MARKUS-YAMABE CONJECTURE FOR NON-AUTONOMOUS
DYNAMICAL SYSTEMS

DAVID CHEBAN

ABSTRACT. The aim of this paper is the study of the problem of global asymp-
totic stability of trivial solutions of non-autonomous dynamical systems (both
with continuous and discrete time). We study this problem in the framework
of general non-autonomous dynamical systems (cocycles). In particularly, we
present some new results for non-autonomous version of Markus-Yamabe con-
jecture.

1. INTRODUCTION

1.1. Markus—Yamabe conjecture (MYC) [33]. Consider the differential equa-
tion

(1) u' = f(u)

and suppose that the Jacobian f’(u) of f has only eigenvalues with negative real

part for all u. The Markus Yamabe conjecture is that if f(0) = 0, then 0 is a globally
asymptotically stable solution for (1).

It is easy to prove MYC for n = 1. In the two-dimensional case the affirmative
answer to MYC was obtained in the works [15, 17, 16] (see also the references
therein). In the work [9] (see also [10, 11] and the references therein) is given
a polynomial counterexample to the Markus—Yamabe conjecture. If n > 2 there
are also some additional conditions forcing the Markus—Yamabe conjecture. For
example if f/(u) is negative definite for all v € R™ the conjecture was proved in
[19, 20] (see also [26, 27, 33]). For triangular systems M'YC was proved in [33].

1.2. The discrete Markus—Yamabe conjecture (DMYC) [12, 41]. Let f be
a C! mapping from R” into itself such that f(0) =0 and for all u € R™, f’(u) has
all its eigenvalues with modulus less than one. Then 0 is a globally asymptotically
stable solution of the difference equation

(2) u(n+1) = f(u(n)).

In his book [29] J. P. LaSalle proves the DMYC for n = 1. The discrete Markus—
Yamabe conjecture is true only for planar maps (see [12] and also the references
therein) and the answer to the question is yes only in the case of planar polynomial
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maps. The authors [12] prove that the DMYC is true for triangular maps defined
on R™ and for polynomial maps defined on R2. In the works [8, 32] the DMYC is
proved for gradient maps.

1.3. Belitskii—Lyubich conjecture [1]. Let B be a Banach space, Q C B an open
subset and f : Q — B be a compact and continuously differentiable in €2. Suppose
D is a nonempty bounded convex open subset of X such that f(D) C D C Q and
sup r(f'(z)) < 1 (r(A) is the spectral radius of linear bounded operator A). Then
xzeD

the discrete dynamical system (D, f), generated by positive powers of f : D+ D,
admits a unique globally asymptotically stable fixed point.

The aim of this paper is the study the problem of global asymptotic stability of
trivial solutions of non-autonomous dynamical systems (both with continuous and
discrete time). We study this problem in the framework of general non-autonomous
dynamical systems (cocycles).

The idea of applying methods of the theory of dynamical systems to the study of
non-autonomous differential equations is not new. It has been successfully applied
to the resolution of different problems in the theory of linear and non-linear non-
autonomous differential equations for more than forty years. First this approach
to non-autonomous differential equations was introduced in the works of L. G.
Deyseach and G. R. Sell [14], R. K. Miller [36], V. M. Millionshchikov [37]-[39], G.
Seifert [53], G. R. Sell [54, 55, 56], B. A. Shcherbakov [59, 60], later in the works of
I. U. Bronshtein [3, 4], R. A. Johnson [21, 22], B. M. Levitan and V. V. Zhikov [31],
Sacker R. J. [42, 43], Sacker R. J and Sell G. R. [44, 45, 46, 47, 48, 49, 50, 51, 52], G.
R.Sell, W. Shen and Y. Yi [57], B. A. Shcherbakov [61, 62], V. V. Zhikov [66, 67, 68]
and many other authors. This approach consists of naturally linking with equation

(3) o' = f(t z)

a pair of dynamical systems and a homomorphism of the first onto the second. In
one dynamical system is put the information about the right hand side of equation
(3) and in the other about the solutions of equation (3).

This paper is organized as follows.

In Section 2 we give some notions and facts from the theory of global attractors of
dynamical systems which we use in our paper.

Section 3 is dedicated to the study of non-autonomous dynamical systems with
convergence. We present some important tests of convergence (Theorems 3.6, 3.7
and 3.10) of non-autonomous dynamical systems with minimal base.

In section 4 we study the Markus—Yamabe problem for non-autonomous systems.
In this section we prove the necessary and sufficient conditions of global asymptotic
stability the trivial section of non-autonomous dynamical systems with continuous
or discrete time (Theorem 4.4 — the main result of paper). We apply this result
to the different classes of non-autonomous evolutions equations (finite-dimensional
systems, gradient systems, triangular systems).

We give in section 5 some new results concerning the discrete Markus—Yamabe
problem for non-autonomous systems. In particularly we present the affirmative
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answer to the DMYC for non-autonomous contractive, triangular and potential
(gradient) maps.

2. CoMPACT GLOBAL ATTRACTORS OF DYNAMICAL SYSTEMS

Let X be a topological space, R (Z) be a group of real (integer) numbers, Ry (Z)
be a semi-group of the nonnegative real (integer) numbers, S be one of the two sets
RorZand TCS (Sy CT) be a sub-semigroup of additive group S.

Definition 2.1. Triplet (X, T,n), where 7 : T x X — X is a continuous mapping
satisfying the following conditions:

(4) 7(0,z) = x;

(5) (s, m(t,x)) = (s +t,x);

is called a dynamical system. If T=R (Ry) orZ (Z4), then the dynamical system
(X, T,7) is called a group (semi-group). In the case, when T = Ry or R the
dynamical system (X, T, ) is called a flow, but if T C Z, then (X, T,x) is called a
cascade (discrete flow).

Sometimes, briefly, we will write xt instead of 7 (¢, x).

Below X will be a complete metric space with metric p.

Definition 2.2. The function w(-,z) : T — X is called a motion passing through
the point x at the moment t = 0 and the set X, := w(T,x) is called a trajectory of
this motion.

Definition 2.3. A nonempty set M C X is called positively invariant (nega-
tively invariant, invariant) with respect to dynamical system (X, T,nw) or, sim-
ple, positively invariant (negatively invariant, invariant), if =(t, M) C M (M 2
w(t, M), n(t, M) = M) for everyt € T.

Definition 2.4. A closed positively invariant set, which does not contain its own
closed positively invariant subset, is called minimal.
It easy to see that every positively invariant minimal set is invariant.

Definition 2.5. A closed positively invariant (invariant) set is called indecompos-
able, if it can not be represented in the form of union of two monempty disjoint
positively invariant (invariant) subsets.

