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ABSTRACT. This paper is dedicated to the study of the G. Sell’s conjecture
for general non-autonomous dynamical systems. We give a positive answer for
this conjecture and we apply this result to different classes of non-autonomous
evolution equations: Ordinary Differential Equations, Functional Differential
Equations and Semi-linear Parabolic Equations.

1. INTRODUCTION

The aim of this paper is the study the problem of global asymptotic stability of
trivial solution for non-autonomous dynamical systems. We study this problem in
the framework of general non-autonomous dynamical systems (NDS).

Consider a differential equation
(1) ¥ = f(t,x) (f € C(Rx W,R")),

where R := (—o0,+00), R™ is a product space of n copies of R, W is an open
subset from R™ containing the origin (i.e., 0 € W), C(R x W,R"™) is the space of
all continuous functions f : R x W — R”™ equipped with compact open topology.
This topology is defined, for example [5, 15], by the following distance

+00
B 1 pe(f.9)
o(f9) = Z::?km

where pi(f, g) := max{|f(t,x)—g(t,x)| : (t,x) € [k, k] x Wy}, {W}} is a family of
compact subsets from W with the properties: Wy, C Wy forall k € N, U‘,::{ Wy, =
W, and |- | is a norm on R™. Denote by (C(R x W,R™),R, o) the shift dynamical
system [5, 15] on the space C(R x W,R™) (dynamical system of translations or
Bebutov’s dynamical system), i.e., o(t, f) := fr forall7 € Rand f € C(RxW,R"),
where f-(t,z) ;== f(t + 7,2) for all (¢,2) e R x W.

Below we will use the following conditions:

(A): for all (tg,z9) € Ry x W the equation (1) admits a unique solution
x(t;t9, xo) with initial data (tg,x0) and defined on R, := [0,400), i.e.,
z(to; to, To) = Zo;
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(B): the hand right side f is positively compact, if the set E;{ ={fr: TeR}}
is a relatively compact subset of C'(R x W, R");
(C): the equation
v =9(ty), (9€Q)
is called a limiting equation for (1), where Q is the w-limit set of f with
respect to the shift dynamical system (C(Rx W,R"),R,0), i.e., Q; :={g:
there exists a sequence {7} — +oo such that f;, — g as k — co};
(D): equation (1) (or its hand right side f) is regular , if for all p € H*(f) the
equation
y' =p(ty)
admits a unique solution (¢, xg,p) defined on R, with initial condition
©(0,9,p) = zo for all zg € W, where H"(f) := {f;: 7 € Ry} and by
bar is denoted the closure in the space C(R x W, R");
(E): equation (1) admits a null (trivial) solution, i.e., f(¢,0) =0 for all t € R;
(F): a function f satisfies to local (respectively, global) Lipschitz condition, if
there exists a function L : Ry +— R, (respectively, a positive constant L)
such that
|f(t,@1) = f(t, 22)| < L(r)|21 — a2
(vespectively, |f(t,x1) — f(t,22)] < L|zg — x2|) for all t € Ry and x71, 22 €
W with |z1], |z2| < r for all » > 0 (respectively, for all 21,25 € W).

The trivial solution of equation (1) is said to be:

(i) uniformly stable, if for all positive number ¢ there exists a number 6 = §(¢)
(6 € (0,€)) such that |x| < § implies |¢(t, x, f;)] < e for all t,7 € Ry;
(ii) wniformly attracting, if there exists a positive number a

Jim ot 7, ) = 0

uniformly with respect to |z] < a and 7 € Ry;
(iii) wniformly asymptotically stable, if it is uniformly stable and uniformly
attracting.

G. Sell’s conjecture ([15, Ch.VIII,p.134]). Let f € C(R x W,R"™) be a regular
function and f be positively pre-compact. Assume that W contains the origin 0
and f(¢,0) =0 for all t € Ry. Assume further that there exists a positive number
a such that

Jim e(t 2, 9)[ =0

takes place uniformly with respect to |z| < a and g € Q¢. Then the trivial solution
of (1) is uniformly asymptotically stable.

The positive solution of G. Sell’s conjecture was obtained by Z. Artstein [1] and
Bondi P. et al [2].

Remark 1.1. 1. Bondi P. et al [2] proved this conjecture under the additional
assumption that the function f is local Lipschitzian.

2. Artstein Z. [1] proved this statement without Lipschitzian condition. In reality
he proved a small more general statement. Namely, he supposed that only limiting
equations for (1) are regular, but the function f is not obligatory regular.
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3. It is well known (see, for example,[11]) that for a wide class of ordinary differential
equations (ODEs) the notions of uniform asymptotic stability and the notion of
stability in the sense of Duboshin (total stability or stability under the perturbation)
are equivalent. There is a series of works (see, for example,[2],[8],[10],[12]-[14], [16]-
[17] and the references therein), where the authors study the analog of G. Sell’s
problem for total stability.

In this paper we will formulate G. Sell’s conjecture for the abstract NDS. We
will give a positive answer to this conjecture and we will apply this result to dif-
ferent classes of evolution equations: infinite-dimensional differential equations,
functional-differential equations and semi-linear parabolic equations .

The paper is organized as follows.

In Section 2, we collect some notions (global attractor, stability, asymptotic stabil-
ity, uniform asymptotic stability, minimal set, point/compact dissipativity, recur-
rence, shift dynamical systems, etc) and facts from the theory of dynamical systems
which will be necessary in this paper.

Section 3 is devoted to the analysis of G. Sell’s conjecture. In this Section we
formulate an analog of G. Sell’s conjecture for cocycles and general NDS.

In Sections 4 we establish the relation between different types of stability of NDS.
We prove that from uniform attractiveness it follows uniform asymptotic stability
(Theorem 4.1). It is proved that for asymptotically compact dynamical system
asymptotic stability and uniform asymptotic stability are equivalent (Theorem 4.3).
The main results of this Section are Theorem 4.7 and Corollary 4.9 which contain
s positive answer to G. Sell’s conjecture for general NDS.

Finally, Section 5 contains some applications of our general results from Sections 2-4
for Ordinary Differential Equations (Theorem 5.1), Functional-Differential Equa-
tions (Theorem 5.5) and semi-linear parabolic equations (Theorem 5.7).

