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1.- INTRODUCTION

Control dynamical systems with open-loop

controls

Consider a control dynamical system governed

by the difference equation

x(t + 1) = f(x(t);u(t)), (1)

where x ∈ Rn and u ∈ U ⊂ Rm.

Let S(Z+,P) denote the set of the sequences

u(t) defined on Z+ that assume values of the

set P := {c1, c2, . . . , cp} ⊆ Rm. The sequences

u(t) in the class S(Z+,P) are open-loop controls

of system (1). Consider the set of control sys-

tems (1) with the open-loop control of the class

S(Z+,P). These systems constitute a continual

set. Particularly important among all systems

of this set are p systems

x(t + 1) = f(x(t); ci) (x ∈ Rn, i = 1,2, . . . , p).

Below we will consider an examples of this type.



Let f ∈ C(Rn,Rn) be a function satisfying

|f(x1)− f(x2)| ≤ α|x1 − x2| (2)

for all x1, x2 ∈ Rn, where | · | is a norm on Rn and

α ∈ (0,1).

Lemma 1 If the function f verifies the condi-

tion (2), then

1. the equation

x(t + 1) = f(x(t)) (3)

generates a semigroup dynamical system (Rn,

Z+, π), where π(t, x) is a unique solution of

equation (3) defined on Z+ with the initial

condition π(0, x) = x;

2. the following inequality holds

|π(t, x1)− π(t, x2)| ≤ αt|u1 − x2|
for all x1, x2 ∈ Rn and t ∈ Z+.

Consider the finite set of difference equations

x(t + 1) = fi(x(t)) (i = 1,2, . . . , p) (4)



with the right-hand sites fi ∈ C(Rn,Rn) satis-

fying the condition (2) with the constant αi ∈
(0,1). Let (Rn,Z+, πi) (i = 1,2, . . . , m) be the

dynamical system, generated by (4) and (H, Pi) (i =

1,2, . . . , m) be the cascade, where Pi(x) := π(1, x)

for all x ∈ Rn.

Dissipative control systems and their global

attractors

Denote by ϕ(t, x, u) a unique solution of equation

(1) passing through the point x at the initial

moment, i.e., ϕ(0, x, u) = x.

The discrete control system (1) is said to be

dissipative, if there exists a positive number r

such that

lim
t→+∞

|ϕ(t, x, u)| < r (5)

for all x ∈ Rn and u ∈ S(Z+,P). In this case

the set B[0, r] := {x ∈ Rn : |x| ≤ r} is called an

absorbing set for discrete control system (1).

A two-sided sequence x : Z 7→ Rn is said to be

an entire (whole) solution of equation (1), if



x(t + s + 1) = f(x(t + s), u(s)) for all t ∈ Z and

s ∈ Z+.

Denote by Iu := {x ∈ Rn : the solution ϕ(t, x, u)

of equation (1) is defined on Z and it is bounded

}.

Theorem 2 If the discrete control system (1) is

dissipative then the following statements hold:

1. the set Iu 6= ∅ and compact for all control

u ∈ S(Z+,P);

2. the family of compact sets {Iu : u ∈ S(Z+,P)}
is invariant, i.e., Iut ⊆ ϕ(t, Iu, u) for all t ∈
Z+, where ut is t-translation of control u

(i.e., ut(s) := u(t + s) for all s ∈ Z+);

3. the family of compact sets {Iu : u ∈ S(Z+,P)}
is maximal, i.e., for every compact invariant

family of sets {I ′u : u ∈ S(Z+,P)}, then

I ′u ⊆ Iu for all u ∈ S(Z+,P);



4. Iu ⊆ B[0, r] for all u ∈ S(Z+,P) and, conse-

quently, the set I :=
⋃{Iu : u ∈ S(Z+,P)} is

compact;

5. I is a uniform (with respect to control u(t))

attracting set for discrete control system (1),

i.e.,

lim
t→+∞

sup
u∈S(Z+,P)

ρ(ϕ(t, x, u), I) = 0, (6)

where ρ(x, A) := inf
p∈A

|x− p| and A ⊆ Rn;

6. the mapping u 7→ Iu is upper semi-continuous,

i.e.,

lim
u→u0

β(Iu, Iu0) = 0, (7)

where β(A, B) := sup
a∈A

β(a, B).