Definition 2.6. Let M C X. The set

is called w-limit for M.
Definition 2.7. The set W*(A) (W"(A)), defined by equality
W3 (A) :={z € X| . ligl p(xt,A) =0}

is called a stable manifold of the set A C X.
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Definition 2.8. The set M 1is called:

- orbital stable, if for every ¢ > 0 there exists 6 = d(¢) > 0 such that
plax, M) < 6 implies p(xt, M) < ¢ for all t > 0;

- attracting, if there exists v > 0 such that B(M,~v) C W*(M);

- asymptotic stable, if it is orbital stable and attracting;

- global asymptotic stable, if it is asymptotic stable and W*(M) = X ;

- uniform attracting, if there exists v > 0 such that

lim  sup p(at,M)=0.
ot seB(M,y)

Definition 2.9. The system (X, T, x) is called:

— point dissipative if there exists a nonempty compact subset K C X such

that for every x € X
(6) i p(at, K) = 0;

— compact dissipative if the equality (6) takes place uniformly w.r.t. x on
the compacts from X ;

— locally dissipative if for any point p € X there exist d, > 0 such that the
equality (6) takes place uniformly w.r.t. x € B(p,dp);

— bounded dissipative if the equality (6) takes place uniformly w.r.t. x on
every bounded subset from X.

— locally completely (compact) if for any point p € X there exist 6, > 0 and
I, > 0 such that the set w'» B(p,d,) is relatively compact, where B(x,0) :=
{re X |p(z,p) <o}

Theorem 2.10. [7, Ch.I] For the locally completely (compact) dynamical systems
the point, compact and local dissipativity are equivalent.

Let (X, T,n) be compactly dissipative and K be a compact set attracting every
compact subset from X. Let us set

(7) J=wK) =K.

t>0 7>t

It can be shown [7, Ch.I] that the set J defined by equality (7) doesn’t depends
on the choice of the attractor K, but is characterized only by the properties of
the dynamical system (X, T, ) itself. The set J is called a Levinson center of the
compact dissipative dynamical system (X, T, 7).

Theorem 2.11. [7, 18, 58] If (X, T, x) is a compactly dissipative dynamical system
and J is its center of Levinson, then :

(i) J is invariant, i.e. wtJ = J for all t € T;
(ii) J is orbitally stable, i.e. for any € > 0 there exists 6(¢) > 0 such that
p(x, J) < 0 implies B(xt,J) <e for allt >0 ;
(i) J is an attractor of the family of all compact subsets of X ;
(iv) J is the maximal compact invariant set of (X, T, ).
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Denote by
DY (M) = (V| (= B(M, )]t > 0},
e>0
JH(M) = () 7B, e)|r > t},
e>0t>0

D} = DT ({z}) and J := J*({z}).

Theorem 2.12. [7, Ch.] Let (X, T,n) be point dissipative. For (X,T,n) to be
compact dissipative it is necessary and sufficient that the set DT (Qx) (JTQx)) be
compact and orbital stable. In this case J = DT (Qx) (J = JT(Qx)) where J is the

center of Levinson of the dynamical system (X, T, ) and Qx = U{w, | x € X}.
3. NON-AUTONOMOUS DYNAMICAL SYSTEMS WITH CONVERGENCE

Definition 3.1. ((X,Ty,7),(Y,T2,0),h) is said to be convergent if the following
conditions are valid:

(i) the dynamical systems (X, T1,m) and (Y, Te,0) are compactly dissipative;

(ii) the set Jx (X, contains no more than one point for all y € Jy where
X, :=h7Y(y) = {z|z € X, h(z) =y} and Jx(Jy) is the Levinson’s center
of the dynamical system (X, Tq,m)((Y, T, 0)).

Let XxX := {(z1,%2) : 21,22 € X,h(z1) = h(z2)}. function V : XxX — R, is
said to be continuous, if ¢, — 2% (i = 1,2 and h(z}) = h(22)) implies V (z},22) —
V(zt, 2?).

Lemma 3.2. [6] Let X be a compact metric space and {((X, Ty, ), (2, Ta,0),h)
be a non-autonomous dynamical system. Suppose that the following conditions are

fulfilled:

1
n

(i) The dynamical systems (X, Tq,m) and (2, To,0) are minimal;
(i) , li_~n_t1 p(r(t,z1),m(t,x2)) =0 for all x1,x2 € X such that h(z1) = h(x2).

Then for ally € Y the fiber X, := h™'(y) = {z € X | h(z) = y} consists a single
point.

Theorem 3.3. [7, ChII] Let {((X,Tq,n),(Y,Ta,0),h) be a non-autonomous dy-
namical system, M # 0 be a compact positively invariant set. Suppose that the
following conditions are fulfilled:

(i) h(M)=Y;
(i) M X, contains a single point for ally € Y;
(iii) M is globally asymptotically stable, i.e. for any e > 0 there exists 6(e) > 0
such that p(z,p) < § (x € Xy,p € M, := M X,) implies p(zt,pt) < ¢
for allt >0 and tligloo p(xt, My(zy) =0 for all x € X.

Then the non-autonomous dynamical system ((X, T1, ), (Y, T, 0), h) is convergent.

Theorem 3.4. Let (X, Ty, 7),(Y,Ta,0),h) be a non-autonomous dynamical sys-
tem and Y be a compact minimal set, then the following conditions are equivalent:
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1. ((X,Ty,m), (Y, Te,0),h) is convergent;
2. every semi-trajectory X} (x € X)) is relatively compact and asymptotically
stable;
3. (a) every semi-trajectory X} (x € X) is relatively compact;
(b) tEIJPoo p(z1t, xot) = 0 for all (x1,72) € XXX
(c) for any € > 0 and K € C(X) there exists (¢, K) > 0 such that
p(x1,22) < 3(h(x1) = h(ze); 21,22 € K) implies p(z1t, z2t) < € for
allt > 0.
4. every semi-trajectory X (z € X) is relatively compact and the equality

lim sup plaitaat) =0
t—=+oo (z1,22)EKXK

holds for all K € C(X).

Proof. We will prove that condition 1. implies condition 2. If we suppose that it is
not so, then there are pg € X,e9 > 0,p,, — po (h(pn) = h(pp)) and t,, — 400 such
that

(8) p(pnt’mpOtn) > £o.

Since (X, Ty, ) is compactly dissipative we may suppose that the sequences {p,t, }
and {pot,} are convergent. Letting p = lil_{_l Pntn, Po = lirJrrl potn and tak-
n—-+0oo n—-—+0oo

ing into consideration (8), we will have p # po. On the other hand, h(p) =
lim hA(p,)t, = lirf h(po)t, = h(pp) = y € Jy and, consequently, p,py €

n—-+4oo
Jx [ Xy, but by virtue of condition 1. we have p = po. The obtained contradiction
proves the necessary assertion.

Now we will note that condition 2. implies condition 3.b. To prove this implication
is sufficient to show that

tln+noo p(z1t, xot) =0

for all (z1,22) € X xX. Assuming the contrary we obtain

(9) p(aitn, 25t,) > eo.