2. COMPACT GLOBAL ATTRACTORS OF DYNAMICAL SYSTEMS

Let X be a topological space, R (Z) be a group of real (integer) numbers, Ry (Z)
be a semi-group of the nonnegative real (integer) numbers, S be one of the two
sets R or Z and T C S be one of the sub-semigroups R (respectively, Z,) or R
(respectively, Z).

A triplet (X, T, 7), where 7 : T x X — X is a continuous mapping satisfying the
following conditions:
(2) m(0,7) = @;

(3) m(s,m(t,x)) = mw(s+t,x);

is called a dynamical system. If T = R (R}) or Z (Z4), then (X, T,n) is called
a group (semi-group) dynamical system. In the case, when T = Ry or R the
dynamical system (X, T, ) is called a flow, but if T C Z, then (X, T, 7) is called a
cascade (discrete flow).

Below X will be a complete metric space with the metric p.
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The function 7(-,z) : T — X is called a motion passing through the point x at
moment ¢t = 0 and the set 3, := (T, z) is called a trajectory of this motion.

A nonempty set M C X is called positively invariant (negatively invariant, in-
variant) with respect to dynamical system (X, T, ) or, simple, positively invariant
(negatively invariant, invariant), if =(t, M) C M (M C =(t, M), n(t, M) = M) for
every t € T.

A closed positively invariant set (respectively, invariant set), which does not contain
own closed positively invariant (respectively, invariant) subset, is called minimal.

Let M C X. The set
w(M) := ﬂ U?T(T,M)
t>0712>1

is called w-limit for M.

The set W*(A), defined by equality
W3 (A) :={z € X| . lir+n p(m(t,x), A) =0}

is called a stable manifold of the set A C X.
The set M is called:

- orbital stable, if for every € > 0 there exists 6 = d(¢) > 0 such that
p(x, M) < 6 implies p(m(t,x), M) < ¢ for all ¢t > 0;

- attracting, if there exists v > 0 such that B(M,vy) C W#(M), where
B(M,y):={z e X : p(z, M) <~}

- asymptotic stable, if it is orbital stable and attracting;

- global asymptotic stable, if it is asymptotic stable and W*(M) = X;

- uniform attracting, if there exists v > 0 such that

lim  sup p(w(t,x), M) =0.
tﬂ+wz€BMLﬂ

The system (X, T, ) is called:

point dissipative if there exist a nonempty compact subset K C X such
that for every z € X
(4) lim p(n(t,x), K) = 0;
t——+o0
— compactly dissipative if equality (4) takes place uniformly with respect to
x on the compact subsets from X;
— locally dissipative if for any point p € X there exist §, > 0 such that
equality (4) takes place uniformly with respect to z € B(p,d,);
— bounded dissipative if equality (4) takes place uniformly with respect to x
on every bounded subset from X;
— local completely continuous (compact) if for all point p € X there are two
positive numbers 6, and I, such that the set w(l,, B(p,d,)) is relatively
compact.
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Let (X, T, ) be compactly dissipative and K be a compact set attracting every
compact subset from X. Let us set

(5) J=w(K) == K).

t>0 7>t

It can be shown [5, Ch.I] that the set J defined by equality (5) doesn’t depends
on the choice of the attractor K, but is characterized only by the properties of
the dynamical system (X, T, ) itself. The set J is called a Levinson center of the
compactly dissipative dynamical system (X, T, 7).

Denote by
DY (M) = () |J{=(t, B(M,e))|t > 0},
e>0
JH(M) := ﬂ m U{TF(T,B(M, e))|r > t},
e>0t>0

D} .= Dt ({z}) and J} := J*({x}).

T

Lemma 2.1. Let (X,T,7) be a dynamical system and x € X be a point with
relatively compact semi-trajectory X3 := {mw(t,xz) : t > 0}. Then the following
statements hold:

(i) the dynamical system (X, T,n) induces on the H (z) := f: a dynamical
system (HT(x), Ty, m), where by bar is denoted the closure of ¥} in the
space X ;

(ii) the dynamical system (H(x), Ty, 7) is compactly dissipative;

(iil) Levinson center Jy+ () of (HT (x), Ty, ) coincides with w-limit set w, of
the point x.

Proof. The first and second statements are evident. Now we will establish the
equality Jy+(y) = we. It is clear that w, C Jpy+(y) because w, C HY(x) is a
compact and invariant subset of (Ht(z),T,,n). To finish the proof of Lemma
it is sufficient to show that Jy+(,) C wz. Let y € w,, then there are sequences
{z,} € H*(z) and {t,} C T, such that t,, — oo and {7 (t,,z,)} — y as n — oo.
Logically two cases are possible:

(i) there exists a subsequence {z,,} C {z,} such that {z,, } C X}. This
means that there is a sequence {s;} C Ty such that z,, = 7(sk,z)) and,
consequently, we have
y= lim 7w(tn,,Zn,) = Um 7(tn,,7(sk,z)) = lim 7(t,, + sk, ).

k—o0 k—o0 k—oo
Since si + t,, — 00 as k — oo, then y € w,.

(ii) there exists a subsequence {z,,} C {z,} such that {z,,} C w, and,
consequently, w(ty, ,zn,) € w, for all k& € N. Since the set w, is invariant
and closed, then y also belongs to w,.

Lemma is completely proved. (I
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3. G. SELL’S CONJECTURE FOR NON-AUTONOMOUS DYNAMICAL SYSTEMS

Let T; C T9 C T be two sub-semigroups of S and ((Y, T3, o) be a dynamical system
on metric space Y. Recall that a triplet (W, p, (Y, T, 0)) (or shortly ¢), where W
is a metric space and ¢ is a mapping from T; x W x Y into W, is said to be a
cocycle over (Y, To, o) with the fiber W, if the following conditions are fulfilled:

(i) ¢(0,u,y) =uforallu e Wandy €Y;
(i) @(t+7u,y) = @(t,o(t,u,y),0(r,y)) for all t,7 € Ty, u € W and y € Y;
(iii) the mapping ¢ : T; x W x Y — W is continuous.

