LEVITAN ALMOST PERIODIC AND ALMOST AUTOMORPHIC
SOLUTIONS OF V-MONOTONE DIFFERENTIAL EQUATIONS

DAVID N. CHEBAN

ABSTRACT. In the present paper we consider a special class of equations
(1) ' = f(t,x)
when the function f : R x E — E (F is a strictly convex Banach space) is
V-monotone with respect to (w.r.t.) € E, i.e. there exists a continuous non-
negative function V' : E x E — R4, which equals to zero only on the diagonal,
so that the numerical function a(t) := V(z1(¢),z2(t)) is non-increasing w.r.t.
t € Ry, where z1(t) and x2(¢) are two arbitrary solutions of (1) defined onR .
The main result of this paper states that every V—monotone Levitan al-
most periodic (almost automorphic, Bohr almost periodic) equation (1) with
bounded solutions admits at least one Levitan almost periodic (almost auto-
morphic, Bohr almost periodic) solution. In particulary, we obtain some new
criterions of existence of almost recurrent (Levitan almost periodic, almost
automophic, recurrent in the sense of Birkgoff) solutions of forced vectorial
Liénard equations.

1. INTRODUCTION

The problem of the almost periodicity of solutions of non-linear almost periodic
ordinary differential equations

(2) a’ = f(t,x)
was studied by many authors (see, for example, [4, 9, 10, 12, 13, 14, 19, 25, 27, 28]
and the bibliography therein).

In the present paper we consider a special class of equations (2), where the function
f:RxFE — E (Fis a Banach space) is V-monotone with respect to (w.r.t.) « € E,
i.e. there exists a continuous non-negative function V : £ x E — R, which equals
to zero only on the diagonal so that the numerical function a(t) := V(z1(t), z2(t))
is non-increasing w.r.t. t € R, where x1(t) and x2(t) are two arbitrary solutions of
(2) defined and bounded on R . This class of non-linear differential equations (2) is
interesting enough and well studied (see, for example, [10, 12, 16, 20, 18, 24, 25, 34]
and the bibliography therein).

If the function a(t) = V (x1(t), x2(t)) is strictly decreasing, then equation (2) admits
a single almost periodic solution if there exists a bounded solution on R .
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In general case (when the function a(t) = V(x1(t),x=2(t)) is non-increasing) the
proof of the existence of an almost periodic solution (under the assumption that a
bounded solution exists on R) turns out to be difficult. For example, the difficulty
consists in the fact that equation (2) might have an infinite number of bounded
solutions on R (for instance, all solutions might be bounded on R) and it is not
clear how should we pick an almost periodic solution out of this set of bounded
solutions.

Let ¢(t,u, f) be a unique solution of V-monotone equation (2) with the initial
condition ¢(0,u, f) = u and let it be defined on R. In virtue of the fundamental
theory of ODEs with the V-monotone right hand side the mapping ¢ possesses the
following properties:

1. (0,u, f) = u;

2. p(t+7,u, f) = o(t, (1, f,2), fr) for every t,7 € R* and u € F, where f,
is a 7-translation of the function f;

 is continuous;

4. V(p(t,ur, f),o(t,uz, f)) < V(ur,us) for every t € Ry and uj,us € E.

©w

Properties 1.-4. will make the basis of our research of the abstract V-monotone
non-autonomous dynamical system (NDS).

The main result of this paper states that every VV—monotone Levitan almost periodic
(almost automorphic, Bohr almost periodic) equation (2) with bounded solutions
admits at least one Levitan almost periodic (almost automorphic, Bohr almost
periodic) solution. In particulary, we obtain some new criterions of existence of
almost recurrent (Levitan almost periodic, almost automophic, recurrent in the
sense of Birkgofl) solutions of forced vectorial Liénard equations. The problem
of Bohr almost periodicity of solutions of forced vectorial Liénard equations was
studied by P. Cieutat [15] (see also the bibliography therein).

This paper is organized as follows.

Section 2 contains the notions of cocycles, skew-product dynamical systems and
non-autonomous dynamical systems. We give some examples of cocycles, generated
by non-autonomous differential equations.

In Section 3 we introduce the notion of V-monotone non-autonomous dynamical
systems and establish some properties of this class of NDS (Theorem 3.4 and Lemma
3.5).

In Section 4 we establish some general facts about compact motions of nonau-
tonomous dynamical systems (Theorems 4.10 and 4.11).

Section 5 is devoted to the study of Levitan almost periodic (almost recurrent, Bohr
almost periodic, almost automorphic, recurrent in the sense of Birkhoff) motions
of V-monoton NDS. This Section contains the main result of our paper (Theorems
5.30 and 5.33 and also Corollaries 5.31 and 5.34) where we prove that the V-
montone NDS on the strictly convex metric space with compact motion admits
at least one almost recurrent (Levitan almost periodic, almost automorphic, Bohr
almost periodic, almost automorphic, recurrent in the sense of Birkhoff) motion.
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In section 6 the description of the structure of the set of bounded motions of V-
monotone NDS is given (Theorems 6.1 and 6.2).

Section 7 is devoted to the application of our general results obtained in sections
4-6 to the study of almost recurrent (Levitan almost periodic, almost automorphic,
Bohr almost periodic, almost automorphic, recurrent in the sense of Birkhoff) solu-
tions of certain classes of differential equations (forced vectorial Liénard equations,
dissipative differential equations, the second order equation w” + B(wt, w’) + Aw =

fwt)).

2. COCYCLES, SKEW-PRODUCT DYNAMICAL SYSTEMS AND NON-AUTONOMOUS
DYNAMICAL SYSTEMS

Let X be a complete metric space, R (Z) be a group of real (integer) numbers, R
(Z4+) be a semi-group of nonnegative real (integer) numbers, S be one of the two
sets Ror Z and T C S (S; € T) be a sub-semigroup of the additive group S.

Let (X, T,7) be a dynamical system.

Definition 2.1. Let (X, Ty,7) and (Y,To,0) (Sp C Ty C Ty C S) be two dy-
namical systems. A mapping h : X — Y is called a homomorphism (isomor-
phism, respectively) of the dynamical system (X, Ty, m) onto (Y, Ta,0), if the map-
ping h is continuous (homeomorphic, respectively) and h(w(z,t)) = o(h(x),t) (
t €Ty, © € X). In this case the dynamical system (X, Ty, 7) is an extension of
the dynamical system (Y, Ta,0) by the homomorphism h, but the dynamical system
(Y, Ty, 0) is called a factor of the dynamical system (X, Ty, ) by the homomorphism
h. The dynamical system (Y, Ty, 0) is called also a base of the extension (X, Ty, 7).

Definition 2.2. A triplet (X, Ty,7), (Y, Ta,0), h), where h is a homomorphism
from (X, Ty, ) onto (Y, Ts,0), is called a non-autonomous dynamical system (NDS).

Definition 2.3. A triplet (W, p, (Y, Ta,0)) (or shortly ¢ ), where (Y, Ty, 0) is a dy-
namical system on' Y, W is a complete metric space and ¢ is a continuous mapping
from Ty x W XY to W, satisfying the following conditions:

a. p(0,u,y) =u (ueW,yeY);
b. ot +7,u,y) = (1,0t u,y),0(t,y) (t,7€ T, uec W,y €Y),

is called [28] a cocycle on (Y, Ta, o) with the fiber W.

Definition 2.4. Let X := W x Y and define a mapping 7 : X x Ty — X as
following: 7((u,y),t) = (p(t,u,y),0(t,y)) (i.e. © = (p,0)). Then it is easy
to see that (X, T1,7) is a dynamical system on X which is called a skew-product
dynamical system [28] and h = pra : X — Y is a homomorphism from (X, Ty, )
onto (Y, Ta,0) and, consequently, ((X,T1,7), (Y,Tae,0),h) is a non-autonomous
dynamical system.