We may assume that the sequences {2%,}(i = 1,2) and {yotn} (yo = h(z) =

h(z9)) are convergent. We denote by z¥ := lirf 29, and go = 11111 Yoln,
n—-—+0oo n—-+0oo

then 9,29 € Jx () X, and according to the condition 1. z{ = 79, where Jx is the
Levinson center of dynamical system (XTy, 7). The last equality and the inequality
(9) are contradictory. This contradiction proves the necessary assertion.

We note that
(10) Jlim_pet,pt) = 0

for all p € X and z € X, (¢ = h(p)). Let K € C(X) and ¢ > 0, then there
exists (¢, K) > 0 such that p(z1,22) < 6(h(z1) = h(z2);z1,22 € K) implies
p(x1t, zot) < € for any t > 0. Assuming the contrary, we obtain Ky € C(X), g9 >
0,6, — 0 (d, > 0),{zt} C Ko (i = 1,2) and ¢,, — +oo such that p(zl,22) < §,
and

(11) p(2ptn, Totn) > €.
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Since K is a compact subset of X we may suppose that the sequences {z’} (i =

1,2) are convergent and we denote by Z := lim zl = lim 22 (z € Kj). Ac-
n—-+o0o n—-4o00o

cording to the condition 2., for ¢g > 0 and z € K there exists (%2, Z) > 0 such

that p(x,2) < 0(%,Z) (h(z) = h(Z)) implies p(xt,zt) < 5 for all t > 0. Since

xl, — & (i = 1,2), then there exists 2 such that p(z},z) < 6(5,Z) (n > n) and,

consequently,

2
(12) plant,ant) < =0
for all ¢ > 0 and n > 7. But the inequalities (12) and (11) are contradictory. Thus,
we showed that condition 2. implies condition 3.

We will prove that condition 3. implies condition 4. If we suppose the contrary, then
there exist ¢g > 0, Ko € C(X), t, — +oo and {x}} C Ko (i = 1,2; h(z}) = h(z2))
such that the inequality (11) holds. We may assume without loss of generality
that the sequences {x%} (i = 1,2) are convergent, because K, is compact. Let

Tt = lirf T, 0 <& <epand §(5, Ko) > 0 be chosen according to condition 3.c.
n—-1+0oo

Since h(x') = h(2?) and z',2? € Ky, then for £ there exists L(§,z',2%) > 0 such
that p(z't, 2%t) < s forall ¢ > L(%,xl,x2) and, consequently,

(13) pxitn, 22t,) < p(xlt,, x't,) + p(att,, 22t,) + p(a?t,, 22t,) < €

for sufficiently large n. The inequalities (12) and (13) are contradictory. Hence,
the necessary assertion is proved.

Finally, we note that 4. implies 1. Let € X be an arbitrary point. According to
condition 4. the w-limit set w, of point x contains a compact minimal set M C w,.
By Lemma 3.2 the set M, := MNX, consists a single point m,,. Under the condition
4. we have t_l}_~_r110O p(at,myt) = 0 and, consequently, w, = M. Now we will show

that the dynamical system (X, Ty, ) has at most one compact minimal set. If we
suppose that it is not true, then there are two different compact minimal subsets
M? (i = 1,2) of X and, consequently, M! N M? = (). By Lemma 3.2 under the
condition 4. M} consists a single point m! and mj # m? for all y € Y. On the
other hand by condition 4. we have tliinoo p(m;t,mzt) = 0 for all y € Y and,

consequently, M' = M?2. The obtained contradiction proves our statement. Thus
the dynamical system (X, T;,n) has a unique compact minimal set M C X and
lim p(at,mp,t) = 0 for all 2 € X. Finally we will show that under the condition

t—-+4o0

4. the set M is stable, i.e for all € > 0 there exists a positive number 6(g) such that
p(x, mp(gy) < 0 implies p(xt, mp(z)t) < € for all ¢ > 0. In fact, if we suppose the
contrary, then there are 9 > 0, 0 < §,, — 0, {z,} and ¢, — 400 such that

(14) P(Tntn, My (2, tn) > €0 and p(zn, Mpy(g,)) < On
for all n € N. Note that the set Ky := {z,, | n € N}UM is compact and by condition
4. we have

(15) lim sup p(znt, mp(g,)t) = 0.

t—=+00 peN
The equality (15) contradicts to (14). The obtained contradiction proves the sta-
bility of the set M. Now to finish the proof of Theorem it is sufficient to apply
Theorem 3.3 (]
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Remark 3.5. a. If the dynamical system (Y, To,0) is two-sided, i.e. Ty =S, then
Theorem 3.4 was proved in [7, Ch.II].

b. Note that in the proof of Theorem 3.4 we use the minimality of (Y, Ta, o) only
to show the implication 4.—> 1.

Theorem 3.6. Let (X,S;,m), (Y,S,0),h) be a non-autonomous dynamical system
and the following conditions hold:

(i) Y is a compact minimal set;
(ii) every point x € X is stable in the sense of Lagrange, i.e. the set HY (x) :=
{o(t,x) | t €St and t > 0} is compact;
(iii) there ewists a continuous function V : X xX — R, satisfying the following
conditions:
a. V is positively defined;
b. V(z1t,wat) < V(x1,22) for allt > 0 and (z1,72) € X x X\ Ax, where
Ax :={(z,z) | z € X}.

Then the following statements take place:

(i) there exists a unique compact minimal set M C X ;

(ii) wy = Mfor all point x € X;

iii) the set M, :={x € M | h(z) = y} consists a single point, i.e. M, = {m,};
y y Yy

(iv) t_l}+moo p(m(t,z),m(t,my)) =0 for allz € X, andy €Y.

Proof. Let (XxX,S,,7mx7) := (X,S;,7)x(X,S,,7) be a direct product of (X,
Sy, m) and (X,S,,7), i.e. wx7(t, (x1,22)) := (7(t, 1), 7(t, x2)) for all (z1,22) €
XxX and t € S;. By condition (ii) the point (Z1,Z2) € XxX is LT stable in
(XxX,S,,mx7), and consequently from Condition b. of the theorem follows the
existence of a finite limit
(16) Vo = lim V(.flt,i‘gt).

t—-+o00
Let (p,q) € w(z, 3,), then from (16) it follows that V'(p,q) = V;. By the invariance
of w(z, z,) we have V(pt,qt) = V(p,q) for all t € S, and, according to condition
(iii) of Theorem, p = g, i.e.,

(17) W(z1,22) CAx:= {(l‘,l’) | T € X}

We will show now that for all (x1,72) € X xX (h(x1) = h(x3)) the equality
lim p(xit,20t) =0

t——+oo
holds. If we suppose that it is not true, then there exist yg € Y, Z1,%2 € Xy,,60 > 0
and t,, — +o00o such that