Example 3.1. (Bebutov’s dynamical system) Let X, W be two metric space.
Denote by C(T x W, X) the space of all continuous mappings f : T x W — X
equipped with the compact-open topology and ¢ be the mapping from T x C(T x
W, X) into C(T x W, X) defined by the equality o(7, f) := f, for all 7 € T and
f e C(TxW,X), where f, is the T-translation (shift) of f with respect to variable
t,ie., fr(t,x) = f(t+7,2) for all (¢,2) € T x W. Then [5, Ch.I] the triplet (C(T x
W, X), T, o) is a dynamical system on C(T x W, X) which is called a shift dynamical
system (dynamical system of translations or Bebutov’s dynamical system).

A function f € C(T x W, X) is said to be recurrent with respect to time ¢t € T
uniformly with respect to spacial variable x € W on every compact subset from
W, if f € C(T x W, X) is a recurrent point of the Bebutov’s dynamical system
(C(TxW,X),T,o).

Example 3.2. Consider differential equation (1) with regular second right hand
f € C(R x W,R"), where W C R™. Denote by (H"(f),Ry,0) a semi-group
shift dynamical system on H*(f) induced by Bebutov’s dynamical system (C(R x
W,R"),R, o), where H"(f) := {f.: 7 € Ry}. Let (t,u,g) a unique solution of
equation
v =g(ty), (g€ H(f)),

then from the general properties of the solutions of non-autonomous equations it
follows that the following statements hold:

(i) »(0,u,g) =wu for allu € W and g € H*(f);
(i) @(t+7,u,9) =@t o(r,u,9), ;) forall t, 7 € Ry, u € Wand g € H*(f);
(iii) the mapping ¢ : Ry x W x Ht(f) — W is continuous.

From above it follows that the triplet (W, o, (HT(f),Ry,0)) is a cocycle over
(H*(f), Ry, o) with the fiber W C R™. Thus, every non-autonomous equation (1)
with regular f naturally generates a cocycle which plays a very important role in
the qualitative study of equation (1).

Suppose that W C E, where E is a Banach space with the norm |- |, 0 € W (0
is the null element of E) and the cocycle (W, ¢, (Y, Ts,0)) admits a trivial (null)
motion/solution, i.e., ¢(¢,0,y) =0 for allt € T; and y € Y.

The trivial motion/solution of cocycle ¢ is said to be:

(i) uniformly stable, if for all positive number e there exists a number 6 = §(¢)
(0 € (0,¢)) such that |u| < § implies |p(¢,u,y)| < e forallt >0andy € Y;
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(ii) wniformly attracting, if there exists a positive number a such that
(6) i et u,y)| =0

uniformly with respect to |u| < a and y € Y;
(iii) wniformly asymptotically stable, if it is uniformly stable and uniformly
attracting.

G.Sell’s conjecture for cocycle. Suppose that (W, ¢, (Y,Ts,0)) is a cocycle
under (Y, To, o) with the fiber W and the following conditions are fulfilled:

(ii) the space Y is compact;

(iii) there exists a positive constant a such that (6) takes place uniformly with
respect to |u| < a and y € Jy, where Jy is Levinson center (maximal com-
pact invariant set) of compactly dissipative dynamical system (Y, Ta, 0);

(

(i) the cocycle ¢ admits a trivial motion/solution;
)
)

Recall [5] that a triplet (X, Ty, ), (Y, Tq, o), h) is said to be a NDS, where (X, Ty, 7)
(respectively, (Y, T9,0)) is a dynamical system on X (respectively, V) and h is an
homomorphism from (X, Ty, ) onto (Y, T, o).

Below we will give some examples of nonautonomous dynamical systems which play
a very important role in the study of nonautonomous differential equations.

Example 3.3. (NDS generated by cocyle.) Note that every cocycle (W, ¢,
(Y, T, o)) naturally generates a NDS. In fact. Let X := W x Y and (X, Ty, )
be a skew-product dynamical system on X (i.e., 7(t,z) := (¢(t,u,y),0(t,y)) for
all t € Ty and x := (u,y) € X), then the triplet ((X,Ty,n), (Y, Ty, 0),h), where
h :=pro : X — Y is the second projection (i.e., h(u,y) = y for all u € W and
y€Y),isa NDS.

Example 3.4. (NDS generated by tangent flow.) Let M be a compact dif-
ferentiable manifold and (M,R, o) be a differentiable flow on M. Denote by TM
the tangent bundle of M and by Do : R x TM — T M the derivative flow on T'M:
ifx:=(u,y) € TM, ie., u e T,M (T,M is the tangent space for M at the point
y € M), then 7(t, (u,y)) := (Dot(y)u,o'(y)) (where o'(y) := o(t,y) for all t € R
and y € Y). The triplet (TM,R,7),(M,R,0),h), where h : TM — M is the
natural projection (h(u,y) :=y for all y € Y and v € T,M), is a nonautonomous
dynamical system.

Example 3.5. (NDS generated by equation (1) with non-regular right
hand side.) Let f € C(R x W,R"™) be a local Lipschitzian function and consider
a differential equation (1). Let Y = H(f) := {f, : 7 € R} and by bar is denoted a
closure in the space C'(R x W,R™) and (Y, R, o) be a shift dynamical system on Y.
Denote by X the set of all points z := (u,g) € W x Y such that the equation

(7) v =y(ty)

admits a (unique) solution (¢, u, g) defined on R, with initial data ¢(0,u, g) = u.
Now we define a mapping 7 : Ry x X — X by the following way: =(7, (u,g)) :=
(p(r,u,9),9-) for all 7 € Ry and (u,g) = 2 € X. From the general properties of
solutions of ODEs it follows that the triplet (X,R4,7) is a semi-group dynamical
system. Note that a triplet ((X,R4,7), (Y,R,0),h), where h : X +— Y is the second
projection, is a nonautonomous dynamical system generated by equation (1).
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Remark 3.6. 1. Note that the NDS in Example 3.4 (respectively, Example 3.5) is
not generated by a cocycle.

2. Equation (1) from Example 3.5, generally speaking, is not regular because we
suppose the uniqueness of Cauchy problem for (1) (the function f is local Lip-
schitzian), but we do not suppose the existence on the all space W. As a conse-
quence we obtain that the bundle space (X, h,Y), figuring in Example 3.5, is not
trivial.

Let (X, h,Y’) be a vectorial bundle. Denote by 6, the null element of the vectorial
space X, :={z € X : h(z) =y} and © := {0, : y € Y} is the null section and of
(X,h,Y).