Thus, if we have a cocycle (W, ¢, (Y, Ts, o)) on the dynamical system (Y, Ty, o) with
the fiber W, then it generates a non-autonomous dynamical system ((X, Ty, ),
(Y,Tqg,0),h) (X :=W xY) called a non-autonomous dynamical system generated
by the cocycle (W, ¢, (Y, T2, 0)) on (Y, Ty, 0).
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Non-autonomous dynamical systems (cocycles) play a very important role in the
study of non-autonomous evolutionary differential equations. Under appropriate
assumptions every non-autonomous differential equation generates a cocycle (a non-
autonomous dynamical system). Below we give some examples of theses.

Example 2.5. Let F be a real or complex Banach space and €2 be a metric space.
Denote by C(2 x E, E) the space of all continuous mappings f : Q x E — E
endowed by compact-open topology. Consider the system of differential equations
= F(w,u)

) {02 &

where Q C E,G € C(Q,E) and F € C(Q x E, E). Suppose that for the system (3)
the conditions of the existence, uniqueness, continuous dependence of initial data
and extendability on R, are fulfilled. Denote by (2,R,0) a dynamical system
on ) generated by the second equation of the system (3) and by ¢(t, u,w) — the
solution of the equation

(4) v = F(wt,u) (wt:=o(t,w))
passing through the point uw € E for t = 0. Then the mapping ¢ : Ry x ExQ) — FE
is continuous and satisfies the conditions: ¢(0,u,w) = u and p(t + 1, u,w) =

o(t, (T ,u,w),wt) for all t,7 € Ry, u € F and w € Q and, consequently, the sys-
tem (3) generates a non-autonomous dynamical system ((X,Ry,7),(Y,Ry,0),h)
(where X := Ex Q, m:= (p,0) and h :=pry : X — Q).

We will give some generalization of the system (3). Namely, let (Q,Ry,0) be a
dynamical system on the metric space 2. Consider the system

v = F(wt,u)
(5) { we Q
where F' € C(2x E, E). Suppose that for the equation (4) the conditions of the exis-
tence, uniqueness and extendability on R are fulfilled. The system (X, R, 7), (£,
Ry,0),h), where X := E x Q, 7 := (p,0), ¢(-,u,w) is the solution of (4) and
h :=pry : X —  is a non-autonomous dynamical system generated by the equa-
tion (5).

Example 2.6. Let us consider a differential equation
(6) u' = f(tv u)a

where f € C(R x E, E). Along with equation (6) we consider its H-class [4],[25],
[28], [30], i.e. the family of equations

(7) v =g(t,v),

where g € H(f) :={fr : 7 € R}, fr(t,u) := f(t+7,u) for all ({,u) € R x E and by
bar we denote the closure in C(R x E, E). We will suppose also that the function
f is regular, i.e. for every equation (7) the conditions of the existence, uniqueness
and extendability on Ry are fulfilled. Denote by ¢(+, v, g) the solution of equation
(7) passing through the point v € E at the initial moment ¢ = 0. Then there

is a correctly defined mapping ¢ : Ry x E x H(f) — E satisfying the following
conditions (see, for example, [4], [28]):

1) ¢(0,v,9) =v forallv € E and g € H(f);
2) (b, 5(720,9),97) = Pt +7,0,9) for every v € E, g € H(f) and t,7 € R



3) the mapping ¢ : Ry x E x H(f) — E is continuous.

Denote by Y := H(f) and (Y,R4,0) a dynamical system of translations (a semi-
group system) on Y, induced by the dynamical system of translations (C(R x
E,E),R,0). The triplet (E, ¢, (Y,R,0)) is a cocycle on (Y,Ry, o) with the fiber
E. Thus, equation (6) generates a cocycle (E, ¢, (Y,R,,0)) and a non-autonomous
dynamical system ((X,R;,7), (Y,Ry,0),h), where X := E XY, 7 := (¢,0) and
h:=pryg: X =Y.

Remark 2.7. Let Q := H(f) and (Q,R,x) be the shift dynamical system on §).
The equation (6) (the family of equation (7)) may be written in the form (4), where
F:Qx Ew— E is defined by equality F(g,u) := g(0,u) for all g € H(f) = Q and
u € E, then F(gy,u) = g(t,u) (9:(s,u) :=o(t,g)(s,u) = gt + s,u) for all t,s € R
andu € E).

Definition 2.8. The cocycle ¢ is called V—monotone (see [10], [25], [34]) if there
ezists a continuous function V : E X E x Q — Ry with the following properties:

(1) V(u1,uz,w) >0 for allw € Q and uq,us € E;

(ii) V(uy,uz,w) =0 if and only if uy = uo;

(iil) V(p(t,w,u1), p(t, w,us), brw) < V(ug,uz,w) for all uy,us € E,w € Q and
teT,.

3. V-MoNoTONE NDS

Definition 3.1. A nonautonomous dynamical system ((X,Ty,7), (2, Ta, ©), h) is
said to be uniformly stable in the positive direction on compacts of X if, for arbitrary
e > 0 and compact subset K C X, there is 6 = §(e, K) > 0 such that inequality
p(x1,22) < 8 (1,22 € K, h(z1) = h(x2)) implies that p(rtzy,7wtzs) < e fort € Ty,
where Tt = m(t,-).

Definition 3.2. Denote by XxX = {(x1,72) € X X X | h(x1) = h(z2) }. If there
exists the function V : X xX — R, with the following properties:

(i) V is continuous;
(ii) V is positive defined, i.e. V(x1,22) = 0 if and only if x1 = xo;
(iii) V(z1t,z9t) < V(z1,72) for all (z1,22) € XxX and t € T = {t €

T, | t >0},

then the nonautonomous dynamical system {((X,T1,7), (2, T2, 0), h) is called (see
[10] and [34], [25]) V - monotone.

Definition 3.3. Non-autonomous dynamical system ((X,Ty,7), (9, Ta, ©),h) is
called stable in the sense of Lagrange in positive direction (st.L™), if for every
compact subset K C X the set | J{n'K |t € T]} is relatively compact.

Theorem 3.4. Every V - monotone st.L™ nonautonomous dynamical system {(X,
Ty, 7), (2, Ta, ©), h) is uniformly stable in the positive direction on compacts from

Proof. Let ((X,Tq,7),(Q, T2, ), h) be a V - monotone nonautonomous dynamical
system and it is not uniformly stable in the positive direction on compacts from X.
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Then there is an g9 > 0, a sequence {t,} C Ty (¢, — +00 as n — 400), a sequence
3, — 0 (6, > 0), a compact Ky C X and sequences {z%} C Ko (i = 1,2) such that

(8) p(.’bn,l'n) < dp and p(‘T tnvxnt )> €0

for all n € N. Since the dynamical system ((X, Ty, n), (2, T2, ©), h) is st.L™, then
without loss in generality we may suppose that the sequences {xn} (i=1,2) and
{xit,} (i = 1,2) are convergent. We denote by 2 = hm xl (i = 1,2) and

n— 400

' = lim z't, (i = 1,2). According to inequality (8) we obtain z' = z? and

n—>+oo
z! # 2. On the other hand in view of V' - monotonicity of {(X, Ty, ), (22, T2, ©), h)
we have

(9) V(zlt,, x2t,) < V(zl, z2)

n? n

for all n € N. Passing to the limit in (9) as n — +o00 we obtain the equality z! = z2

which contradicts to inequality (8). This contradiction proves Theorem 3.4. O

We denote by K = {a € C(R4,R;) | a(0) =0, a is strict increasing}.

Lemma 3.5. Let (X, Ty, 7), (2, Ta,0),h) be a V-monotone non-autonomous dy-
namical system and there are two functions a,b € IC such that

(i) Im(a) = Im(b), where Im(a) is the set of the values of a € K;
(ii) a(p(ml,xg)) < V(z1,m2) < b(p(x1,22)) for all 1,22 € X (h(x1) = h(x2)).