(18) p(.’fltn,fgtn) Z £0-

We may suppose that the sequences {Z;t, } (i = 1,2) are convergent. Let us put p =
lim Zit, and § = liIE Taty, then (P, §) € w(z, z,) and from (18) it follows that
n— o0

n—-+4oo
D # G. The last equality contradicts the inclusion (17). The obtained contradiction
proves the required statement.
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Let x € X and X; := H'(x). Consider the non-autonomous dynamical system
((X1,S4,7),(Y,S,0),h) induced by ((X,Sy,7),(Y,S,0),h). We will show that
((X1,S4,7),(Y,S,0),h) possesses the property of convergence. To this end by
Theorem 3.4 it is sufficient to show that every semi-trajectory X1 (z € X) is as-
ymptotically stable. If we suppose that the last statement is not true, then there
exist xp,x9 € X1, €9 > 0, &, — o (h(zy) = h(x0)) and ¢, > 0 such that

(19) P(7(tns ), T(tn, 20)) > o
On the other hand we have
(20) V(ﬂ(tmxn)aﬂ(tmzo)) < V(xmxo) -0

as n — +o0o. We can suppose that the sequences {m(t,,z,)} and {m(t,,zo)}
are convergent. Let T := lir}rl 7(tn, xy) and £y = lirf 7(tn, o), then by the
n—-—+oo n—-—+00

inequality (20) we have V(z,2y) = 0. Since the function V is positively defined,
then we obtain Z = zy. But the last equality contradicts to inequality (19). The
obtained contradiction proves our statement. Thus the non-autonomous dynamical
system {((X1,Sy,7),(Y,S,0),h) is convergent. Let M be the Levinson center of
dynamical system (X1, Sy, ), then h(M) =Y and M, := M N X, consists a single
point {m, } for all y € Y. This means, in particularly, that h : M +— Y is a dynamical
homeomorphism. Thus M is a compact minimal set and tligloo p(r(t, ), m(t,my)) =

Oforall z € X1, and y €Y.

Let now y € Y and z1,22 € X, then the sets M; := w,, (i = 1,2) are two
minimal sets and h : M; — Y (i=1,2) is a dynamical homeomorphism. Let as
show that M; = Ms. If we suppose the contrary, then there exists a point yg € YV
and 20 € M; N X, (i=1,2) such that 2 # 29. Consider the function (t) :=
V(r(t,2)),m(t,29)) (t € S;). Note that 1(t) < p(0) for all ¢ > 0 and there exists
a strict increasing sequence {t,,} — +oo such that: o(t,,y0) — Yo, ... < ¥(tn) <
.. < Y(t1) < ¥(0) and (0) = ngrfoow(tn) < 1(0). The last contradiction show

that our assumption is not true, i.e. M7 = Ms. O

Theorem 3.7. Let (X, Ty, 7),(Y,Ta,0),h) be a non-autonomous dynamical sys-
tem and the following conditions hold:

(i) Y is a compact minimal set;

(ii) every point x € X is stable in the sense of Lagrange;

(iii) there exists a continuous function V : X x X — R, satisfying the following

conditions:
a. V is positively defined;
b. V(z1t,2at) < V(x1,22) for allt >0 and (z1,22) € XX X;
c. forany (r1,72) € X xX\Ax thereis aty > 0 such that V(x1tg, z2ty) <
V(x1,z2).

Then the following statements take place:

(il) wy = Mfor all point x € X;
(iii) the set My, = {x € M | h(z) = y} consists a single point, i.e. M, = {m,};
(iv) tiiinoo p(r(t,x),m(t,my)) =0 forallz € X, andy €Y.

(i) there exists a unique compact minimal set M C X ;
i
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Proof. Let V : XxX s R, be the continuous function with properties a., b. and
c. We put

+oo

(21) V(x1,x2) := V(z1t, mot)etdt (if Ty = Ry)
0

and

(22) V(z1,29) i= NSV (21t 2o0t)e ™" (if Ty = Z4).

From the definition of the function V follow its continuity and positive definiteness.
The function V satisfies condition b. of Theorem 3.6. In fact, if we suppose the
contrary, then there exit (Z1,Z2) € XxX and ty > 0 such that V(Zitg, Zotg) =
V(Z1,Z2) and Z1 # Za. Then from (21) and from the last equality, it follows that

(23) V(i‘l(to + t), T2 (to + t)) = V(i‘lt, .fgt)

for all ¢ > 0. By virtue of (23), the function ¢(t) = V(Z1t, Tat) is to periodic. It
is obvious that ¢ is continuous and non-increasing. Therefore, ¢ is stationary and,
hence,

(24) V(.i’ﬂf,:fgt) = V(i‘l,i’g)

for all ¢ > 0. On the other hand according to condition c. of Theorem we have
V(Z1to, Tato) < V(Z1,ZT2). The last inequality contradicts to the equality (24).
The obtained contradiction shows that our assumption is not true. Now to finish
the proof of Theorem it is sufficient to refer Theorem 3.6. (I

Corollary 3.8. Let (X,S4,m) be an autonomous dynamical system and the fol-
lowing conditions hold:

(i) every point x € X is stable in the sense of Lagrange;
(ii) there exists a continuous function V : X x X — Ry, satisfying the following
conditions:
a. V is positively defined;
b. V(z1t, zot) < V(x1,22) for allt >0 and (z1,22) € X X X;
c. for any (r1,22) € X x X\ Ax there is atg > 0 such that V(x1tg, zato)
< V(zy,x2).

Then the following statements take place:

(i) there exists a unique fized point p € X, i.e. w(t,p) =p for allt € S;;
(ii) , 1131 p(r(t,z),p) =0 for all z € X.

Proof. This statement directly follows from Theorem 3.6. In fact, let Y = {q}
be a singe point and (Y,S,s) be an autonomous dynamical system defined by
equality o(t,q) = ¢ for all t € S. Consider the non-autonomous dynamical system
((X,S4,m), (Y,S,0),h), where h(x) = ¢ for all x € X. Now to finish the proof of
Corollary it is sufficient to apply Theorem 3.6. O

Remark 3.9. 1. For discrete dynamical systems (Sy = Zy) Corollary 3.8 was
established by A. Lasota [30].

2. For dynamical systems on compact metric space Corollary 3.8 improves the well
known theorem of Nemytskii-Edelstein (see, for example, [41] and also [2]).
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Theorem 3.10. Let ((X,Tq,7),(Y,To,0),h) be a non-autonomous dynamical sys-
tem and the following conditions hold:

(i) Y is a compact minimal set;
(ii) the dynamical system (X, Ty, ) is locally compact;
(i) every point x € X is stable in the sense of Lagrange;
(iv) there exists a continuous function V : X x X — R, satisfying the following
conditions:
a. V is positively defined;
b. V(x1t,xat) < V(z1,22) for allt >0 and (z1,72) € XXX \ Ax;
c. forany (x1,72) € X xX\Ax thereis aty > 0 such that V (x1tg, v2tg) <
V(ZIZl, xg).

Then the following statements take place:

(i) the non-autonomous dynamical system ((X,Tq,w), (Y, Ta,0),h) is conver-
gent;
(ii) there exists a unique compact minimal set M C X such that Jx = M,
where Jx is the Levisnon center of dynamical system (X,Sy,7);
(iii) t_léinoo p(m(t,z), m(t,my)) =0 for all z € X, andy € Y, where {my} = M,.

