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∗Jean Favard (1902–1965) was a French mathemati-
cian. Professor (Sorbonna and Ecole Plytechnique,
Paris, France). His works has a great influence on con-
temporary mathematics. He also was a President of the
French Mathematician Sosiety (1946).



1.- INTRODUCTION

The well known Favard’s Theorem states that

the linear differential equation

x′ = A(t)x + f(t) (1)

with Bohr almost periodic coefficients admits at

least one Bohr almost periodic solution if it has

a bounded solution. The main assumption in

this theorem is the separation among bounded

solutions of homogeneous equations

x′ = B(t)x, (2)

where B ∈ H(A) := {B | B(t) = lim
n→+∞

A(t+tn)}.
If there are bounded solutions which are non-

separated, sometimes almost periodic solutions

do not exist (R. Johnson, R. Ortega and M.

Tarallo, V. Zhikov and B. Levitan).

In this talk we will give a short survey of works

dedicated to the different generalizations of this

theorem. Actually this field of differential equa-

tions is called the Favard’s theory.



2.- Almost Periodic Functions

Let E be a Banach space with norm | · | (for ex-

ample, E is a real n–dimensional euclidian space

Rn with the norm |x| := (x2
1 + x2

2 + . . . + x2
n)

1/2,

where x := (x1, x2, . . . , xn) ∈ Rn). Denote by

C(R, E) the space of all continuous functions

f : R 7→ E equipped with the compact-open

topology. This topology may be defined, for

example, by the following metric

d(f1, f2) :=
∞∑

n=1

1

2n

max
|t|≤n

|f1(t)− f2(t)|

1 + max
|t|≤n

|f1(t)− f2(t)|
.

By Cb(R, E) we will denote the space of all con-

tinuous and bounded on R functions equipped

with the sup-norm

||f || := sup
t∈R

|f(t)|.

The space Cb(R, E) with the norm || · || is a Ba-

nach space.



Definition 1 (Bohr H., 1923) A function f ∈
C(R, E) is called almost periodic, if for any ε >

0 there exists a positive number l = l(ε) such

that on every segment [a, a + l] of the length l

contains at least one number τ ∈ [a, a + l] such

that

|f(t + τ)− f(t)| < ε for all t ∈ R.

Remark 2 1. Every periodic function is almost

periodic.

2. The function f(t) := sin t + sin
√

2t (t ∈ R) is

almost periodic, but it does not periodic.

3.- Some properties of Almost Periodic

Functions

Denote by AP (R, E) the set of all almost peri-

odic functions f : R 7→ E.

• Every almost periodic function f is uniformly

continuous and its range Rf := f(R) is rela-

tively compact, in particularly, f ∈ Cb(R, E).



• The function f := αf1 + βf2 is almost pe-

riodic for all f1, f2 ∈ AP (R, E) and α, β ∈ R
(or C), i.e., AP (R, E) is a linear space.

• If the sequence {fn} ⊂ AP (R, E) converges

to f uniformly with respect to t ∈ R, then

f is also almost periodic. Thus the space

AP (R, E) equipped with the norm sup is a

Banach space (it is a subspace of the Banach

space Cb(R, E)).

• Let g ∈ AP (R, E) and h ∈ AP (R,P) (P : R or

C), then the function f(t) := h(t) · g(t) (for

all t ∈ R) is also almost periodic.

• (H-class of almost periodic function) De-

note by fτ the τ–shift of f (i.e., fτ(t) :=

f(t + τ) for all t ∈ R). The set H(f) :=

{fτ : τ ∈ R} is said to be H–class of the al-

most periodic function f , where by bar is

denoted the closure in the space Cb(R, E).

It is clear that H(f) ⊂ AP (R, E).



• (Minimality.) For all almost periodic func-

tion f the set H(f) is minimal, i.e., H(g) =

H(f) for all g ∈ H(f).

• (Ergodicity.) For every almost periodic func-

tion f there exists an uniform average, i.e.,

there exists a limit

M(f) := lim
T→+∞

1

T

∫ s+T

s
f(k)dk

uniformly with respect to s ∈ R.