Then (X, Tq,m), (2, T, 0), h) is uniformly stable in the positive direction on com-
pacts from X.

Proof. Let € > 0 be an arbitrary positive number and 6(¢) := b~*(a(e)), then it
easy to check that the inequality p(z1,22) < () implies p(z1t,x2t) < e for all
t € T, and x1,z2 € X with condition h(z1) = h(zs). O

4. SOME GENERAL PROPERTIES OF NDS

Let (Q,T,0) be a group (two-sided) dynamical system.

Definition 4.1. The point w € § is called (see, for example, [30] and [32]) positively
(negatively) stable in the sense of Poisson if there exists a sequence t, — 400 (t, —
—o0 respectively) such that wt, — w (wt := o(t,w)). If the point w is Poisson stable
in both directions, in this case it is called Poisson stable.

Denote by N, := {{t,} | ot,w — w}, N} = {{t.} € Ny | t, — +oo} and
N, = {{tn} € Ny|t, — —0}.

Definition 4.2. (Conditional compactness). Let (X, h,Q) be a fiber space, i.e. X
and Q be two metric spaces and h : X — Q be a homomorphism from X onto €.
The subset M C X is said to be conditionally relatively compact, if the pre-image
=Y QY)YNM of every relatively compact subset Q' C Q is a relatively compact
subset of X, in particularly M,, := h=Y(w) (M is relatively compact for every w.
The set M is called conditionally compact if it is closed and conditionally relatively
compact.



Example 4.3. Let K be a compact space, X := K x Q, h = pro : X — Q, then
the triplet (X, h,Q) be a fiber space, the space X is conditionally compact, but not
compact.

Let ((X,Ty,7), (R, Te,0),h) be a non-autonomous dynamical system and w €
be a positively Poisson stable point. Denote by

El =1 3.} € NS such that 7'|x, — &},
where X, ;= {x € X| h(r) =w} and — means the pointwise convergence.

Lemma 4.4. [8, 10] Let w € Q be a positively Poisson stable point, {(X, Ty, ),
(Q,Tq,0),h) be a non-autonomous dynamical system and X be a conditionally com-
pact space, then E} is a nonempty compact sub-semigroup of the semigroup XX«
(w.r.t. composition of mappings).

Corollary 4.5. Letw € Q be a negatively Poisson stable point, (X, T,n), (2, T, o),
h) be a two-sided non-autonomous dynamical system and X be a conditionally com-
pact space, then E; :={&| F{t,} € N, such that 7'"|x, — &} is a nonempty
compact sub-semigroup of semigroup X X.

This assertion follows from Lemma 4.4.

Lemma 4.6. [8, 10] Let w € Q be a two-sided Poisson stable point, (X, T, ),
(Q,T,0),h) be a two-sided non-autonomous dynamical system and X be a condi-
tionally compact space, then E, = {¢| 3{t,} € Ny  such that =w'r|x, — E}isa
nonempty compact sub-semigroup of the semigroup X X«.

Corollary 4.7. Under the conditions of Lemma 4.6 E}} and E are two nonempty
sub-semigroups of the semigroup E.,.

Lemma 4.8. [8, 10] Under the conditions of Lemma 4.6 the following assertions
hold:

(i) if &L € E and & € EY, then & - & € E; (E.
(ii) B; N ED is a sub-semigroup of the semigroup E,,E} and E,,.
(111) EL; -E, C EL; and E:}r -E, C Ej, where Ay - As := {51 . £2|£z € A; (Z =
1,2)} and A; C E,.
(iv) if at least one of the sub-semigroups E; or El is a group, then E, =
Et =FE,.

Lemma 4.9. [8, 10] Let w € Q be a two-sided Poisson stable point, (X, T, ),
(Q,T,0),h) be a two-sided non-autonomous dynamical system and X be a condi-
tionally compact space and

grellf\;p(xlt"’wt”) >0

for all {t,} € N, and z1,22 € X, (1 # x2), then E, is a subgroup of the
semigroup E,.

Let z € X denote by &, the family of all entire trajectory of dynamical system
(X, Ty, ) passing through point x for t =0, i.e. v € @, if and only if v: S — X is
a continuous mapping with the properties: v(0) = z and 7'y (7) = v(t + 7) for all
te Ty and 7 € S.
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Theorem 4.10. Let (X, T, 7),(Q,S,0)) be a NDS with the following properties:

(i) It admits a conditionally relatively compact invariant set J (i.e. | J{J, |w €
O} is relatively compact subset of X for any relatively compact subset €
of Q).
(ii) The NDS ((X,T,n),(Q2,S,0),h) is positively uniformly stable on J;
(iii) evry point w € Q is two-sided Poisson stable.

Then

(i) all motions on J may be continued uniquely to the left and define on J a
two-sided dynamical system (J,S, ), i.e. the semi-group dynamical system
(X, T, n) generates on J a two-sided dynamical system (J,S,m);

(i) for every w € Q with J, # 0 there are two sequences {t.} — +oo and
{t2} — —oco such that

ﬂ(t;ax) - (Z = 132)

asn — oo for all x € J,,.

Proof. First step: we will prove that the set J C X is distal in the negative direction
w.r.t. the non-autonomous dynamical system ((X,T,x),(2,S,0),h), i.e. for all
w € Q (with J, # 0) and z1, 29 € J,, the following inequality holds

(10) 0 92, (0, 7a(8)) > 0 (21 # 22)

for all 7,, € ®,,(i = 1,2), where by ®, it is denoted the family of all the entire
trajectories of (X T, ) passing through point x and belonging to J. If it is not true,
then there exist wy € Q, 27 € Jo, (29 # 29),7) € o (i = 1,2) and —t,, — —o0
such that

(11) ( (_tn)ﬂ’ng(_tn)) —0

as n — o0o. Let e := p(29,29) > 0 and § = §(¢) > 0 be chosen from positively

uniformly stability of NDS ((X, T, «), (Q S,o),h) on J. Then for sufficiently large
n from (11) we have p(v,9(—tn), Vz9(—tn)) < & and, consequently, e = p(a?,29) =
p(m 50 (—tn), Wt"%;g(—tn)) < ¢. The obtained contradiction proves our assertion.

Second step: we will prove that for any w € Q and x € J, the set &, contains
only one entire trajectory of (X, T, ) belonging to J. Let ® := | J{®, | x € J} C
C(S,X), where C(S,X) is a space of all the continuous functions f : S — X
equipped with compact-open topology and (C(S, X),S, A) is Bebutov’s dynamical
system (dynamical system of translations (see, for example, [10, 28, 29])). It is easy
to verify that @ is a closed and invariant subset of dynamical system (C(S, X),S, \)
and, consequently, induces on the set ® the dynamical system (®,S,\). Let H be
a mapping from ® into , defined by equality H(v) := h(y(0)), then it is possible
to verify that the triplet ((®,S,)),(Q,S,0), H) is a non-autonomous dynamical
system. Now we will show that this non-autonomous dynamical system is distal on
the negative direction, i.e.

inf o1z, 7z,) > 0

for all Vi, 7Ve, € H Y w) (Yo, # Yap) and w € Q. Indeed, otherwise there
exist wo, Ve, € H Y wp) (i = 1,2 and v;, # 7a,) and t, — +oo such that
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PV ™) — 0 (where 47 = o(y,7), i.e. 77(s) := (7 +t) for all s € S)
as n — oo and, consequently,

(12) P(Yar (—tn ), Yoo (=) < p(v2 ™ Vs ™) — 0.