Proof. By Theorem 3.7 the non-autonomous dynamical system (X, S;, 7), (Y,
S, o), h) is point dissipative and x = M is a compact minimal set which is
dynamical homeomorphic to Y. Since the dynamical system (X,S;, ) is locally
compact, then according to Theorem 2.10 it is compactly dissipative. Let Jx be
its Levinson center, then M C Jx. To finish the proof of Theorem it is sufficient
to show that Jx = M or equivalently, that the non-autonomous dynamical system
((X,S4,m),(Y,S,0),h) is convergent. To this end, according to Theorem 3.4 it is
sufficient to show that for any € > 0 and K € C(X) there exists d(¢, K) > 0 such
that p(x1,z2) < d(h(z1) = h(z2); 21,22 € K) implies p(z1t, xzot) < € for all t > 0.
If we suppose that it is not true, then there are g > 0, Ko € C(X), z,22 € Ko
(h(xl) = h(22)) and t,, > 0 such that

1
(25) P, xy) < — and p(r(tn, 2,), 7(tn, 73)) = €0.
Since the set Ky is compact, then we can suppose that the sequences {z¢} (i = 1,2)
are convergent. Let x’ := lim !, by inequality (25) we have x! = 22. On the
n—oo
other hand
(26) V(r(tn, @), w(tn, 23)) < V(g 25) — 0

as n — +0o. We can suppose that the sequences {7 (t,,z},)} (i = 1,2) are conver-
gent. Let # := lim 7(t,, %), then by the inequality (26) we have V (x1,22) = 0.

n—-+4oo
Since the function V is positively defined, then we obtain x! = 2. But the last
equality contradicts to inequality (25). The obtained contradiction proves our state-
ment. (Il

Corollary 3.11. Let (X,S;,m) be an autonomous dynamical system and the fol-
lowing conditions hold:
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(i) the dynamical system (X, Sy, m) is locally compact;
(ii) every point x € X is stable in the sense of Lagrange;
(iii) there ewists a continuous function V : X xX — R, satisfying the following
conditions:
a. V is positively defined;
b. V(x1t,zot) < V(x1,22) for allt >0 and (x1,22) € X x X \ Ax.

Then the following statements take place:

(i) there exists a unique fized point p € X, i.e. w(t,p) =p for allt € S4;
(ii) \ ligl p(r(t,x),p) =0 for all x € X;
— 100

(iil) the fized point p € X is uniformly contracting, i.e. there exists a positive

number v such that lim  sup p(n(t,z),p) = 0.
=40 p(a,p) <y

Proof. This statement follows from Theorem 3.7 and can be proved using the same
reasoning as well as in the proof of Corollary 3.8. g

Recall [7] that the dynamical systems (X, T, ) satisfies the condition of Ladyzhen-
skaya, if for all bounded subset M € B(X) there exists a compact subset K € C(X)
such that the equality

(27) tligrn B(m(t, M), K) =0.

Theorem 3.12. [7, Chl] Suppose that the dynamical system (X, T, ) satisfies the
condition of Ladyzhenskaya, then the following conditions are equivalent:

(i) the dynamical system (X, T, ) is pontwice dissipative i.e. there exists a
nonempty compact subset K1 € C(X) which attracts every point from X ;

(ii) the dynamical system (X, T, x) is boundedly dissipative i.e. there exists a
nonempty compact subset Ko € C(X) which attracts every point bounded
subset from X.

Theorem 3.13. Let (X, Ty, 7),(Y,To,0),h) be a non-autonomous dynamical sys-
tem and the following conditions hold:

(i) Y is a compact minimal set;
(ii) the dynamical system (X, Ty, ) satisfies the condition of Ladyzhenskaya;
iii) every point x € X is stable in the sense of Lagrange;
iv) there exists a continuous function V : X x X — R, satisfying the following
conditions:
a. V is positively defined;
b. V(x1t,xat) < V(z1,22) for allt > 0 and (x1,22) € X x X\ Ax, where
Ax :={(z,2z) | z € X};
c. forany (x1,72) € X xX\Ax thereis aty > 0 such that V(x1tg, z2ty) <
V(l‘l, IQ).

(
(

Then the following statements take place:

(i) the non-autonomous dynamical system (X, Ty, ), (Y, Ta,0), h) is conver-
gent;



MARKUS-YAMABE CONJECTURE ... 13

(ii) there exists a unique compact minimal set M C X such that Jx = M,
where Jx is the Levisnon center of dynamical system (X, Tq,m);

(28) lim sup p(ﬂ—(tv 1’), ﬂ—(tv mh(w))) =0
t—+oo zEB

for every bounded subset B of X.

Proof. Since the dynamical system (X, Ty, ) satisfies the condition of Ladyzhen-
skaya, then every point z € X is stable in the sense of Lagrange. By Theorem 3.7
the non-autonomous dynamical system ((X, Ty, ), (Y, Tq, o), h) is point dissipa-
tive and Qx = M is a compact minimal set which is dynamical homeomorphic to Y.
Since the dynamical system (X, Ty, ) possesses the properties of Ladyzhenskaya,
then according to Theorem 3.12 it is compactly dissipative. Let Jx be its Levinson
center, then M C Jx. Now we will show that Jx = M or equivalently, that the non-
autonomous dynamical system ((X, Ty, 7), (Y, To,0), h) is convergent. To this end,
according to Theorem 3.4 it is sufficient to show that for any ¢ > 0 and K € C(X)
there exists d(e, K) > 0 such that p(z1,z2) < d(h(z1) = h(x2);z1, 22 € K) implies
p(a1t, xot) < e for all t > 0. If we suppose that it is not true, then there are gy > 0,
Ko € C(X), 21,22 € Ko (h(zl) = h(22)) and t,, > 0 such that

1
(29) p(dfi,:ﬁk) < E and p(ﬂ'(tna .17;), W(tmxi)) 2 €p-
On the other hand we have
(30) V(7 (tn, zl), w(tn, 22)) < V(zk,22) =0

n

as n — +oo. We can suppose that the sequences {7 (t,, %)} (i = 1,2) are conver-
gent. Let 7 := lim m(t,, %), then by the inequality (30) we have V (z1,22) = 0.

n—-+4oo
Since the function V' is positively defined, then we obtain z! = z2. But the last
equality contradicts to inequality (29). The obtained contradiction proves our state-
ment.