• (Denumerable modulus.) There exists a

denumerable set Λ(f) ⊂ R such that

a(λ) :== lim
T→+∞

1

T

∫ s+T

s
f(t)eiλtdt 6= 0

if and only if λ ∈ Λ(f). The set Λ(f) is called

a modulus of frequencies for the function f .

• For every almost periodic function f corre-

sponds a unique trigonometric (Fourier) se-

ries

f(t) ∼
+∞∑

k=1

xkeiλkt,



where λk ∈ Λ(f) and xk := a(−λk).

• (Approximation theorem.) If f is almost

periodic, then for all ε > 0 there exists a

trigonometric polynomial

Tε(t) =
N(ε)∑

k=1

xkeiλkt

(N(ε) ∈ N, λk ∈ R and xk ∈ E) such that

|f(t)− Tε(t)| < ε for all t ∈ R and vice versa.

• (Bochner’s theorem) The function f ∈ C(R,

E) is almost periodic if and only if the set

{fτ : τ ∈ R} is a relatively compact subset

in the space Cb(R, E).

Remark 3 1. A particular case of almost pe-

riod functions before it was studied by Lituanian

mathematician P. Bolh (1893).

Definition 4 An almost periodic function is called

quasi-periodic if its modulus of the frequencies

Λ(f) admits a finite base (or finitely generated),



i.e., the re exists a finite set {ν1, ν2, . . . , νm} such

that:

a. {ν1, ν2, . . . , νm} is rationally independent, i.e.,

the linear combination r1ν1+r2ν2+. . .+rmνm

with rational numbers r1, r2, . . . , rm is equal

to zero if and only if r1 = r2 = . . . = rm = 0;

b. for all λ ∈ Λ(f) there exists rational numbers

r1, r2, . . . , rm ∈ Q such that λ = k1ν1+k2ν2+

. . . + kmνm.

The numbers ν1, ν2, . . . , νm is called the spec-

trum of frequencies (or a basis of the frequen-

cies) of the quasi-periodic function f .

2. A continuous function f ∈ C(R, E) is quasi-

periodic with the base of frequencies ν := (ν1, ν2,

. . . , νm) if and only if there exists a continuous

function Φ : T m 7→ E such that f(t) = Φ(νt)

for all t ∈ R, where T m is a standard m-torus

(T m := Rm/2πZm) and νt := (eiν1t, eiν2t, . . . ,

eiνmt) for all t ∈ R.



3. A finite some f(t) := p1(t) + p2(t) + . . . +

pm(t) of periodic functions pi (i = 1,2, . . . , m) is

a quasi-periodic function.

4.- Favard’s theorem

Along with equation (1) we consider also the

corresponding homogeneous equation

x′ = A(t)x. (3)

A nontrivial bounded on R solution x(t) is called

separated from zero, if inf
t∈R

|x(t)| > 0.

Let H(A) be the H–class for the matrix-function

A ∈ C(R, [Rn]), where [Rn] is the space of all n×
n–matrices with the norm ||A|| := (

n∑
i,j=1

|aij|2)1/2.

Theorem 5 (J. Favard, 1928) Let A ∈ C(R,

[Rn]) be an almost periodic matrix-function (i.e.,

its elements aij(t) are almost periodic functions

for a every i, j = 1,2, . . . , n) and f ∈ C(R,Rn)

be an almost periodic function. Suppose that

equation (1) admits a bounded on R solution ϕ.



If the bounded on R solutions of equation (3)

and all limiting equation

y′ = B(t)y (B ∈ H(A)) (4)

are separated from zero, then equation (1) ad-

mits at least one almost periodic solution.

Remark 6 In general case (without Favard’s sep-

aration condition) Favard’s theorem is not true.

There exists a scalar linear almost periodic equa-

tion

x′ = a(t)x + f(t) (5)

all solution of which are bounded on R, but does

not exist any almost periodic solution of equa-

tion (5) (V.V. Zhikov,1978).