Since 7z, 7# 7Vz,, then there exists tg € S such that v, (to) # Va, (to). Let Ay, (1) =
Y, (t + to) for all t € S, then 7,, € D, and from inequality (12) we have

(13) p(:}/ﬂﬂl(ftn)fymz(*tn)) — 0.

asn — 00, —t,—tg — —o0. Thus we found wg := h(7Vy, (o)) and Z; := priv., (to) (i =
1,2),%1,22 € J,, (&1 # Z2) and the entire trajectories vz, € Pz (1 = 1,2)
such that -z, and ~z, are proximal (see (13)). But (13) and (10) are contra-
dictory. Thus the negative distality of the non-autonomous dynamical system
((®,S,0),(2,S,0), H) is proved.

Now we can prove that for any w € Q2 and =z € J, the set ®, contains a unique
entire trajectory. In fact, if it is not true, then there exists wo € Q2 and z¢ € J,,
and two different trajectories v1,v2 € @4, (71 # 72). In virtue of above 1 and 7
are negatively distal with respect to ((®,S,0), (£2,S,0), H), i.e.

= inf p(~t, 44 0.
a(v1,72) ggop(%, V2) >
It is easy to check that from the conditional compactness of the set J it follows that

the set ® of the NDS ((®,S,0), (£,S,0), H) is so. According to Lemmas 4.4-4.9 we
have the sequence {t}} — 400 such that

tl
(14) V" =Y
as n — oo (j =1,2). In particularly from (14) we obtain
(15) vi(s) = lim ~;(s+t,)
n—oo

for all s € S. Since 71 (t) = y2(t) for all ¢ > 0 then from (15) we have 41 = 2. The
obtained contradiction proves our statement.

Third step: let now 7 be a mapping from S x J into J defined by equality
w(t,x) =7(t,z) if t<0 and 7.(t) if t<0

for all z € J, where v, is a unique entire trajectory of the dynamical system
(X, T, ) passing through point = and belonging to J. To prove that (J,S,7) is
a two-sided dynamical system on J it is sufficient to verify the continuity of the
mapping 7. Let x € J, t € S_,x, — = and t, — t, then there is a [y > 0 such
that ¢,, € [—lo, o] and, consequently,

(16) P(F(tn, an), 7 (t, 1)) = p(rn o, (=lo), "oy (—lo)) <
p(ﬂ't"JrlO%% (—lo)7 7Tt"+loﬁ/x(—lo)) + p(ﬁt"+l°%(—lo)a 7Tt+l07w(_10))'

Reasoning as in the proof of Lemma 4.6 it is possible to establish that the sequence
{7z, } is relatively compact in C(S,J) and that every limit point of this sequence
v € ® and v(0) = x. Taking into account the result of the second step we claim
that ~,, — 7, uniformly on every segment [—[,!] C S (I > 0). In particular,
Yo, (—lo) — 7z(—lo). Passing now to limit in inequality (16) when n — oo we
obtain the continuity of mapping 7 in the point (¢, x).
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Consider the two-sided NDS ((J,S,7),(Q,S,0),h). Let w € Q. Under the condi-
tions of Theorem we may apply Lemmas 4.4-4.9 and, consequently, £ = E}X = E,,.
From the last equality we have two sequences {t!} (i = 1,2) such that t} — +o0,
t2 — —oco and nEI-‘,I-loo n(ti,z) = z for all x € J,. The theorem is completely

proved. ([
Theorem 4.11. Let ((X,T,n), (2, S,0),h) be a NDS with the following properties:

(i) It admits a conditionally relatively compact invariant set J;

(ii) The point wy € Q is two-sided Poisson stable and J,, # 0;

(iii) The set J,, of NDS (X, T,n),(Q,S,0),h) is positively uniformly stable,
i.e., Ye > 0 there exists 6(g) > 0 such that p(x1,22) < 6 (T1,22 € Ju,)
implies p(z1t,xot) <e ¥Vt > 0;

(iv) Ewvery point w € Q is two-sided Poisson stable.

(i) all motions on J,,, may be continued uniquely to the left;
(ii) there are two sequences {t}} — 400 and {t2} — —oc such that

m(t x) —

asn — oo for allx € J,,.

Proof. This statement my be proved with slight modification the proof of Theorem
4.10. |

5. ALMOST AUTOMORPHIC MOTIOS OF V-MONOTONE NDS.

5.1. Recurrent, Almost Periodic and Almost Automorphic Motions. Let
(X, T, ) be a dynamical system.

Definition 5.1. A number 7 € T is called an € > 0 shift of x (respectively, almost
period of x), if p(x7,x) < & (respectively, p(x(r +t),at) < e for allt € T).

Definition 5.2. A point x € X is called almost recurrent (respectively, Bohr almost
periodic), if for any € > 0 there exists a positive number | such that at any segment
of length 1 there is an e shift (respectively, almost period) of point x € X.

Definition 5.3. If the point x € X is almost recurrent and the set H(x) :=
{zt | t € T} is compact, then x is called recurrent.

Definition 5.4. A point x € X of the dynamical system (X, T, ) is called Levitan
almost periodic [25], if there exists a dynamical system (Y, T,c) and a Bohr almost
periodic point y € Y such that 91, C 9.

Remark 5.5. Let x; € X; (i = 1,2,...,m) be a Levitan almost periodic point of
the dynamical system (X;, T,m;). Then the point © = (x1,T2,...,%Ty)) € X =
X1 x Xg X ... x X, is also Levitan almost periodic in the product dynamical
system (X, T,m), where 71 : T x X — X is defined by the equality w(t,z) =
(m1(t,x1), mo(t, x2), ooy T (t, Tm)) for allt € T and z := (x1,22,...,Tm) € X.
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Definition 5.6. A point x € X is called stable in the sense of Lagrange (st.L), if
its trajectory {m(t,x) : t € T} is relatively compact.

Definition 5.7. A point x € X 1is called almost automorphic in the dynamical
system (X, T, x), if the following conditions hold:

(i) x is st.L;

(ii) there exists a dynamical system (Y, T, o), a homomorphism h from (X, T, )
onto (Y, T, o) and an almost periodic in the sense of Bohr pointy € Y such
that h=(y) = {z}.

Remark 5.8. 1. Every almost automorphic point x € X is also Levitan almost
periodic.

2. A Levitan almost periodic point x with relatively compact trajectory {m(t,z) t €
T} is also almost automorphic (see [2, 3], [4], [25], [31] and also [17] and [26]). In
other words, an Levitan almost periodic point x is almost automorphic if and only
if its trajectory {m(t,x) t € T} is relatively compact.

Lemma 5.9. [11] Let (X, T, 7) and (Y, T,0) be two dynamical systems, x € X and
the following conditions be fulfilled:

(i) a point y € Y is Levitan almost periodic;
(i) M, CN,.

Then the point x is Levitan almost periodic, too.

Corollary 5.10. Let x € X be a st.L point, y € Y be an almost automorphic point
and Ny CNy. Then the point x is almost automorphic too.

Proof. Let y be an almost automorphic point, then by Lemma 5.9 the point = €
X is Levitan almost periodic. Since x is st.L, then by Remark 5.8 it is almost
automorphic. (I

Remark 5.11. We note (see, for example, [25] and [30]) that if y € Y is a station-
ary (T-periodic, almost periodic, quasi periodic, recurrent) point of the dynamical
system (Y, To,0) and h : Y — X is a homomorphism of the dynamical system
(Y, Ty, 0) onto (X, Ty, ), then the point x = h(y) is a stationary (T-periodic, al-
most periodic, quasi periodic, recurrent) point of the system (X, Ty, 7).

Lemma 5.12. [11] Ify € Y is an almost automorphic point of the dynamical system
(Y,T,0) and h : Y — X is a homomorphism of the dynamical system (Y, T, o) into
(X, T,7), then the point x = h(y) is an almost automorphic point of the system
(X, T,n).