To finish the proof it is sufficient to prove the equality (28). Suppose that it is not
true, then the exists a bounded subset By of X, g > 0, {z,} C By and t,, — +00
such that

(31) p(xntnamh(:c,,)tn) > =00)

for all n € N. Without loss of generality we can suppose that the sequence {z,t,} is

convergent. Let 7 := lim z,t, andy:= h(Z) = lm_h(z,)t,. Since mp(y,\tn =
n—-+o0o n—-+o0o

Mpy(z,)t, — My as n — +o0, then we have = € Jx Xy = {my}, i.e. T = my.
But the last equality contradicts to the inequality (31). The obtained contradiction
completes the proof of Theorem. O

4. NON-AUTONOMOUS VERSION OF MARKUS-YAMABE CONJECTURE

4.1. Global Asymptotic Stability. Let (X, h,Y") be a vector bundle, (X, Ty, ),
(Y, T2, 0), h) be non-autonomous dynamical system, 6, € X, := h='(y) be a null
element (|0y] = 0) and © := {6, | y € Y} be a null section of the vector bundle
(X,h,Y). Below we will suppose that Ty = S and the null section O is invariant,
i.e. © C X is an invariant set of the dynamical system (X, Ty, 7).
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Definition 4.1. the null section © is called uniformly stable if for every e > 0
there exists 6(¢) > 0 such that y € Y, x € X, and |z| < § implies |xt| < € for all
t>0.

Definition 4.2. If © is uniformly stable and , lir+n |xt] = 0 for allx € X, then the

null section is called globally uniformly asymptotically stable.

Denote by A := {a | a : R4 — R, a is continuous, strict increasing and a(0) =0 }.

Theorem 4.3. [7, Ch.II] Let Y be compact and (X, h,Y) be a finite-dimensional
vectorial bundle fiber. For the null section © to be globally uniformly asymptotically
stable it is necessary and sufficient that there would exist a continuous function
V : X — Ry satisfying the following conditions:

1. V(z) > a(|z]) forallz € X, V(0,) =0 for ally € Y and Ima = ImYV,
where a € 2.

2. V(zt) <V(zx) forallz € X and t > 0.

3. the level lines of V' do not contain non-null w-limit points of the dynamical
system (X, Ty, 7).

Theorem 4.4. Let Y be compact and (X,h,Y) be a finite-dimensional vectorial
bundle fiber. For the null section © to be globally uniformly asymptotically stable it
is necessary and sufficient that there would exist a continuous function V : X — R,
satisfying the following conditions:

1. V(z) > a(|z]) forallz € X, V(0,) =0 for ally € Y and Ima = ImYV,
where a € 2.
2. V(at) < V(z) for allz € X\ © and t > 0.

Proof. Sufficiency. Let the conditions of the theorem be satisfied. Show that the
null section © is uniformly stable. Suppose that it is not true. Then there exist
g0 >0, |zn] <0, 6, | 0 and ¢, > 0 such that

On the other hand, 0 < a(|z,t,]) < V(znt,) < V(z,) — 0 as n — 400 and,
consequently, |x,t,| — 0. The last contradicts to the equality (32).

Now let us show that
(33) tll+moo |zt| =0

for all z € X. In fact, if we suppose the contrary then there exists g € X (|zg| # 0)
such that limsup |zot| > 0, i.e. there exist &9 > 0 and ¢,, — +o0 for which
t——+oo

(34) |J,‘0tn| Z €0-

Note that X7 is relatively compact. In fact, a(|zot]) < V(xzot) < V(zo) and,
consequently, |zot| < a=1(V(xg)) for all t > 0. So, the sequence {zgt,} can be
considered convergent. Assume Z := lim zot,, then & € w,,. We will show that

n—-+o0o
there exists ¢ > 0 for which V(x) = ¢ for all € w,,. In fact. Consider the function
(t) := V(zot) (for all t € Ty). Under the conditions of Theorem the function ¢ is
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bounded (p(t) < (0) for all ¢ > 0) and strictly decreasing (p(t1) < (t2) for all
t; < t2) and, consequently, there exists

(35) tilgrnoo V(zot) :=c > 0.

Since the function V is continuous, then from the equality (35) it follows that
V(z) =cfor all x € wy,.

Now we will show that ¢ = 0, where ¢ is the constant from the equality (35). If we
suppose that ¢ > 0, then w,, NO® = ) because if T € w,,NO, then ¢ = V(Z) = 0. We
have V(xt) = cfor all z € wy, and ¢t € Ty. On the other hand ¢ = V(xt) < V(z) = ¢
for all £ > 0 and = € wy,. The obtained contradiction proves our statement. Thus
by equality (35) we obtain the equality (33) and, consequently, the global uniform
asymptotic stability of the null section is proved.

Necessity. Let the null section © be globally uniformly asymptotically stable. By
Theorem 4.3 there exists the continuous function V : X +— R, satisfying the con-
ditions 1.-3. of Theorem 4.3. Let us put

+o0
(36) Vi) = /0 V(wt)etdt (ifT; = R,)
and
(37) V(x) = S5V (at)e " (ifTy = Z4).

From the definition of the function V follows its continuity and positive definiteness
(V(x) > a(|z]) for all z € X). The function V satisfies to condition 2. of Theorem.
In fact, if we suppose the contrary, then there exists 2o € X \ © and ¢y > 0 such
that V(zoto) = V(z¢). Then from (36) and the last equality, it follows that

(38) V(zo(to +1t)) = V(zot)

for all ¢ > 0. By virtu of (38), the function ¢(t) := V(zot) (for all t > 0) is ¢
periodic. It is obvious that ¢ is continuous and non-increasing. Therefore, ¢ is
stationary and, hence, V(xot) = V(xg) > 0 for all ¢ > 0. Reasoning as above we
can prove that w,, is a nonempty compact invariant set and V(z) = V(xo) > 0
for all € w,,. The last equality contradicts to condition 3. of Theorem 4.3. The
obtained contradiction completes the proof of the theorem. O

Corollary 4.5. Let Y be compact and (X,h,Y) be a finite-dimensional vectorial
bundle fiber. For the null section © to be globally uniformly asymptotically stable it
is necessary and sufficient that there would exist a continuous function V : X — R
satisfying the following conditions:

1. V(z) > a(|z|) for all z € X, V(0y) =0 for ally € Y and Ima = ImYV,
where a € AU;

2. V(xt) < V(z) forallz € X and t > 0;

3. V(at) < V(z) if xs ¢ O for all s € [0,1].

Proof. This statement can by proved with slight modification of the proof of The-
orem 4.4. (]
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Remark 4.6. Note that Theorems 4.3, 4.4 and Corollary 4.5 remain true and for
the infinite-dimensional vectorial fibers (X, h,Y) if we suppose that the dynamical
system (X, Ty, ) is asymptotically compact.

4.2. Finite-dimensional systems. Denote by E™ a n-dimensional Euclidean space
with the scalar product (,) and the norm | - | generated by the scalar product. Let
[E™] be a space of all the linear mappings A : E™ — E"™ equipped with the operator
norm.

The function F' € C(Y x E™, E") is called regular if for any (y,u) € Y x E™ there
exists a unique solution ¢(t, u,y) of the equation

(39) u = F(o(t,y),u)

with initial condition ¢(0,w,y) = u defined on R4, i.e. (39) generates a cocycle ¢
on E™.