We will say that the family of compact subsets

{Iu : u ∈ S(Z+,P)} is a global attractor for

the discrete control system (1) if the following

conditions are fulfilled:

1. I =
⋃{Iu : u ∈ S(Z+,P)} is a compact set;



2. {Iu : u ∈ S(Z+,P)} is a maximal invariant

set;

3. I is an uniform attracting set for (1).

Thus Theorem 2 states that every dissipative

discrete control system (1) admits a compact

global attractor.

Discrete inclusions, ensemble of dynamical

systems (collages) and cocycles

Let us consider the set-valued function F : W →
C(Rn) defined by the equality F(x) := {f(x; ci) |i =

1,2, . . . , p}. Then the discrete control system

(1) is equivalent to the difference inclusion

xt+1 ∈ F(xt). (8)

Denote by Fx0 the set of all trajectories of dis-

crete inclusion (8) issuing from the point x0 ∈ W

and F :=
⋃{Fx0 | x0 ∈ W}.



Below we will give a new approach concerning

the study of discrete control system (1) or dif-

ference inclusion (8). Denote by C(Z+,P) the

space of all continuous mappings f : Z+ → P
equipped with the compact-open topology. De-

note by (C(Z+,P),Z+, σ) a dynamical system

of translations (shifts dynamical system or dy-

namical system of Bebutov on C(Z+,P), i.e.,

σ(k, f) := fk and fk is a k ∈ Z+ shift of f (i.e.,

fk(n) := f(n + k) for all n ∈ Z+).

We may now rewrite inclusion (8) in the follow-

ing way:

xt+1 = ω(t)xt, (ω ∈ Ω := C(Z+,M)) (9)

where ω ∈ Ω is the operator-function defined

by the equality ω(t) := f(·, cit+1
) for all t ∈ Z+.

We denote by ϕ(t, x0, ω) the solution of equation

(9) issuing from the point x0 ∈ Rn at the initial

moment t = 0. Note that Fx0 = {ϕ(·, x0, ω) | ω ∈
Ω} and F = {ϕ(·, x0, ω) | x0 ∈ Rn, ω ∈ Ω}, i.e.,

DI(M) (or inclusion (8)) is equivalent to the

family of non-autonomous equations (9) (ω ∈
Ω).



From the general properties of difference equa-

tions it follows that the mapping ϕ : Z+ × Rn ×
Ω → Rn satisfies the following conditions:

1. ϕ(0, x0, ω) = x0 for all (x0, ω) ∈ Rn ×Ω;

2. ϕ(t+τ, x0, ω) = ϕ(t, ϕ(τ, x0, ω), σ(τ, ω)) for all

t, τ ∈ Z+ and (x0, ω) ∈ Rn ×Ω;

3. the mapping ϕ is continuous;

4. for any t, τ ∈ Z+ and ω1, ω2 ∈ Ω there exists

ω3 ∈ Ω such that

U(t, ω2)U(τ, ω1) = U(t + τ, ω3), (10)

where ω ∈ Ω, U(t, ω) := ϕ(t, ·, ω) =
∏t

k=0 ω(k),

ω(k) := fik (k = 0,1, . . . , n) and fi0 := IdRn.

Let T1 ⊆ T2 be two sub-semigroups of group

S, X, Y be two metric (or topological) spaces

and (X,T1, π) (respectively (Y,T2, σ)) be a semi-

group dynamical system on X (respectively on

Y ). A triplet 〈(X,T1, π), (Y,T2, σ), h〉 is called a



non-autonomous dynamical system, where h :

X → Y is a homomorphism from (X,T1, π) onto

(Y,T2, σ), i.e., h(π(t, x)) = σ(t, h(x)) for all x ∈
X and t ∈ T1.

Let W,Ω be two topological spaces and (Ω,T2, σ)

be a semi-group dynamical system on Ω.