5.2. The Principle of Invariance for V-Monotone NDS.
Theorem 5.13. Suppose that the following conditions hold:

(i) w € Q is a two-sided Poisson stable point;
(ii) the NDS (X, T,n),(2,S,©),h) admits a conditionally precompact invari-
ant set J;
(iii) (X, T,m), (%, S,0),h) be a V-monotone non-autonomous dynamical sys-
tem and there are two functions a,b € KC such that
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(a) Im(a) = Im(b), where Im(a) is the set of the values of a € K;
(b) a(p(z1,22)) < V(z1,22) < b(p(x1,22)) for all x1,22 € X (h(z1) =
h(z3)).

Then V (z1t, xot) = V(x1,22) for allt €S and x1,24 € J,.

Proof. Let x1,z2 € J,. Under the conditions of Theorem 5.13 by Lemma 3.5 and
Theorem 4.10 there are two sequences {t.} — +oo and {t2} — —oo such that

(17) At ) - w (i=1,2)
as n — oo for all z € J,. Define the function ¢ : S — R by equality ¢(s) :=

V(z1s,x2s) for all s € S. It easy to check that 0 < ¢(s) < ¢(0) for all s € S; and
P(s1) < (s2) for all s1 < s3 (s1,82 € S;). Thus there exists li1+n P(s) =g €

[0,(0)]. According to relation (17) we have g = lirf V(zy(s+tl), ma(s+tL)) =
V(z18,x28) for every s € S and, consequently, 19 = 1(0). O
Corollary 5.14. Suppose that the following conditions hold:

(i) every point w € Q is two-sided Poisson stable;

(ii) the NDS (X, T,x), (Q,S,0),h) admits a conditionally precompact invari-
ant set J;

(iii) (X, T,x),(2,S,0),h) be a V-monotone non-autonomous dynamical sys-
tem and there are two functions a,b € KC such that
(a) Im(a) = Im(b), where Im(a) is the set of the values of a € K;
(b) a((p(a)cj,xg)) < V(x1,m2) < blp(z1,22)) for all x1,20 € X (h(x1) =

h x2)).

Then V(x1t,xot) = V(x1,22) for allt €S, 1,29 € J,, and w € Q.

5.3. Comparability of Motions by the Character of Recurrence. In this
subsection following B. A. Shcherbakov we introduce the notion of comparability of
motions of dynamical system by the character of their recurrence. While studying
stable in the sense of Poisson motions this notion plays the very important role
(see, for example, [29, 30]).

Let (X, T,n) and (Y, T, o) be dynamical systems, x € X and y € Y. Denote by
My p = {{tn} CR [ {atn} — p}, Lop = {{tn} S Moy | {ta} — oo}, 2;20 the set
of the sequences {t,} € M, , such that ¢, — 4+o0o. Assume £5°°(M) := U{L,, :
p€ M} and £5° = £°(X) .

Definition 5.15. A point x € X is called comparable by the character of recurrence
with y € Y w.ort. M CY or, in short, comparable with y w.r.t. the set M if
SJW(M) C gtree,

Denote by H(M) = {n(t,x):x € M,t € T}. Let (Y,S,0) be a group dynamical
system.

[e'e) e’} “+oo +oo
Lemma 5.16. [6, 9] If £55° C £1°°, then Loty E Laniep forallt e TCS.

Corollary 5.17. Under the conditions of Lemma 5.16 if £5°(M) C £5>°, then
Lr(Bar) C L5 where Xy = {n(t,x) : 2 € M, t € T}.
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Lemma 5.18. [6, 9] If £/ C £1°°, then there exists a single point p € w, =
Ni>oUr>iaT such that £55° C £

Theorem 5.19. [6, 9] If a point x is comparable with y w.r.t. the set M, then
there exists a continuous mapping h : o(T, X ) — w, satisfying the condition

(18) h(o(t,q)) = =(t, h(q))
forall g € o(T,Zy) and t € T.

Let a point & be comparable with y w.r.t. M. Note that at the point of view of
applications (see, for example, [4, 29, 30]) the following cases are the most impor-
tant.

1 gz Cery.

As it is shown in [29, 30], the inclusion £f5° C £F%° takes place if and only if
N, C N,. As it was mentioned in section 1.2 of the chapter I[9], the inclusion
M, C N, takes place if and only if = is comparable by recurrence with y.

2. £5°° C £ and £ C £

Assume MM} = {{t,} : {tn} € M, t, € T, }.

Definition 5.20. We will call the point x strongly comparable (in positive direction)
with y if £55¢ C L1 and £ C £1>.

The next theorem takes place.

Theorem 5.21. [6, 9] The following statements are equivalent:

1) The point x is strongly comparable with y.

2) There erists a continuous mapping h : HY(y) — Ht(z) (H*(z) =
{xt | t > 0}) satisfying the condition (18) for all ¢ € HT (y) and t € T,
and besides h(y) = x.

3) MS C M.

Remark 5.22. From Theorem 5.21 and from the results of the works [29, 30] follows
that the strong comparability of the point x with y is equivalent to their uniform
comparability if the point y is st. L™. In general case these notions are apparently
different (though we do not know the according example).

3. £ C g,

Definition 5.23. We will say that the point x is comparable in limit (in positive
direction) with the point y if £5°° C £1>°.

5.4. Comparability of Motions by the Character of Recurrence of V-
Monotone NDS.

Definition 5.24. (X,p) is called [24] a metric space with segments if for any
x1,22 € X and o € [0,1], the intersection of Blxy,ar| (the closed ball centered at
x with radius ar, where r = p(x1,22)) and Blxa, (1 — a)r] has a unique element
S(a, 1, x2).
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Definition 5.25. The metric space (X, p) is called [24] strict-convex if (X, p) is a
metric space with segments, and for any x1,x2,x3 € X, x9 # x3, and « € (0, 1),
the inequality p(z1,S(a, T2, x3)) < max{p(x1,z2), p(x1,x3)} holds.

Definition 5.26. A subset C' of X is said to be metric-convex (see [24]) if S(o, x1, x2) €
C for any o € (0,1) and x1,x2 € C.

Definition 5.27. A Banach space X is said to be:

(i) uniformly convex, if for each 0 < & < 2 there exists 6(g) > 0 such that
lz], ly] <1 and |x —y| > € implies |z +y| < 2(1 - §(g));

(ii) strictly convex, if for any xz,y € X with |z| = |y| = 1 and x # y, | \z +
(I=MXNy| <1 for A€ (0,1).

Remark 5.28. 1. Uniformly conver Banach spaces are strictly convex, but the
converse s not true.

2. If (X,|-|) is a strictly convexr Banach space, then the metric space (X, p)
(p(x1,x2) := |x1 — 22|) is metric-conver.

3. If M is a convex subset of strictly convex Banach space (X,|-|), then the metric
space (M, p) (p(x1,x2) := |1 — T2|) is metric-convex.

4. FEvery convex closed subset X of the Hilbert space H equipped with metric
plx1,x2) = |¥1 — 22| is strictly metric-convexr.

For any subset C of X we denote by convC the closed convex envelope of C, i.e.
convC' is the intersection of all closed, metric-convex sets containing C'

Lemma 5.29. [10] Let (M, p) be a compact strictly metric-convexr space and E be
a compact sub-semigroup of isometries of the semi-group MM (i.e. E C MM and
p(Exy1,&xs) = p(x1,22) for allé € E and x1,29 € M ). Then there exists a common
fixed point T € M of E, i.e. £(T) =T for all{ € E.