A vectorial bundle (X, h,Y is said to be local trivial with fiber F' if for every point
y € Y there exists a neighborhood U of the point y (U is an open subset of ¥
containing y) such that h=*(U) and U x F are homeomorphic, i.e., there exists an
homeomorphism « : h=1(U) +— U x F (trivialization).

Lemma 3.7. Let (X, h,Y) be a vectorial bundle and © be its null section. Suppose
that the following conditions hold:

(i) the spaceY is compact;
(i) the vectorial bundle (X, h,Y") is local trivial.

Then the trivial section © is compact.

Proof. Let Y be compact and y € Y. Since (X, h,Y) is trivial, then there exists a
neighborhood U, of the point y such that h_l(Uy) and Uy x I’ are homeomorphic.
Let {6y, } be an arbitrary sequence from ©. We will prove that from {6,, } can be
extracted a convergent subsequence. In fact, since the space Y is compact then
without loss of generality we may suppose that the sequence {yi} converges to
Yo € Y and, consequently, there exists a natural number ko such that vy, € Uy, for
all k > kg. Denote by « the homeomorphism (trivialization) between h~!(U,,) and
Uy, x F, then 6,, = a™'(yx,0) (0 is the null element of the vectorial space F) for
all k > ko and, consequently, 6,, — 8,, as k — oo. ([l

Consider a NDS ((X, Ty, 7), (Y, To,0), h) on the vectorial bundle (X, h,Y"). Every-
where in this paper we suppose that the null section © of (X,h,Y) is a positively
invariant set, i.e., w(¢,0) € © for all 6 € © and t > 0 (¢t € Ty).

The null (trivial) section © of NDS ((X, Ty, 7), (Y, T2, o), h) is said to be:

(i) uniformly stable, if for every € > 0 there exists a 6 = §(¢) > 0 such that
|z| < d implies |7(t,z)| < e for allt >0 (¢t € Ty);
(ii) attracting, if there exists a number v > 0 such that B(O,v) C W*(O),
where B(O,v) :={z € X| |z| <v};
(iii) wniform attracting, if there exists a number v > 0 such that

, li+m sup{|r(t,z)| : |z| < v} =0;

(iv) asymptotically stable (respectively, uniformly asymptotically stable) if, ©
is uniformly stable and attracting (respectively, uniformly attracting).
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Let (Y, T2, 0) be a compactly dissipative dynamical system, Jy its Levinson center
and ((X,Ty,n), (Y, Ta,0), h) be a NDS. Denote by X := h=1(Jy) = {z € X :
h(z) =y € Jy}, then evidently the following statements are fulfilled:

(i) X is closed;
(i) m(t,X) C X for all t € T; and, consequently, on the set X is induced by
(X, Ty, 7) a dynamical system (X,Tl,ﬂ'));
(iii) the triplet ((X,Ty,7), (Jy,Ta, o), h) is a NDS.

G.Sell’s conjecture for NDS. Suppose that (X, Ty, n), (Y, Te,0),h) is a NDS
and the following conditions are fulfilled:

(i) the null/trivial section © of (X, h,Y) is a positively invariant set;
(ii) the space Y is compact;
(iii) the null section © of the NDS ((X,Ty,n), (Jy, Ty, o), h) is uniformly
attracting.

Then the trivial section © of NDS (X, Ty, 7), (Y, Ty, o), h) is uniformly asymptot-
ically stable.

One of the main goal of this paper is a positive answer to G.Sell’s conjecture for
general NDS (Corollary 4.9).

4. RELATION BETWEEN DIFFERENT TYPES OF STABILITY FOR NDS

In this Section we establish the relation between different types of stability of NDS.
In particular, it is proved that for asymptotically compact dynamical system as-
ymptotic stability and uniform asymptotic stability are equivalent (Theorem 4.3).
The main results of this Section are Theorem 4.7 and Corollary 4.9 which contain
s positive answer to G. Sell’s conjecture for general NDS.

Theorem 4.1. Let Y be compact. If the null section © of non-autonomous dynam-
ical system ((X,Tq1,7), (Y,Te,0), h) is uniformly attracting, then it is uniformly
asymptotically stable.

Proof. To prove this statement it is sufficient that under the condition of Theorem,
the null section © is uniformly stable. Let r be a positive number such that

(8) lim sup |7(t,z)| =0.

t—+o0 |m\§r

If we suppose that under the condition of Theorem the set © is not uniformly stable,
then there are 9 > 0, |x,| < 1/n and ¢, > n such that

(9) |7 (tn, 2n)| = €0

for all n € N. On the other hand from (8) we have for any 0 < € < €¢/2 a positive
number L = L(g) such that

(10) |m(t,z)| < e

for all |z| < r and t > L(e). For sufficiently large n € N (n > max{L, r~'}) we
have |z,| < r and, consequently, from (10) we obtain

(11) |7 (tn, 2n)| < € < e0/2.
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Inequalities (9) and (11) are contradictory. The obtained contradiction completes
the proof of Theorem. O

Remark 4.2. 1. Note that Theorem 4.1 remains true without assumption of the
compactness of Y.

2. By Theorem 4.1, if © is uniformly attracting, then it is uniformly asymptotically
stable.

3. It is evident that from uniform asymptotic stability of © it follows its asymptotic
stability. The converse statement, generally speaking, is not true (see, for example,
[5, Ch.I] Example 1.8).

Theorem 4.3. Suppose that the following conditions are fulfilled:

(i) the space Y is compact;
(i) the null section © is asymptotically stable;
(iii) the dynamical system (X, Ty, ) is asymptotically compact.

Then the null section © is uniformly asymptotically stable.

Proof. By Lemma 3.7 the trivial section © is a compact positively invariant set.
Since the null section O is asymptotically stable, then there exists a positive number
d such that B(©,d) C W*(©). Let u be a positive number such that |7 (¢, z)| < ¢ for
all x € X with |2| < p and ¢ > 0. Consider the set M := {w(t,z) : |z| < p, t > 0}.
It is cleat that M is bounded and positively invariant. Since the dynamical system
(X, Ty, 7) is asymptotically compact, then there exists a nonempty compact set K
from X such that
lim B(n(t,M),K) =0,
t——+o0

where 3(A, B) := sup p(a, B) and p(a, B) := binlf? p(a,b). According to Lemma 1.3
a€A €

[5, Ch.I] the set (M) is compact, invariant and

(12) i 3((t, M), (M) = 0.

where (s, M) := {m(s,z) : = € M}. It is clear that Q(M) C M C W*(O).