Recall that a triplet 〈W, ϕ, (Ω,T2, σ)〉 (or briefly

ϕ) is called a cocycle over (Ω,T2, σ) with the

fiber W , if ϕ is a mapping from T1 ×W ×Ω to

W satisfying the following conditions:

1. ϕ(0, x, ω) = x for all (x, ω) ∈ W ×Ω;

2. ϕ(t + τ, x, ω) = ϕ(t, ϕ(τ, x, ω), σ(τ, ω)) for all

t, τ ∈ T1 and (x, ω) ∈ W ×Ω;

3. the mapping ϕ is continuous.

Let X := W × Ω, and define the mapping π :

X × T1 → X by the equality: π((u, ω), t) :=

(ϕ(t, u, ω), σ(t, ω)) (i.e., π = (ϕ, σ)). Then it



is easy to check that (X,T1, π) is a dynamical

system on X, which is called a skew-product dy-

namical system; but h = pr2 : X → Ω is a homo-

morphism of (X,T1, π) onto (Ω,T2, σ) and hence

〈(X,T1, π), (Ω,T2, σ), h〉 is a non-autonomous dy-

namical system.

From the presented above it follows that every

DI(M) (respectively, inclusion (8)) in a natu-

ral way generates a cocycle 〈W, ϕ, (Ω,Z+, σ)〉,
where Ω = C(Z+,M), (Ω,Z+, σ) is a dynami-

cal system of shifts on Ω and ϕ(t, x, ω) is the

solution of equation (9) issuing from the point

x ∈ W at the initial moment t = 0. Thus, we

can study inclusion (8) (respectively, DI(M)) in

the framework of the theory of cocycles with

discrete time.

Below we need the following result.

Theorem 3 [?] Let M be a compact subset of

C(W, W ) and 〈W, φ, (Ω,Z+, σ)〉 be a cocycle gen-

erated by DI(M). Then



1. Ω = Per(σ), where Per(σ) is the set of all

periodic points of (Ω,Z+, σ) (i.e. ω ∈ Per(σ),

if there exists τ ∈ N such that σ(τ, ω) = ω);

2. the set Ω is compact;

3. Ω is invariant, i.e., σtΩ = Ω for all t ∈ Z+;

4. ϕ satisfies the condition (10).

Chaotic attractors of discrete control

systems

In this Section we give the conditions of exis-

tence of chaotic attractor for discrete control

systems.

Denote by A the set of all mapping ψ : Z+ ×
R+ 7→ R+ possessing the following properties:

(G1) ψ is continuous;

(G2) there exists a positive number t0 such that:



(a) ψ(t0, r) < r for all r > 0;

(b) the mapping ψ(t0, ·) : R+ 7→ R+ is mono-

tone increasing.

(G3) ψ(t + τ, r) ≤ ψ(t, ψ(τ, r)) for all t, τ ∈ Z+ and

r ∈ R+.

Remark 4 1. Note that the functions ψ(t, r) =

N qtr (N > 0 and q ∈ (0,1)) and ψ(t, r) = r
1+rt

belong to A, where (t, r) ∈ Z+ × R+.

2. Let f : R+ 7→ R+ be a continuous function

satisfying the conditions:

1. f(r) < r for all r > 0;

2. f is monotone increasing.

Then the mapping ψ : Z+ × R+ 7→ R+ defined

by equality

ψ(t, r) = x(t)



for all (t, r) ∈ Z+ × R+, where x(t) is a unique

solution of difference equation xt+1 = f(xt) with

initial data x0 = r, belongs to A.

Let ψ ∈ A. A set M of operators from C(W, W )

is said to be ψ-contracting, if

ρ(fitfit−1
. . . fi1(x1), fitfit−1

. . . fi1(x2)) ≤ (11)

ψ(t, ρ(x1, x2))

for all x1, x2 ∈ W and t ∈ N, where fi1, fi2, . . . , fit ∈
C(W ) and i1, i2, . . . , it ∈ N.