Theorem 5.30. Suppose that the following conditions hold:

(i) w € Q be a two-sided Poisson stable point;
(i) (X, T,7), (£, S,0),h) be a V-monotone non-autonomous dynamical sys-
tem and
(a) there are two functions a,b € KC such that
(i) Im(a) = Im(b), where Im(a) is the set of the values of a € K;
(i) a(p(z1,22)) < V(ry,22) < b(p(x1,22)) for all 1,29 € X
(h(zr) = () ); |
(b) V(z1,22) = V(x2,21) for all (z1,22) € XxX;
(c) V(z1,22) < V(z1,23) + V(x3,22) for all x1,22,23 € X with the
condition h(x1) = h(za) = h(z3);
(iii) the space (X, V) is strictly metric-convex for all w € , where X, :=
hlw)={zeX |h(z)=w} (we) and V, :=V]x_ xx.;
(iv) the NDS (X, T,n),(Q,S,0),h) admits a conditionally precompact invari-
ant set J C X such that the set J, is metric-convex.

Then there exists at least one point x € J,, such that M, CN,.
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Proof. According to Lemma 3.5 the NDS ((X, T, ), (22, S, o), h) is uniformly stable
in the positive direction. By Theorem 4.10 under the conditions of Theorem 5.30
the semi-group dynamical system (X, T, ) defines on J a group dynamical system
(J,S, 7). Then under the conditions of Theorem 5.30, F, # 0 is a compact sub-
semigroup of the Ellis semigroup E(J,S, 7). According to Theorem 5.13, we have
V(&(z1),&(z2)) = V(x1,22) for all (x1,20) € J, x J, and £ € E(J,S,7) and
consequently, under the conditions of Theorem 5.30 we have a strictly metric-convex
(with respect to the complete metric V,, := V|J, x J,) compact set J, and a
compact semigroup of isometries E, acting on J,. Applying Lemma 5.29, we
obtain a common fixed point z € J,. Now we will prove that 91, C 91,. In fact,
let {t,} € M. Under the conditions of Theorem the set Q := U{n(¢t,,J,,) | n € N}
is compact. If z; and zo are two accumulation points of the sequence {zt,}, then
there are {t\} C {t,,} such that {zt{} — z; (i = 1,2). On the other hand since the
set Q := U{n(t,, J,,) | n € N} is compact we may suppose that the sequences {r'n}
(mtn i J, — Q) is pointwise convergent and &; (i = 1,2) is its limit. Then &;(z) = z;
and 21 = & (z) = © = &(x) = x2. Thus the sequence {zt,} is relatively compact
and admits a unique accumilation point and, consequently, it is convergent. The
theorem is proved. [

Corollary 5.31. Under the conditions of Theorem 5.30 the point x is stationary
(t (r > 0) - periodic, almost automorphic, almost periodic in the sense of Levitan,
almost recurrent, Poisson stable), if the point w € Q is stationary (t (t > 0)
- periodic, almost automorphic, almost periodic in the sense of Levitan, almost
recurrent, Poisson stable).

Definition 5.32. A set M C X 1is called minimal with respect to a dynamical
system (X, T, x) if it is nonempty, closed and invariant and if no proper subset of
M has these properties.

Theorem 5.33. Suppose that the following conditions hold:

(i) Q is a compact minimal set;
(i) ((X, T,7),(£2,S,0),h) be a V-monotone non-autonomous dynamical sys-

tem and

(a) V(x1,22) = V(xg,m1) for all (z1,22) € XXX
(b) V(z1,22) < V(z1,23) + V(x3,22) for all x1,z2,23 € X with the

condition h(xz1) = h(z2) = h(x3);
(iil) the space (X, V,,) is strictly metric-convex for all w € §;
(iv) the NDS (X, T,x),(£,S,0),h) admits a compact invariant set J C X
such that the set J,, (w € Q) is metric-conve.

Then for all wg € Q) there exists at least one point x.,, € Jy,, such that M, C ﬂﬁ%o.
Proof. According to Theorems 3.4 and 4.10, under the conditions of Theorem 5.13
the semi-group dynamical system (X, T, ) defines on J a group dynamical system
(J,S,m). Let wy € Q be an arbitrary point of Q and E = E(J,S,n) be the Ellis
semigroup of the dynamical system (J,S,7), i.e. E(J,S,7) = {xt |t €S }, where
by bar we denote the close in J7 (J7 is equipped with the topology of Tihonoff). We
denote by E,, :={{ € E | £(Ju,) C Ju,}- Then under the conditions of Theorem
5.13, E,, # 0 is a compact sub-semigroup of Ellis semi-group E. According to
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Theorem 4.10, we have V(&(z1),&(z2)) = V(z1,22) for all (z1,22) € Juy X Juwg
and consequently, under the conditions of Theorem 5.13 we have a strictly metric-
convex (with respect to the complete metric V,,, = V|J,, x J,,) compact set
Ju, and a compact semi-group of isometries E,,, acting on J,,. Applying Lemma
5.29, we obtain a common fixed point Z,, € J,,. We denote by ¥ := H(Z,,,) =
{Zwot | t €S }. Tt is clear that X is a compact invariant set of (J,S, 7). Obviously,
Yo = 2N Jwo = {Zw,}- We will prove that X, := X[ J,, contains a single point
Z,. It is evident that X, # 0 for all w € Q, because 2 and ¥ are compact invariant
sets and 2 is minimal. Now we will prove that ¥, contains exactly one point.
If we suppose the contrary, then there exist w € Q and z1,292 € X, such that
x1 # x. Since the set Q is minimal, then there exists a sequence {t,} — —o0
such that wt, — wg as n — +4oo. Taking into consideration the compactness
of ¥, we may suppose that the sequences {z;t,} (i = 1,2) are convergent. We
denote by =} = hm xitn. It is clear that z} € X, and, consequently, =} = 5.

n—-+oo

On the other hand, according to Theorem 4.10 the dynamical system (J,S,7) is
distal in negative direction and, consequently, 2} # ). The obtained contradiction
proves our statement. Thus, we have a compact invariant set ¥ C J with the
following property X, = X[ J, = {z,} for all w € Q. Tt is easy to verify that
My, C My, - O

Corollary 5.34. Under the conditions of Theorem 5.13 the point x,,, s stationary
(t (t > 0) - periodic, quasi-periodic, almost periodic, almost automorphic, recur-
rent), if the point w € Q is stationary (t (1 > 0) - periodic, quasi-periodic, almost
periodic, almost automorphic, recurrent).

6. ON THE STRUCTURE OF BOUNDED MOTIONS V-MONOTONE NDS

Theorem 6.1. Let (X, T, n),(£,S,0),h) be a V - monotone non-autonomous
dynamical system and the following conditions hold:

(i) V(a1,m2) = V(xa,21) for all (z1,72) € X xX;
(il) V(z1,22) < V(x1,23) + V(x3,22) for all z1,29,23 € X with condition
h(z1) = h(za) = h(x3);
(ili) the space (X, V) is strict metric-convex for all w € Q, where X, =
Flw)={re X | hz)=w} (WeQ) and V, = V|x_xx,-

If vz, € Py, (i=1,2), 21,20 € X, (w € Q) and V(vz, (), 72, (1)) = V(z1,22) for
all t € S, then the function v : S — X (y(t) := S(, Va, (), V2, (t)) for all t € S)
defines an entire trajectory of dynamical system (X, T, ).

Proof. Let w € Q, a €[0,1] and 1,25 € X,,. We denote by z := S(a, x1,25). Let
Yz, € @y, (i =1,2). Consider the function v : S — J defined by equality

(19) V(1) = 5(0,Yay (1), Vs (1))

for all t € S. We will show that + is an entire trajectory of (X, T, ) with condition
~v(0) = 2. In fact, under the conditions of Theorem

V(mn(t),v(t) =V(zy,z2) =d
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for all t € S. Since V(y1(t),v(t)) = ad for all t € S and (X, T,7),(Q,T,0),h)is V
- monotone, we have

Vn(t+71),7'y(r) = V(r'y(r), 'y(r)) < V(71(7),7(1)) < ad

and

V(a(t +7),m'v(1)) = V(r'ya(7), m'5(1)) < V(72(7),7(7)) < (1 —a)d
and, consequently,
w'y (1) € S(a, it +7),72(t + 7))

and so ly(1) = y(t+ 7) for all 7 € S and t € T. Now we will prove that the
function ~y is continuous. It is clear that 7 is continuous on T. Let tg € S, o < 0
and t =to+ h (|h| < 4, § > 0), then we have

(20)  p(y(to +h),¥(to)) = p(m'oHIIFOF ey (—fto] — §), mioFliolHon (—[to] — 4)).