According to Theorem 1.37 [5, Ch.I] the set 2(0) C © is a maximal compact
invariant set of dynamical system (X, Ty, 7) in W#(©) and, consequently,

(13) QM) C Q) Cco.
From (12) and (13) it follows that

lim sup |w(t,z)| =0.
t_)+°°|wlﬁu‘( )

Indeed, if we suppose that it is not true, then there are g9 > 0, {z,,} with |z,| < u
and t,, — +o00o such that
(14) |7 (tn, Tn)| > €0

for all n € N. According to Lemma 1.3 [5, Ch.I] the sequence {7 (¢, x,)} is rela-

tively compact and, consequently, without loss of generality we can suppose that

{m(tn,xn)} is convergent. We denote by z := lim 7 (¢, x,), then from (14) we
n—oo
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obtain |Z| > &y > 0. On the other hand z € Q(M) C © and, consequently, |Z| = 0.
The obtained contradiction proves our statement. The theorem is proved. O

Directly from Theorem 4.3 it follows the following statement.

Corollary 4.4. Suppose that the following conditions are fulfilled:

(i) the space Y is compact;
(ii) the null section © is globally asymptotically stable;
(iii) the dynamical system (X, Ty, ) is asymptotically compact.

Then the null section © 1is globally uniformly asymptotically stable.

Corollary 4.5. Suppose that the following conditions are fulfilled:

(i) the space'Y is compact;
(i) the null section © is asymptotically stable;
(iii) one of the following two conditions hold:
a. the dynamical system (X, Ty, m) is completely continuous;
b. the fiber bundle (X, h,Y) is finite-dimensional.

Then the null section © is uniformly asymptotically stable.

Proof. This statement it follows from Theorem 4.3. Indeed, condition a. (or b.)
implies the asymptotically compactness of the dynamical system (X, Ty, 7) and now
it is sufficient to apply Theorem 4.3. O

From Theorem 4.1 and Theorem 4.3 we have.

Corollary 4.6. Suppose that the following conditions are fulfilled:

(i) the space Y is compact;
(ii) the null section © is asymptotically stable;
(iii) the dynamical system (X, Ty, 7) is asymptotically compact.

Then the null section © is uniformly asymptotically stable if and only if it is a
uniform attracting set.

Theorem 4.7. Let (X, Ty, x), (Y, T2,0), h) be a NDS. Suppose that the following
conditions are fulfilled:

i) the dynamical system (X, Ty, ) is locally compact;
ii) the trivial section © of (X, h,Y) is positively invariant;

) the trivial section © of NDS <(X,T1,7T), (Jy,Ta,0), h) is uniformly at-
tracting.

1) the space Y is compact;
(i) i4 pact;
(i

(i

(iv

Then the trivial section © of non-autonomous dynamical system (X, Ty, 7), (Y, Ta, o),
h) is uniformly stable.
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Proof. Since © is uniformly attracting with respect to NDS (X, Ty, 7), (Jy, Ta,0),
h), then there exists a positive number & such that

(15) Jimsup{|n(t,2)[: |2| <é, x € X} =o.

According to local compactness of the dynamical system (X, Ty, 7) for all y €
Y there exists a positive number [, such that the set n(l,, B[f,, &|) is relatively
compact, where Blz,d] := {z € X : |z| < J§}. By Lemma 3.7 the trivial section ©
is compact, then from the covering {B[f,,a] : y € Y} of © we can extract a finite
sub-covering {B[f,,,&] : ¢ =1,2,...,m}. Put | :=max{l,, : i =1,2,...,m}, then
the set 7(l, B(©,«a)) is relatively compact, where a € (0, &) such that B(©,«a) C
Uzr’il B[gyw d]'

Now we will show that for arbitrary ¢ € (0, ) there exists a number d(¢) € (0,¢)
such that |x| < 0 implies |7 (t,z)| < € for all t > 0 (¢ € Ty). If we suppose that
it is not true, then there are ¢y € (0, a), a sequence 0 < d,, — 0 as n — +oo and
t, — +oo such that

|Zn] < 6ny |T(tn, n| = €0 (if the time Ty is continuous, i.e., Ry C Ty)

or
|7(tn + 1, 25)| > €0 (if the time T is discrete, i.e., Ty C Z)
and
|7 (t, )| < eo for all ¢ € [0, ¢,].
Denote by Z,, := 7(tn, z,) and &, := 7(l,Z,). According to choose of the number
[, the sequence {Z,, } is relatively compact. Let v, be a continuous mapping defined
on S with the values from X, defined by equality

o w(sH I+t xn) =7(s,8p), s>-1—1t,
Tn(s) = { T, s< =l —t,.

The sequence {~,} is relatively compact with respect to compact-open topology. In
fact, to establish this fact it is sufficient to show that for all » > 0 the sequence {p,, },
where ¢, (t) := v, (t) for all t € [—r,r|, satisfies the conditions of Arcela-Ascoly
theorem. This means that there exists a compact K, C X that ¢, ([-r,7]) C K,
for all n € Nand {p,,} is equi-continuous on [—r,7]. Since t,, — 400 asn — oo, then
for the given r > 0 there exists a number ng € N such that [—r,r] C [-r—I—t,, +00)
for all n > ng. Since v, ([—r,7]) C w(l, B[©, &]), then in the quality of K, we can
take the set w(l, B[©,a]) UM, where M := [J:°, vi([-7,7]). Now we will show
that for arbitrary e > 0 there exists a 6 = d(¢) > 0 such that |s; — s3] < 0 implies
plpn(s1), pn(s2)) < e. If we suppose that it is not true, then there are g9 > 0,
0 <8, — 0and s, € [-r,r] (i =1,2) such that

(16) p(@n(sn),n(s7)) = <o.