The set S ⊂ W is

1. nowhere dense, provided the interior of the

closure of S is empty set, int(cl(S)) = ∅;

2. totally disconnected, provided the connected

components are single points;

3. perfect, provided it is closed and every point

p ∈ S is the limit of points qn ∈ S with qn 6= p.



The set S ⊂ W is called a Cantor set, provided

it is totally disconnected, perfect and compact.

The subset M of (X,T, π) is called chaotic, if

the following conditions hold:

1. the set M is transitive, i.e. there exists

a point x0 ∈ X such that M = H(x0) :=

{π(t, x0) : t ∈ T};

2. M = Per(π), where Per(π) is the set of all

periodic points of (X,T, π).

Recall that a point x ∈ X of the dynamical sys-

tem (X,T, π) is called Poisson’s stable, if x be-

longs to its ω-limit set ωx :=
⋂

t≥0
⋃

τ≥t π(τ, x).

Theorem 5 Suppose that the following condi-

tions are fulfilled:

a. M is a finite subset of C(W, W ), i.e., M :=

{f1, f2, . . . , fm} and m ≥ 2;



b. M is ψ-contracting for some ψ ∈ A.

Then the following statement hold:

1. the cocycle 〈W, ϕ, (Ω,Z+, σ)〉 (Ω := C(Z+,M))

generated by DI(M) is compactly dissipa-

tive;

2. the skew-product dynamical system (X,Z+, π)

generated by DI(M) is compactly dissipa-

tive;

3. I = Per(ϕ), where Per(ϕ) := {u ∈ W : ∃
τ ∈ N and ω ∈ Ω such that σ(τ, ω) = ω and

ϕ(τ, u, ω) = u};

4. if every map f ∈M is invertible, then

1. Levinson’s center J of the skew-product

dynamical system (X,Z+, π) is a chaotic

Cantor set;



2. there exists a residual subset J0 ⊆ J (large

in the sense of Baire category), consisting

from Poisson’s stable points, such that

the positive semi-trajectory of every point

x0 ∈ J0 is dense on J;

3. I = pr1(J) (pr1 : X → Ω, where I is the

Levinson’s center of cocycle ϕ and X :=

W ×Ω), i.e., I is a continuous image of

the Cantor set J.

Let M ⊂ C(W ), 〈W, ϕ, (Ω,Z+, π)〉 (respectively

(X,Z+, π) ) be a cocycle (a skew-product dy-

namical system) generated by DI(M) and let

I (J) be Levinson center of the cocycle ϕ (re-

spectively, skew-product dynamical system (X,Z+, π)).

The set I is said to be a chaotic attractor of

DI(M), if

1. the set J is chaotic, i.e. J is transitive and

J = Per(σ), where J is the Levinson cen-

ter of the skew-product dynamical system

(X,Z+, π) generated by DI(M);



2. I = pr1(J).

Remark 6 1. Theorem 5 it was proved in [?]

for the special case, when ψ(t, r) = N qt ((t, r) ∈
Z+ × R+, N > 0 and q ∈ (0,1)).

2. The problem of the existence of compact

global attractors for DI(M) with finite M (col-

lage or iterated function system (IFS)) was stud-

ied before in works [?, ?] (see also the bibliog-

raphy therein). In [?, ?] the statement close to

Theorem 5 was proved. Namely:

1. in [?] it was announced the first and proved

the second statement of Theorem 5, if ψ(t, r) =

qtr (t ∈ Z+ and q ∈ (0,1));

2. in [?] they considered the case when W is a

compact metric space and every map f ∈
M = {f1, f2, . . . , fp} (i = 1, . . . , p) is con-

tracting (not obligatory invertible). For this

type of DI(M) it was proved the existence

of a compact global attractor A such that

for all u ∈ A and almost all ω ∈ Ω (with



respect to certain measure on Ω) the trajec-

tory ϕ(t, u, ω) = U(t, ω)u (U(n, ω) :=
∏t

k=0 fik, (ik ∈
{1, . . . , m}) and fi0 := IdW ) was dense in A.

The problem of description of the structure of

the attractor I of DI(M) in general case (when

the maps f ∈M are not invertible) is more com-

plicated. We plan to study this problem in one

of our next publication.
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