Passing to limit in (20) as h — 0 we obtain }lLinB ~(to + h) = y(to). O
Theorem 6.2. Under the conditions of Theorem 6.1 if in additionally

(i) there exists a function a € KC with property , lirll a(t) = +oo such that
a(p(z1,22)) < V(xy,12) for all (z1,22) € XxX;
(i) Yoy € Py, (71 € X)) is bounded (i.e. the set vy, (S) is bounded in X );
(i) Yoy € Py (22 € Xu) and V (s, (£), V2, () = V(z1,22) for allt € S.

Then

(i) Ya, is bounded too;
(i) the function v :S — X (y(t) := S(a, Va, (t), V2, (t)) for all t € S) defines a
bounded entire trajectory of dynamical system (X, T, ).

Proof. Note that a(p(vVe, (£), Yas (1)) < V(Yay (£), 72, (t) = V(z1,22) for all t € S.
From the last inequality we obtain

(21) P(Vas (1), 725 (1)) < ™1 (V (@1, 22))

for all ¢ € S. Taking into account the boudedness of 7., and (21) we ontain the
boundedness of 7, .

Let we Q, z; € X, Va; € P, (1=1,2) @ € (0,1) and v(t) := S(a, Yy (t), Yo ()
for all t € S, then v(0) = = := S(a,x1,x2) and by Theorem 6.1 v is a bounded
entire trajectory of dynamical system (X, T, 7). a

7. APPLICATIONS

Lemma 7.1. Let (W, ¢, (Q, Ty, 0)) be a cocycle, {(X,Ty,7), (R, Ta,0),h) be the
NDS generated by cocycle p (X = W x Q, m := (¢,0), h := pry : X — Q and
Ty C Ts) and (T, up,wo) ((uo,wo) € W x Q) be relatively compact subset of W.
Then the set J := H(xg) := {n(t,z0) | t € T1} is conditionally relatively compact
with respect to NDS ((X, Ty, 7), (Q, Ts,0),h), where xo := (ug,wp) € X.




18 DAVID N. CHEBAN

Proof. Let K C  be an arbitrary compact subset of Q and {x,} C h=}(K)NnJ
(xn = (un,wy)). Since h(z,) = w, € K, then the sequence {w,} is relatively
compact. For x,, € J = H(xg) there exists t,, € Ty such that

1
(22) max{p(w()aO'(tn7w0)7wn)7p((p(tn7u07w0)7un>} < E

(n € N). From the inequality (22) it follows that the sequence {u,} is relatively
compact, because {p(tn,ug,wo)} is so. Thus the sequence {z,} := {(un,w,)} is
relatively compact. O

7.1. Almost Periodic and Almost Automorphic Solutions of Forced Vec-
torial Liénard Equations. Let (2, R, o) be a two-sided dynamical system. Con-
sider the following vectorial Liénard equation

d
(23) u"(t) + 2 [VE(u(t)] + Cu(t) = f(wt),
where wt := o(t,w), f € C(Q,E™), C : E™ — E™ is a symmetric and nonsingular
linear operator, and VI denotes the gradient of the convex function F on E™. If the
operator C' is positive definite, then by introducing the product space E™ x E™ ~
E?™ endowed with the inner product associated to the quadratic form Q given by

Q(u,v) := [uf* + (C7v,0),
the equation (23) can be put the form
(24) U'(t)+ G(wt,U(t)) = 0,

where G € C(Q2 x E?™ E?™) and the partial function G(w, -, ) is monotone for
each w € Q with respect to inner product associated to @, i.e. for each w € Q

<G1(W,U1,’U1) - Gl(W,UQ,'UQ),Ul - U2> +
(25) <C71(G2(W,U1,Ul) - GQ(w7u23 '1)2))71)1 - 'U2> 2 Oa

for all uq,ug,v; and v € E™. Indeed, by letting v(t) := u/(t) + VF(u(t)); U(t) :=
(u(t),v(t)), equation (23) reduces to

U'(t)+VOU()) + JU(t) = F(wt)

where ®(u,v) := F(u), J := < g _OI ) and F(w) := (0, f(w)).

Lemma 7.2. [15] Let I the interval [0,4+00) or the whole real line R. Let f(t) :=
f(wt) (vt € I) bounded on I. If u € C*(I,R") is a bounded on I solution of
equation (23), then v’ and u” are bounded on I too.

Theorem 7.3. The following statements hold:

(i) Let wg € Q be a T-periodic (almost automorphic, almost periodic in the
sense of Levitan, almost recurrent, stable in the sense of Poisson) point.
If the equation (23) admits a bounded on R solution ug, then (23) has at
least one T-periodic (almost automorphic, almost periodic in the sense of
Levitan, almost recurrent, stable in the sense of Poisson) solution u such

that Ny, € N,.
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(ii) Let wg € Q be a T-periodic (quasi-periodic, almost periodic in the sense
of Bohr, recurrant in the sense of Birkhoff) point. If the equation (23)
admits a bounded on R solution ug, then (23) has at least one T-periodic
(quasi-periodic, almost periodic in the sense of Bohr, recurrant in the sense
of Birkhoff) solution u such that M, C M,,.

Proof. Consider the equation (24). By Lemma 7.2 it admits a bounded on R
solution Uy (t) := (ug(t), us(t)) (t € R).

Denote by ¢ the cocycle associated by equation (23), where (¢, z,w) is the solution
of equation (23) with initial condition ¢(0,z,w) = 2 and = = (u,v). Let X = Q x
R™, (X,R4,7) be a skew-product dynamical system and ((X,R,7), (2, R,0),h)
be a nonautonomous dynamical system, generated by equation (24). Denote by
V : X — RT the function defined by equality V(w, (u1,v1), (u2,v2)) = 3((ug —
ug, U1 — uz) + (C vy — v2),v1 — v2)) for all (w, (us,v;)) € X :=Q xR (i = 1,2),
then
V(wt, o(t, z1,w), o(t, 12,w)) =

1
§(<901(ta 5131,(.0) - 901(757932,“1))’ Spl(taxl?w) - cpl(ta {EQ,W)>+

(C™Hpa(t, 21,w)) = pa(t, 22, w), pa(t, T2, w) — pa(t, T2, w)))
(¢ := (p1,%2)). Since
dV (wt, p(t, x1,w), p(t, z2,w))
dt
901(t7x17w) - 901(ta x2vw)> + <071(G2(Wta ‘pl(t»xlaw)) - GQ(th (pl(tax%w)))a
pa(t, v1,w) — pa(t, T2,w)),
then by (25) one has V(wt, p(t, z1,w), p(t, z2,w)) < V(w,z1,22) for allw € Q, x,
2 € X and t € R,

= <G1(wt7 <,01(t, Iy, w)) - Gl(Wt’ ¥1 (ta x27w))7

Let ug be a bounded on R solution of equation (23), then by Lemmma 7.2 Uy :=
(ug,uy) is the bounded on R solution of equation (24). Let z := Up(0) € R™ x R™,
V :=2o(¢(R, xg,wp)) be the compact convex hull of the set (R, zg,wp) and I, :=
{z € V | such that ¢(t,x,w) is a solusion of (23) defined on R and ¢p(R,z,w) CV
}. It easy to veryfy that I, is a nonempty and compact subset of V. According
to Theorem 6.2 the set I,, is convex. Now to finish the proof of Theorem it is
sufficient to refere Theorems 5.30 and 5.33 (see also Corollaries 5.31 and 5.34). O

Example 7.4. We consider the equation
(26) " + p(x)z’ + az = f(wt),

where p € C(R,R), f € C(Q,R) and a is a positive number. Denote by y =
&' + F(x), where F(x) = [, p(s)ds, then we obtain the system

=y — F(x)
Yy = —ax + f(wt).
Theorem 7.5. Suppose the following conditions hold:

(i) p(z) > 0 for all x € R;
(i) the equation (26) admits a bounded on R solution.
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Then

(i) if wo € Q is a T-periodic (almost automorphic, almost periodic in the sense
of Levitan, almost recurrent, stable in the sense of Poisson) point, then
the equation (26) has at least one T-periodic (almost automorphic, almost
periodic in the sense of Levitan, almost recurrent, stable in the sense of
Poisson) solution u such that N, CN,,.