From (16) we have

(17) p(r(sh +1+tn, 2n), 7(s% + 1+ tn,2,)) > €0

for all n > ng. Without loss of generality we can suppose that the sequence {z,,} is
convergent. Denote by & := nlgr;o T, and st = nlirr;o st (i=1,2). Since |s} — s2| <

8n, then st = s2. Passing into limit in (17) as n — oo we obtain

0= p(r(s* +r,&),7(s> +r,&) > eo.
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The obtained contradiction proves our statement. Thus the sequence {7,} is rel-
atively compact in the compact-open topology. Without loss of generality we can
suppose that the sequence {v,} converges. Denote by 7 the limit of {v,}, then
according to Theorem 1.3.5 [6] v is an entire trajectory of (X, Ty, ) with v(0) = .
On the other hand we have

(18) (=Dl = lim_pya(~D)] = lim_r(tn, 22| = 20 > 0,
if the time T, is continuous and
(19) y(=D[ = lim |yp(=0)] = lim [7(tn + 1,20)| > €0 > 0,

if the time Ty is discrete. Thus we have y(—1)| > €9 > 0, i.e., the entire trajectory
v of (X, Ty, n) is not trivial. It easy to see that under the conditions of Theorem

(20) () < a

for all s < —I. On the other hand from (15) it follows that for eg > 0 there exists
a positive number L = L(gg) such that

(21) |7(t, )] < eo/2
for all t > L and |z| < &. Let top > L, then from (18)-(21) we obtain
0 < 20 < (=1)] = m(to, 1 (~to — )| < c0/2.

The obtained contradiction complete the proof of Theorem. O

Remark 4.8. 1. Note that the assumption of the compactness of Y plays a very
important role in the proof of Theorem 4.3 and Theorem 4.7. Probably these The-
orems remain true if we replace this condition by the weaker one: the dynamical
system (Y, To,0) is compactly dissipative. But it is an open problem.

2. Theorem 4.7 remains true:

(i) if we replace the condition of uniform attraction of © by the following:
there exists a positive number & such that for all compact subset K C
B[O, &) we have

lim sup{|n(t,z)|: x € K} =0;
t——+o0o

(ii) if we replace the condition of local compactness for (X, Ty,w) by the fol-
lowing: there are positive numbers o and | such that the set w(l, B(©,a))
18 relatively compact.

Corollary 4.9. Under the conditions of Theorem 4.7 the trivial section © of NDS
(X, Ty, m), (Y, To,0),h) is uniformly asymptotically stable.

Proof. To prove this statement it is sufficient to show that © is attracting. Accord-
ing to Theorem 4.7 there are positive constants a and [ such that the set 7' B(0, )
is relatively compact. Let eg € (0, ] and a := d(gg) > 0 (without loss of generality
we can suppose that a < min{a, &}, where & is a positive number figuring in Corol-
lary 4.9) be a positive number from uniform stability of ©, then |7 (¢, z)| < a for all
t > 0 and |z > a. Thus the positive semi-trajectory X} with |z| < a is relatively
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compact. Now it is easy to see that . lir+n |7(t,x)] = 0. In fact. If we suppose that
— T 00

it is not true, then there exist €y > 0, 0 < |z¢| < @ and t,, — +00 such that

(22) |7 (tn, z0)| > €o-

Since the sequence {7 (t,,x0)} is relatively compact, then we can suppose that it
converges. Denote by Zg its limit. Passing into limit in (22) as n — +o00 we obtain

(23) 70| > €0 > 0.

Note that 2 is an w-limit point for xy. Taking into account that the w-limit set wy,
is a nonempty, compact invariant set, then there exists an entire motion v € ®z, ()
such that |y(s)] < a < & for all s € S and we will have
(24) €0 < [To| = |w(t, (=) < sup |[r(t, z)

z€H ()
for all t > 0, where H(vy) := {v(s): € S} is a compact subset of wy,. Passing
into limit in (24) and taking into account Remark 4.8 we receive £y < 0. The last

inequality contradicts to (23). The obtained contradiction proves our statement.
d

Remark 4.10. 1. Note that Corollary 4.9 gives a positive answer to G.Sell’s
congecture for local-compact NDS.

2. Application this result (Corollary 4.9) to ODFEs (classical G. Sell’s conjecture
[15, Ch.VIIIL,p.134]) we give below (Theorem 5.1 and its proof).

5. SOME APPLICATIONS

5.1. Ordinary differential equations. Let E be a Banach space with the norm
|- |, W be an open subset of E and 0 € W. Denote by C(S x W, E) the space of all
continuous mappings f : S x W — FE equipped with the compact open topology.
On the space C(Sx W, E) it is defined a shift dynamical system [5, ChI] (dynamical
system of translations or Bebutov’s dynamical system) (C(Sx W, E),S, o), where o
is a mapping from S x C(S x W, E) onto C(S x W, E) defined as follow o (7, f) := f;
for all (7, f) € Sx C(S x W, E), where f, is the 7-translation of f with respect
to time ¢, i.e., fr(t,x) := f(t+ 7, ) for all (t,z) € S x W. Consider a differential
equation

(25) u = f(t,u),
where f € C(R x W, E).
If the function f is regular, then the equation (25) naturally defines a cocycle

(W, o, (HT(f),Ry,0)), where (HT(f),R,,0) is a (semi-group) dynamical system
on H*(f) induced by Bebutov’s dynamical system.

Applying the general results from Sections 2-4 we will obtain a series of results for
equation (25). Below we formulate some of them.

Denote by Qs := {g € H"(f) : there exists a sequencer,, — +o0o such that g =
lim f; } the w-limit set of f.
n—oo
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Theorem 5.1. Assume that the following conditions are fulfilled:

(i) the function f is regular;

(ii) the set HT(f) is compact;

(iii) f(t,0) =0 for allt € Ry;

(iv) There exists a neighborhood U of the origin 0 and a positive number | such
that the set o(1,U, HY(f)) is relatively compact;

(v) there exists a positive number a such that

(26) lim sup  |o(t,v,9)| =0.
t=40 14| <a,9€95

Then the null solution of equation (25) is uniformly asymptotically stable.

Proof. Consider the dynamical system (H*1(f),R4,0). Since the space HT(f)
is compact, then (HT(f),R,,0) is compactly dissipative and its Levinson cen-
ter (maximal compact invariant set) Jg+ (s evidently coincides with w-limit set
Qs of f. Let Y := H'(f) and (Y,Ry,0) be the shift dynamical system on
Y. Denote by X := W x Y and (X,R;,n) the skew-product dynamical sys-
tem generates by (Y,R,, o) and cocycle o, i.e., w(t, (v, g)) := (p(t,v,9),0(t, g)) for
all t € Ry and (v,9) € X. Now consider a non-autonomous dynamical system
(X,Ry,m), (Y,Ry,m),h) (h:= prg) associated by equation (25). It easy to verify
this NDS posses the following properties:

(i) by Lemma 2.1 the dynamical system (Y,R,, o) is compactly dissipative
and its Levinson center Jy coincides with €;
(ii) the null section © of ((X,R4,7), (Y,R4,m), h) coincides with {0} x Y;
(iii) © is a positively invariant subset of (X, R, m);
(iv) according to (26) the null section © of NDS ((X,Ry,7), (Jy,Ry,0),h)
is uniformly attracting because |7 (t,z)| = |p(t,v,g)| for all ¢ € R, and
z:=(v,9) € X.