Theorem 4.7. Let Y be a compact metric space, F' € C(Y x E" E™), W €
C(Y,[E™]) and the following conditions hold:

(i) the operator-function W is positively defined, i.e. (W(y)u,u) € R for
ally € Y, u € E", and there exists a positive constant a such that
W(y)u,u) > alu|® for ally € Y and u € E™;

(ii) the function t — W(owy) is differentiable for every y € Y and W(y) €
C(Y7 [E™]), where W(y) := %W(J(t,y))hzo;

(i) V() (u—v) + W)+ W () (F(y,w) — Fly, v)), u—v) < 0 for all y € ¥
and u,v € E™ (u # v), where W*(y) is an adjoint operator;

(iv) F(y,0) =0 forally€eY;

(v) the function F € C(Y x E™, E™) is regular.

Then the trivial solution of equation (39)is global asymptotically stable.

Proof. Let (E™, ¢, (Y,R,0)) be the cocycle generated by equation (39).

Denote by V : E™ x Y +— R7T the function defined by the equality V(u,y) :=
(W(y)u,u) for all (u,y) € X := E™ x Y. If |p(s,u,y)| > 0 for all s € [0,t] C Ry,
then

%V(U(t,y)vw(t,u,y)) = (W(a(t,y))et,u,y), ot u,y))+

(W(a(t,y) + Wilo(t,y))F(o(t,y),o(t,u,y)), ot u,y)) <O0.
Now to finish the proof it is sufficient to apply Corollary 4.5. O

Example 4.8. As an example that illustrates this theorem we can consider the
following equation

v =g(o(t,w),u),
where g € C(E™ x Q, E™) and (Ag(u,w),u) <0 for allu € E™ (u#0) andw € Q,
where A € [E™] is a self-adjoint positive definite matriz and g(0,w) = 0 for all
w € Q.

Theorem 4.9. Let Y be a compact metric space, F € C(Y x E™", E™), W € [E"]
and the following conditions hold:
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(i) the operator W is positively defined, i.e. (Wu,u) € R for all u € E™, and
there exists a positive constant a such that Wu,u) > alul? for allu € E™;
(il) (W+W*)F(y,u),u) <0 forally €Y and u € E™ (u#0), where W* is
an adjoint operator;
(i) F(y,0)=0 forallyeY;
(iv) the function F € C(Y x E™, E™) is regular.

Then the trivial solution of equation (89) is global asymptotically stable.

Proof. Denote by V : E" x Y +— R* the function defined by the equality V(u,y) :=
(Wu,u) for all (u,y) € X := E™ x Y. If |p(s,u,y)| > 0 for all s € [0,t] C Ry, then

%V(s&(t, w,y),0(t,y)) = (W + W) F(a(t,y), ¢t uy)), o(t,u,y)) <0.

Now to finish the proof it is sufficient to apply Corollary 4.5. O

4.3. Gradient Systems. Let F' € C(Y x E", E™) be continuously differentiable

in uw € E™ and denote by F (y,u) its derivative (Jacobian matrix) with respect to

u.

Definition 4.10. The continuously differentiable function Ve C(Y x E",P) (P =

C or R) is called a potential for F € C(Y x E™, E™) if F(y,u) = V.(y,u) for all

(y,u) €Y x E™.

Remark 4.11. If the function F € C(Y x E™ E™) is potential (i.e. F(y,u) =

Vi(y,u)) and its potential V € C(Y x E™,P) is twice differentiable, then F) (y,u) =
2

e (v, 1) = (o5 =1

Definition 4.12. The equation (39) is called gradient if its right hand side F €
C(Y x E™) is a potential function, i.e. there exists a continuously differentiable
function Ve C(Y x E™,P) such that

Fy,u) = Vi(y,u)
for all (y,u) €Y x E™.

Theorem 4.13. Let Y be a compact metric space, F € C(Y x E™, E™), W € [E"]
and the following conditions hold:

(i) the function F € C(Y x E™ E™) is continuously differentiable in v € E™;
(ii) the operator W is positively defined, i.e. (Wu,u) € R for allu € E™, and
there exists a positive constant a such that Wu,u) > alul? for allu € E™;
(il) (W +WH)F!(y,w)u,u) <0 forally €Y and uw € E™ (u #0), where W*
is an adjoint operator;
(iv) F(y,0) =0 forally€Y;
(v) the function F € C(Y x E™, E"™) is regular.

Then the trivial solution of equation (39) is global asymptotically stable.

Proof. Denote by V : E" x Y +— R* the function defined by equality V(u,y) =
(W (u,u) for all (u,y) € X := E™" x Y. If |¢(s,u,y)| > 0 for all s € [0,¢] C Ry, then
Vet uy), ot y) = (W +Wa)F(a(t,y), ot u,y)), ot u,y)) =

(40) (W + WO F.(o(ty), ot u, 9))e(t, u,9)), o(t,u,y)) <0,
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where 0(t,u,y) € [0,1] for all (t,u,y) € Ry x E™ x Y.
Now to finish the proof it is sufficient to apply Theorem 4.9. (]

Corollary 4.14. Let Y be a compact metric space, R™ be a real n-dimensional
Euclidean space, FF € C(Y x R*",R™), W € [R"] and the following conditions hold:

(i) the function F € C(Y x R™,R"™) is continuously differentiable in x € R™;
(ii) the operator W is positively defined, i.e. (Wu,u) € R for all u € R™, and
there exists a positive constant a such that (Wu,u) > alu|? for all u € R";
(i) (WEF,(y,u) + F*(y,u)W)u,u) < 0 for ally € Y and u € R™ (u # 0),
where F/*(y,u) is an adjoint operator;
(iv) F(y,0) =0 forally€Y;
(v) the function F € C(Y x R™,R"™) is reqular.

Then the trivial solution of equation (39) is global asymptotically stable.

Proof. This statement follows from Theorem 4.13. In fact, if R™ is a real finite-
dimensional Euclidean space, then we have

(W + W) Foy, wu, u) = (WF,(y, u) + F (y, w)W)u, u) <0
for all (y,u) € Y x R"™ (u # 0). Now it is sufficient to apply Theorem 4.13. O

Corollary 4.15. Let Y be a compact metric space, F € C(Y x R™ R"™), W € [R"]
and the following conditions hold:

(i) the function F € C(Y x R™,R"™) is continuously differentiable in x € R™;
(i) the operator F) (y,u)+F!*(y,u) has only negative eigenvalues for all (y,u) €
Y x R™;
(iii) F(y,0)=0 forallyeY;
(iv) the function F € C(Y x R™,R"™) is regular.

Then the trivial solution of equation (39) is global asymptotically stable.