(ii) #f wo € Q is a T-periodic (quasi-periodic, almost periodic in the sense of
Bohr, recurrant in the sense of Birkhoff) point, then (26) has at least one
T-periodic (quasi-periodic, almost periodic in the sense of Bohr, recurrant
in the sense of Birkhoff) solution u such that M, C M,,.

Proof. Denote by F(z) := [, [ p(s)dsdn, then p(z)a’ = dF(;t(m) and F"(x)

p(z) > 0. Now our statement it follows from Theorem 7.3. O

7.2. Dissipative diferential equation. Let X be a real Banach space with the
norm | - | and X* its dual with the dual norm |- |. The value of f € X* will be
denote by (x, f). Let J : X +— X* be the duality mapping of X [1, 33], i.e., for
zeX, J(a)={f€X*|(z, f)=2]* =}

Definition 7.6. The mapping F : X — X is called dissipative, if for any x,y € X,
(27) (F(z) = F(y), f) <0
for f e J(x—y).

If X is a Hilbert space, then for any « € X, J(x) = x, hence (27) become
(F(x) = F(y),z —y) <0

for z,y € X.
Lemma 7.7. [18] Let F : Q@ x X — X be a continuous function and for each w €
the partial mapping F(w,-) : X — X is dissipative in x. If 2(t) and y(t) are two
solutions on interval (a,b) C R of the equation
(28) ¥ =F(wt,x) (we ),
then

(1) —y(@)] < |z(s) —y(s)|
fora<s<t<hb.

Corollary 7.8. Let F : Q x X — X be a continuous function and for each w € )
the partial mapping F(w,-) : X — X is dissipative in x. Then the problem Cauchy
¥ = F(wt,a), a(to) = w0

admits at most one solution.

Theorem 7.9. Suppose the following conditions hold:

(i) X is a real and strictly convex Banach space;

(i) FeCx X, X);

(iii) for each w € Q the mapping F(w,-) : X — X is dissipative;

(iv) the equation (28) has a relatively compact on R solution u(t) (i.e. u(t) is
a solution of equation (28) defined on R and u(R) is relatively compact).
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Then

(i) If wo € Q is a T-periodic (almost automorphic, almost periodic in the
sense of Levitan, almost recurrent, stable in the sense of Poisson) point,
then (28) has at least one T-periodic (almost automorphic, almost periodic
in the sense of Levitan, almost recurrent, stable in the sense of Poisson)
solutin w such that N, C Ng.

(ii) If wo € Q is a quasi-periodic (almost periodic in the sense of Bohr, re-
currant in the sense of Birkhoff) point, then (28) has at least one quasi-
periodic (almost periodic in the sense of Bohr, recurrent in the sense of
Birkhoff) solution w such that 9M,, C M.

Proof. Let ug := u(0), V := convp(R, ug, wo) (p(t, uo,wo) := u(t)) X ==V x Q.
Denote by X := {(u,w) € X | such that the equation (28) admits a unique
solution ¢(t,u,w) € V (Vt € R) }. Note that X is a closed subset of V' x Q. In
fact, let (u,w) € X (by X is denoted the closure of X in V x ), then there exists
a sequence {(un,w,)} € X such that {(up,wn)} — (u,w) as n — oo. Thus the
sequence {wy} — w as n — oo and (R, u,,w,) € V. Now we will prove that
the sequence {@(t,u,,wy)} converges to (¢, u,w) uniformly with respect to ¢ on
every interval [-L,L] C R (L > 0). For this end we remark that o(t, unp,w,) =
F(wnt, o(t, un,wy)) (Vt € R) and, consequently, |o(t, un,wy)| < M(w,u, L) for all
t € [-L, L], where M (L) := max{|F(w,v)| :w€Q, ve K(L)} and

K(L) :=U{p(t, up,wy) | t € [-L,L],n € N}.

By Arzela-Ascoli Theorem the sequence {¢(t,u,,w,)} is relatively compact in
compact-open topology. Note that every point of accumulation of this sequence
is a solution of the equation (28) passing though the point v € V at the initial
moment ¢ = 0. According to Corollary 7.8 the equation (28) admits at most one
solution with initial data «(0) = w. This means that the sequence {p(t, uy,wy)} is
relatively compact and it has at most one point of accumulation and, consequently,
it is convergent and nlgr;o o(t, un,wy) = o(t,u,w) for all t € R, ie., (u,w) € X.

Now we can define on X a dynamical system as follow: 7 (¢, (u,w)) := (¢(t, u,w),wt)
for all (u,w) € X andt € R. Let h := pro : X —  be the mapping defined by equal-
ity h(u,w) := w. It easy to check that h is a homomorphism from (X,R,7) onto
(Q, R, o) and, consequently, the triplet ((X,R, ), (2, R, o), h) is a non-autonomous
dynamical system (generated by equation (28) and its solution ¢ (¢, ug,wp)). Finally
we rmark that the space X is conditionally relatively compact. To finish the proof
of Theorem it is sufficient to apply Theorems 5.30 and 5.33 (see also Corollaries
5.31 and 5.34). O

Example 7.10. In quality of example which illustrates this theorem we can consider
the following equation

’U,l = g(u) + f(atw)a
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where f € C(2,R) and
(w+1)2 : u<-1
gw={ 0 i <1
—(u—-1)?% : wu>1l
7.3. The second order equation w” + B(wt,w') + Aw = f(wt). Let A be a nxn

positive definite matrixe and A'/2 its square root, B € C' (Qx R"™, R™). We consider
the second order equation

(29) w” + B(wt,w') + Aw = f(wt) (w € Q).
Letting u := AY2w, v :=w’, the equation (29) reduces to the first order equation
u = AY?p

v = —AY?u — B(wt,v) + f(wt).
If for each w € Q) the mapping —B(w, ) : R" — R" is dissipative, i.e.,
<B(wau) - B(w,v),u7v> >0

for all u, v € R”, then for each w € Q, F(w, u,v) := (AY%v, —AY2u—B(w,v)+ f(w))
is dissipative in (u,v) € R™ x R™. Thus from Theorem 7.9 one has the following

Corollary 7.11. Suppose the following conditions hold:

(i) A is a positive definite matriz;
(ii) B: QX R" — R" and f: Q+— R™ are continuous functions;
(iii) The equation (29) admits a bounded on R solution w such that w' is
bounded too.

Then the following statements hold:

(i) If wg € Q is a T-periodic (almost automorphic, almost periodic in the
sense of Levitan, almost recurrent, stable in the sense of Poisson) point,
then (29) has at least one T-periodic (almost automorphic, almost periodic
in the sense of Levitan, almost recurrent, stable in the sense of Poisson)
solution w such that M, € Ng.

(il) Ifwo € Q is a quasiperiodic (almost periodic in the sense of Bohr, recurant
in the sense of Birkhoff) point, then (26) has at least one qusiperiodic
(almost periodic, recurrent) solution w such that M, € M.
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