Now to finish the proof it is sufficient to apply Corollary 4.9. O

Remark 5.2. If the space E is finite-dimensional, then Theorem 5.1 coincides with
the result of Artstein Z. [1] and Bondi P. et all [2] because in this case the cocycle
@ associated by equation (25) is local compact.

5.2. Functional differential-equations. We will apply now the abstract theory
developed in the previous Sections to the analysis of a class of functional differential
equations.

5.2.1. Functional-differential equations (FDEs) with finite delay. Let us first recall
some notions and notations from [9]. Let » > 0, C([a,b],R™) be the Banach
space of all continuous functions ¢ : [a,b] — R™ equipped with the sup—norm. If
[a,b] = [-7,0], then we set C, := C([-r,0[,R"). Let 0 € R, A > 0 and u €
C([o —r,o0 + A],R™). We will define u, € C, for all t € [0,0 + A] by the equality
ut(0) ;= u(t+6), —r <0 < 0. Consider a functional differential equation

(27) = f(t,u),

where f : R x C,. — R" is continuous.
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Denote by C(R x C,R™) the space of all continuous mappings f : R x C — R”"
equipped with the compact open topology. On the space C(R x C,R"™) is defined
(see, for example, [5, Chl]) a shift dynamical system (C'(R x C,R™),R, o), where
o(r,f) == fr forall f € C(RxC,R") and 7 € R and f; is 7-translation of f, i.e.,
fr(t, @) = f(t+7,9¢) for all (t,¢) € R x C.

Let us set HT(f) := {fs : s € R, }, where by bar we denote the closure in C'(R x
C,R™).

Along with the equation (27) let us consider the family of equations
(28) 0= g(t,v),
where g € HT(f).

Below, in this subsection, we suppose that equation (27) is regular.

Remark 5.3. 1. Denote by @(t, u, f) the solution of equation (27) defined on R4
(respectively, on R) with the initial condition ¢(0,u, f) = u € C,, i.e., p(s,u, f)
= u(s) for all s € [-r,0]. By ¢(t,u, f) we will denote below the trajectory of
equation (27), corresponding to the solution @(¢,u, f), i.e., the mapping from R
(respectively, R) into C,, defined by (¢, u, f)(s) := @(t + s,u, f) for all t € Ry
(respectively, t € R) and s € [—r,0].

2. Due to item 1. of this remark, below we will use the notions of “solution” and
“trajectory” for equation (27) as synonym concepts.

It is well known [3, 15] that the mapping ¢ : Ry x C, x HT(f) — R™ possesses the
following properties:

(i) ¢(0,v,9) =wu forallv e C, and g € HT(f);
(ii) ot + 1,v,9) = ©(t,o(T,v,9),0(7,g)) for all t,7 € Ry, v € C, and g €
H*(f);

(iii) the mapping ¢ is continuous.

Thus, a triplet (C, o, (HV(f),Ry,0)) is a cocycle which is associated to equation
(27). Applying the results from Sections 2-4 we will obtain a series of results for
functional differential equation (27). Below we formulate some of them.

Lemma 5.4. Suppose that the following conditions hold:

(i) the function f € C(R x W,C) is reqular;
(ii) the set HY(f) is compact;
(iil) the function f is completely continuous, i.e., the set f(R4 x A) is bounded
for all bounded subset A C C.

Then the cocycle ¢ associated by (27) is completely continuous, i.e., for all bounded
subset A C W there exists a positive number | = [(A) such that the set (1, A, H(f))
is relatively compact in C.

Proof. This statement follows from the general properties of solutions of equation
(27) (see, for example [9], Lemma 2.2.3 and Lemma 3.3.1) because the set H*(f)
is compact. (I
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Theorem 5.5. Assume that the following conditions are fulfilled:

(i) the function f is regular;

(ii) the set HT(f) is compact;

(iii) f(¢,0) =0 for allt € Ry;

(iv) there exists a positive number a such that

(29) lim sup  |e(t,v,g9)] =0.
F=H0 |v|<a,ge0y

Then the null solution of equation (27) is uniformly asymptotically stable.

Proof. Consider the dynamical system (HT(f),R,, o). Since the space HT(f) is
compact, then (H*(f), Ry, o) is compactly dissipative and by Lemma 2.1 its Levin-
son center J+ (s coincides with w-limit set Q of f. Let Y := H*(f) and (Y,R4,0)
be the shift dynamical system on Y. Denote by X :=C x Y and (X,Ry,7) the
skew-product dynamical system generates by (Y,R;,0) and cocycle ¢. Now con-
sider a NDS ((X,Ry,7),(Y,Ry,m),h) (h := pry) associated by equation (27). It
easy to verify this NDS posses the following properties:

(i) the dynamical system (Y,R, o) is compact dissipative and its Levinson
center Jy coincides with €¢;
(ii) the null section © of ((X,R4, ), (Y,R4,m),h) coincides with {0} x Y;
(iii) © is a positively invariant subset of (X, Ry, 7);
(iv) according to (29) the null section © of NDS ((X,R.,7), (Jy,Ry,0),h)
is uniformly attracting because |7(¢,z)| = |¢(t,v,g)| for all ¢ € Ry and

r:=(v,9) € X;
(v) according to Lemma 5.4 the dynamical system (X,R,,7) is completely
continuous.
Now to finish the proof it is sufficient to apply Corollary 4.9. ]

5.3. Semi-linear parabolic equations. Let H be a separable Hilbert space with
inner product (-,-) and the norm |- |* := (-,-), and A be a self-adjoint operator with
domain D(A).