5.- Generalizations of Favard’s theorem

Definition 7 (B. Levitan, 1939) A continuous

function f ∈ C(R, E) is called Levitan almost

periodic, if for every ε > 0 there exists a positive

number l = l(ε) such that on every segment

[a, a + l] (a ∈ R) of length l there exists at least

one number τ such that

|f(t± τ)− f(t)| < ε for all t ∈ [−1/ε,1/ε].



Some properties of Levitan almost periodic

functions

Denote by LAP (R, E) the family of all Levitan

almost periodic functions f ∈ C(R, E).

• Every Bohr almost periodic function is a Lev-

itan almost periodic function.

• The function f(t) :=
1

2 + sin t + sin
√

2t
is al-

most periodic in the sense of Levitan, but

not almost periodic in the sense of Bohr,

because it is not bounded on R. Thus the

space of Levitan almost periodic functions

LAP (R, E) is more large than the space of

Bohr almost periodic functions AP (R, E), i.e.,

AP (R, E) ⊂ LAP (R, E).

• The function f := αf1 + βf2 is Levitan al-

most periodic for all f1, f2 ∈ LAP (R, E) and

α, β ∈ R (or C), i.e., LAP (R, E) is a linear

space.



• If the sequence {fn} ⊂ LAP (R, E) converges

to f uniformly with respect to t ∈ R, then f

is also Levitan almost periodic.

• Let g ∈ LAP (R, E) and h ∈ LAP (R,P) (P =

R or C), then the function f(t) := h(t) · g(t)
(for all t ∈ R) is also Levitan almost periodic.

• (H-class of Levitan almost periodic func-

tion) Denote by fτ the τ–shift of (i.e., fτ(t) :=

f(t + τ) for all t ∈ R). The set H(f) :=

{fτ : τ ∈ R} is said to be H–class of the Lev-

itan almost periodic function f , where by bar

is denoted the closure in the space C(R, E).

Note that in the general case H(f) not con-

sists only from the Levitan almost periodic

functions.

• (Minimality.) For all Levitan almost peri-

odic function f the set H(f) is minimal, i.e.,

H(g) = H(f) for all g ∈ H(f).



• For every Levitan almost periodic function f

corresponds a trigonometric (Fourier) series
(not unique)

f(t) ∼
+∞∑

k=1

xkeiλkt.

Theorem 8 (B. Levitan, 1939) Let A ∈ C(R,

[Rn]) be an almost periodic matrix-function and
f ∈ C(R, Rn) be an almost periodic function.
Suppose that equation (1) admits a bounded on
R solution ϕ. If the bounded on R solutions of
equation (3) are separated from zero, then the
equation (1) admits at least one Levitan almost
periodic solution.

Remark 9 Is it true the Levitan’s theorem with-
out separation condition? (Open question.)

The theorems of Favard and Levitan were gen-
eralized for infinite-dimensional systems in the
works of L. Amerio (1960, for uniform convex
Banach spaces) and V. Zhikov (1978, for arbi-
trary separable Banach spaces).

Zhikov and Levitan (1978) (and also Johnson
(1978), Ortega and Tarallo (2006), Sell (1981))



constructed examples of scalar linear differential

equations for which all the solutions are bounded,

but none of them is almost periodic. In partic-

ular, the following result was established.

Theorem 10 (Ortega and Tarallo, 2006) Let

x′ = A(t)x (6)

be a linear differential equation with Bohr almost

periodic coefficients, and for some B ∈ H(A)

each nontrivial bounded on R solution ϕ of the

equation

y′ = B(t)y (7)

is homoclinic to zero, i.e.,

lim
|t|→+∞

|ϕ(t)| = 0. (8)

Then, there exists an almost periodic (in the

sense of Bohr) function g : R 7→ Rn such that

equation

y′ = B(t)y + g(t) (9)

has bounded solutions, but none of them is Bohr

almost periodic.



Theorem 11 (T. Caraballo and D. Cheban,

2009) A linear differential equation (1) with

Levitan almost periodic coefficients has a unique

Levitan almost periodic solution, if it has at

least one bounded solution, and the bounded

solutions of the homogeneous equation (6) are

homoclinic to zero.
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