00 2

and

- e e

Remark 6.1. The conditions (51)—(53) are fulfilled if a dynamical system (Q, R, o)
is strictly ergodic, i.e. there ewists on ) a unique invariant measure p w.r.t.
(Q,R,0).

Along with equation (50), we will also consider the averaged equation

d _ _ —
(54) d—f =cAx +eB(z,z) +f.

If we introduce the “slow time” 7 := et (¢ > 0), then the equations (50) and 54)
can be written as

(55) © — Al + B @) + fw])
and
(56) do _ Az + B(z,z) + f.
dr
Remark 6.2. a. From the conditions (7) and (52) it follows that
(57) Re(B(u,v),v) =0

for all u,v € H;

b. From the inequality (5) it follows that

(58) Re(Az,z)) < —alz|?
forallz € H.

Theorem 6.3. Assume the conditions enumerated above are all satisfied. Then
for ol T >0 and p > ro := @ > 0, the solution for the nonautonomous Lorenz
equation (50) approaches the solution of the averaged Lorenz equation (54) in the
following sense:

(59) max{|p(t, ¢, w,2) = Bt,2,0)| : 0S¢ <T/e, |a] Sp, weQ) >0

as € — 0, where p(t,x,w,e) ( respectively p(t,x,€)) is a solution of equation (50)
(respectively (54)), passing through point x at the initial moment t = 0.
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Proof. According to Theorem 2.2, we have |¢(t,z,w,e)| < p and @(t,z,e)] < p
forallt > 0, |z|] < p,w € Q@ and € € (0,g0]. If we take F := {F, | w € Q} C
C(RxH, H), where f,(t,x) := A(wt)xz+B(wt)(z,z)+ f(wt) for allt € Rand z € H,
then the relation (59) follows from Theorem 5.3. This completes the proof. (|

Theorem 6.4. (Global averaging principle for nonautonomous Lorenz systems)
Let p. be a cocycle generated by the equation (50). Assume the conditions enu-
merated above are all satisfied. If the cocycle o.( € € [0,e0]) is asymptotically
compact, then the following assertions hold:

(i) The averaged equation (56) admits a compact global attractor I C H;
(ii) For every e € (0,&0] the equation (50) has a compact global attractor {If, | w €

0};

(iii) The set I = U{I¢ | € € [0,&0]} is bounded, where I° =1 and I¥* = U{[, | w €
0};

(iv)

(60) lim sup B(I5,1) =0

e—=0,c0

and, in particular,
lim B(1°,1) = 0.
e—0

Proof. The first three statements of the theorem follow from Theorems 2.2, 3.7
and Remark 6.2. Now we will prove the fourth statement of the theorem. To this
end, we will use the same arguments as in [20, 8]. Let A > 0 and B(I,\) = {z €
H | p(z,I) < A\}. According to orbital stability of the set I (see, for example, [18,
Ch.I] or Theorem 1.2.4 from [13]), for given A there exists 6 = §(A) > 0 (we may
consider §(\) < A/2) such that

(61) P(t, B(1,4)) C B(I,A/2)

for all ¢ > 0. In virtue of boundedness of the set I = U{I° | 0 < e < g9} we may
choose p < rq such that I C B(0,p) = {z € H | |z| < p}. Since I is a compact global
attractor of the system (56), then for the closed ball B0, p] := {z € H||z| < p}
and the number ¢ > 0 there exists T'= T'(p,d) > 0 such that

(62) B(t, B[0,p]) € BT,5/2), t>T.

Let # € B[0,p]. Then in virtue of Theorem 6.3 for the numbers p > ro and
T(p,d) > 0 there exists p = p(p,0) > 0 such that 0 < e < pu, m(e) < A/2 (see
(59)), i.e.

(63) |p(t, @, w,8) = P(t, )| <6/2

for all « € B[0,p], w € Q, t € [0,T/e] and 0 < ¢ < p. According to (62)
we have B(T'/e,x,w,e) € B(I,§/2). Thus, taking into account (63), we obtain
©(T/e,z,w,e) € B(I,§). Let us take the initial point z; := ¢(T' /e, z,w, ) and we
will repeat for this point the same reasoning as above. Taking into consideration
the equality ¢(t,z,0(T/e,w),e) = p(t + T /e, x,w,€), we will have

(64) lp(t +T/e,z,w,8)| = [p(t, 21)] < 6/2
for all t € [0,T/¢], z € B0, p] and w € Q, where x; = o(T'/e, z,w,¢).
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By the inequality (64) we obtain again xs := p(27'/e,r,w,e) € B(I,6) and, conse-
quently,

ot +T/e,x,w,e) € B(I,\/2+§/2) C B(I,\).
If we continue this process and later (in virtue of uniformity w.r.t. |z| < p and
w € Q of the estimation (63) it is possible), we will obtain

(65) p(t,z,w,e) € B(I,N)
forall t > T'/e, x € B[0,p], w € Q@ and 0 < ¢ < p and, consequently,
W(ta T, a(—t,w),a) € B(Ta )‘)

forallt > T'/e and |z| < p. Since I = U{I° | 0 < e < ¢go} C B(0, p), then according
to Theorem 3.3

If) = ﬂ U 90(7—7 B[07 P]; U(_Ta w),a).
t>0 712>t
Therefore, from (65) we have I5 C B(I,\) for all w € Q and 0 < & < u. Note that
A is arbitrarily chosen. Hence from the last inclusion we obtain the equality (60).
The theorem is proved. O
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