An operator is said (see, for example, [7]) to have a discrete spectrum if in the space
H, there exists an ortho-normal basis {e} of eigenvectors, such that (ex,e;) = dy;,
Aer, = Mge (k,7=1,2,...)and 0 < A; < A < ... < .. and Ay — 400 as
k — 4o0.

One can define an operator f(A) for a wide class of functions f defined on the
positive semi-axis as follows:

D(f(A)) :={h =372 cker € H: >77 1 cilf(Mr)]* < o0},
(30) F(AR =32 e f(Ar)ew, he D(f(A)).

In particular, we can define operators A® for all @« € R. For a = —f < 0 this
operator is bounded. The space D(A~?) can be regarded as the completion of the
space H with respect to the norm |- |5 := |47 -|.

The following statements hold [7]:
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(i) The space F_g := D(A~P) with 8 > 0 can be identified with the space of
formal series Zzozl crer such that

o0
Z ck)\,;w < +00;
k=1

(ii) For any 3 € R, the operator A% can be defined on every space D(A%) as
a bounded operator mapping D(A%) into D(A*~#) such that

ABD(AQ) — D(Ao‘_ﬁ), AB1tBz — AP APz

(iii) For all « € R, the space F := D(A®%) is a separable Hilbert space with the
inner product (-, ), := (A%, A*) and the norm | - |, :=|A% - |.
(iv) The operator A with the domain F;,, is a positive operator with discrete
spectrum in each space F,.
(v) The embedding of the space F, into Fs for a > (3 is continuous, i.e.,
Fo C Fps and there exists a positive constant C' = C(«, ) such that
(vi) Fq is dense in Fp for any o > (.
(vii) Let a3 > g, then the space F,, is compactly embedded into F,,, i.e.,
every sequence bounded in F,, is relatively compact in F,,.
(viii) The resolvent Ry(A) := (A—XI)~!, A # \; is a compact operator in each
space F,, where [ is the identity operator.

According to (30) we can define an exponential operator e *4, ¢ > 0, in the scale
spaces {F,} . Note some of its properties [7]:

a. For any o € R and ¢ > 0 the linear operator e *4 maps F, into () Fs
=0
and

le™t 2|, < e MYz,
for all z € F,.
b. e"ttAeteA = e=(1t02)A for all ¢4ty € Ry;

le=z —e ™ z|s — 0

ast — 7 for every x € Fg and 3 € R;

d. For any 8 € R the exponential operator e *4 defines a dissipative compact
dynamical system (Fg),e"t4)

)

[Ae=t4n] < [(252)"77 4 000 e A%, a2 4
A%t < (2)%e™®, t >0, a > 0.

Consider an evolutionary differential equation
(31) u + Au = F(t,u)
in the separable Hilbert space H, where A is a linear (generally speaking un-

bounded) positive operator with discrete spectrum, and F' is a nonlinear continuous
mapping acting from R x Fy into H, 0 < 8 < 1, possessing the property

(32) |F(t,ur) — F(t,uz)| < L(r)|A® (uy — u)|
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for all uy,us € Bg(0,7) := {u € Fp : |ulg < r}. Here L(r) denotes the Lipschitz
constant of F' on the set By(0,r).

A function u : [0,a) — Fp is said to be a weak solution (in Fy) of equation (31)
passing through the point z € Fy at moment ¢t = 0 (notation ¢(¢,x, F)) if u €
C(]0,T],Fp) and satisfies the integral equation

¢
u(t) = ety —|—/ 6_(t_T)AF(T,u(T))dT
0

forallt € [0,T] and 0 < T < a.

In the book [7], it is proved that, under the conditions listed above, there exists a
unique solution ¢(t, z, F') of equation (32) passing through the point = at moment
t = 0, and it is defined on a maximal interval [0, a), where a is some positive number
depending on (z, F).

Denote by C(R x Fy, H) the space of all continuous mappings equipped with the
compact open topology and by (C(R x Fy, H),R, o) the shift dynamical system on
C(R X fg, H)

Denote by (H*(F),R4,0) a shift dynamical system on H*(F) induced by (C(R x
Fo,H),R,0). From general properties of solutions of evolution equation (31) and
Theorem 5.1 [4] it follows that the triplet (Fy, o, (HT(F),R,,0)) is a cocycle over
(H*(F),R,,0) with the fiber Fy.

Applying results from Sections 2-4 we obtain a series of results for evolution equa-
tion (31). Now we will formulate some of them.

Lemma 5.6. Under the conditions listed above, if the function F is reqular and the
set HY(F) is compact, then the cocycle ¢ associated by equation (31) is completely
continuous.

Proof. This statement can be proved with the slight modification of the proof of
Lemma 5.3 [4]. O

Theorem 5.7. Assume that the following conditions are fulfilled:

(i) the function F is reqular;
(ii) the set HT(F) is compact;
(iii) F(¢,0) =0 for allt € Ry;
(iv) there exists a positive number a such that
(33) lim sup  |p(t,v,G)| = 0.

=40 |)|<a,GeQr

Then the null solution of equation (31) is uniformly asymptotically stable.

Proof. Consider the dynamical system (H*(F),R;,0). Since the space HT(F)
is compact, then (H*(f),Ry,0) is compactly dissipative and its Levinson center
Ju+(r) coincides with w-limit set Qp of F. Let Y := HT(F) and (Y,Ry,0) be
the shift dynamical system on Y. Denote by X := Fyp x Y and (X,R;,n) the
skew-product dynamical system generates by (Y,R,,0) and cocycle ¢. Consider a
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non-autonomous dynamical system ((X,R,7), (Y,R4,m),h) (h := prg) associated
by equation (31). It easy to verify that this NDS posses the following properties:

(i) the dynamical system (Y,R,, o) is compact dissipative and by Lemma 2.1
its Levinson center Jy coincides with Qp;

(ii) the null section © of ((X,R,,w), (Y,Ry,7),h) coincides with {0} x Y;

(iii) © is a positively invariant subset of (X, R, m);

(iv) according to (33) the null section © of NDS ((X,R,7),(Jy,Ry,0),h)
is uniformly attracting because |7 (¢, z)| = |@(t,v,g)| for all ¢t € Ry and
7= (0,g) € X;

(v) by Lemma 5.6 the cocycle ¢ and, consequently, the skew-product dynam-
ical system (X,R,,m) too, is completely continuous.

Now to finish the proof it is sufficient to apply Corollary 4.9. (]
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