Proof. This statement follows from Corollary 4.15. In fact, since R™ is a real finite-
dimensional space and the operator F! (y,u) + F.*(y,u) is auto-adjoint, then we
have

2(Fy(y, wyu,u) = (F(y, u) + F (y, u))u,u) <0
for all (y,u) € Y x R™ (u # 0). Now it is sufficient to apply Corollary 4.14 with
W = Idgn. O

Corollary 4.16. Let Y be a compact metric space, F € C(Y x R",R"™), W € [R"]
and the following conditions hold:

(i) the function F € C(Y x R™, R™) is continuously differentiable in v € R™;
(ii) the equation (39) is gradient, i.e. there exists a continuously differentiable
function V€ C(Y x R™R) such that F(y,u) = V. (y,u) for all (y,u) €
Y x R™;
(iii) the function V € C(Y x E,R) is twice continuously differentiable;
(iv) the Jacobian F.(y,u) = V. (y,u) of F has only negative eigenvalues for
all (y,u) €Y x R™;
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(v) F(y,0) =0 forally €Y;
(vi) the function F € C(Y x R™,R"™) is regular.

Then the trivial solution of equation (39) is global asymptotically stable.

Proof. This statement follows from Corollary 4.15. In fact, since R™ is a real finite-
dimensional space and the operator F (y,u) = V. (y,u) is auto-adjoint, then we
have

(Foly, wyu, u) = (Vi (y, w)u, u) <0

for all (y,u) € Y x R" (u # 0). Now it is sufficient to apply Corollary 4.14. O

Remark 4.17. For autonomous system this statement was proved in [12].

4.4. Triangular Systems.

Theorem 4.18. Let W, Y be two finite-dimensional Banach spaces, (W, ¢, (Y, Ta, o)
be a cocycle on W and the following conditions be held:

(i) 0 is a unique fized point of dynamical system (Y, Tq,0) which is globally
asymptotically stable;
(ii) @(t,0,y) =0 for allt € Ty andy € Y;
(iii) there exist a continuous function V : Y x W — Ry satisfying the following
conditions:
1. V(y,u) > a(|u]) for all (y,u) € Y x W, V(y,0) =0 for ally €Y and
Ima=1ImV, where a € A;
2. V(o(t,y), o(t,u,y)) < V(y,u) for all (y,u) €Y x W and t > 0;
3. V(o(t,y), p(t,u,y)) < V(y,u) if |p(s,u,y)| >0 for all s € [0,t].

Then the trivial motion of skew-product dynamical system (X, Ti,7) (X =Y X
W, m = (p,0)) is globally asymptotically stable.

Proof. Let g = (yo,up) € X be an arbitrary point. From the Conditions a. and b.
it follows that ¢(-, ug,yo), i-e. sup,~q (-, 40, yo)| < +00. Thus the motion 7 (¢, z¢)
is relatively compact on T and, consequently, w,, is a nonempty, compact invari-
ant set of dynamical system (X, Ty, n). Consider the non-autonomous dynamical
system (X, Ty, 7), (Y, Ta,0),h), where Y = H* (o) := {yot | t > 0}, X :=Y x W
and h := pry : X Y. By Theorem 4.4 the trivial motion of dynamical system
(X, Ty, ) is globally asymptotically stable and, in particularly, wz, = {0}. Thus
the dynamical system (X, Ty, 7) is point-wise dissipative and Qx = {0}. Since X is
a finite-dimensional space, then by Theorem 2.10 the dynamical system (X, Ty, 7)
is also compactly dissipative. Let J be the Levinson center of dynamical system
(X, Ty, ), then by Theorem 2.12 J = J*(f2x). To finish the proof of Theorem
it is sufficient to show that J = {0}. Let p € J, then there are z, — 0 and
t, — 400 such that p = tligloo Tptn. Since a(|zpty]) < V(n(ty, z,)) < V(z,) — 0

as n — +oo, then x,t, — 0 and, consequently, p = 0. (Il
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Let E™ be a n-dimensional Euclidean space, E™ = E™ x E™2 X ... X E™ (n =
my +ma + ...+ my). Consider the system

ull = fl(a(tay)7ul)
(41) uy = fa(o(t, y), ur,us)

ul, = fm(o(t,y), ur, ug, ...y Um),

where f; € C(Y X E™ X E™ x ... x EMi; E™ x E™2 x ... x E™) (i=1,2,...,k).

Theorem 4.19. LetY be a compact metric space, f; € C(Y x E™ x E™2 X ... %
E™i; E™) (i=1,2,...,k) and the following conditions hold:

(i) the function f; is continuously differentiable in u;, € E™;
(ii) for all i = 1,2,... k there exists a continuously differentiable function
Vi € C(Yx,R) such that fi(y,u) = V], (y,u) for all (y,u) € Y x E™ x
E™ x ... x E™ '
(iii) for alli=1,2,...,k the function V; € C(Y x E™ x E™2 x ... x E™ R)
is twice continuously differentiable in u;;
(iv) the Jacobian Fi(y,u) ((y,u) € Y x B") of right hand side F = (f1, fa,
.y fm) of system (41) has only negative eigenvalues for all (y,u) € Y X E;
(v) F(y,0) =0 forally€eY;
(vi) the function F € C(Y x E, E) is regular.

Then the trivial solution of equation (39) is global asymptotically stable.

Proof. Let F = (f1, fa,..., fr), then
det(F,(y,u) — \I) = det( 5L (y, u1) — AT) x
(42) det(522 (y, ur, uz) — AI) x ... x det(§L(y, ur, ug, ... uk) — AI)

Ous
N ik Ofi ;
and, consequently, o (F;) = Ui_;0(5%), where o(A) is the spectrum of operator A.

We will prove this statement by induction with respect to k. If & = 1, then this
statement coincides with Corollary 4.16. Assume that it is true forall 1 <i < k—1
and we will prove it for ¢ = k. Denote by M := E™ x E™2 x ... x E™~1 and

(M, R, 7) the dynamical system, generated by equation 2’ = F(x) (x € M), where

F=(f1,f2--., fk—1). Finally, let (E™* ¢, (M,R,0)) be a cocycle, generated by
equation

u;g = fm;C (U(ta y)vuk) (uk € Emka Yy e M)
Let V : Y x E™ — Ry be the function defined by equality V (y,u) := %(uk, Ug)-
Reasoning as in the proof of Corollary 4.16 we can show that the function V' pos-
sesses the properties 1.-3. from Theorem 4.18. Now to finish the proof it is sufficient
to apply Theorem 4.18. O

Remark 4.20. For autonomous systems, when my = mg = ... = my = 1 this
statement was established in [33] (see also [12]).

5. THE DISCRETE MARKUS-YAMABE PROBLEM FOR NON-AUTONOMOUS SYSTEMS

5.1. Triangular maps and non-autonomous dynamical systems. Let W and
Y be two complete metric spaces and denote by X := W x Y its cartesian product.
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Recall (see, for example, [23, 24]) that a continuous map F : X — X is called
triangular if there are two continuous maps f: W xY — W and g : Y — Y such

that F = (f,g), i.e. F(x) = F(y,u) = (f(y,u),g(y)) for all x =: (y,u) € X.

Consider a system of difference equations

Un41 = f(ynaun)
43
(43) { Yn+1 = 9(Yn),
for all n € Z, where Z, is the set of all non-negative integer numbers.

Along with system (43) we consider the family of equations

(44) Unt1 = f(g"y,un) (y €Y),

which is equivalent to system (43). Let ¢(n,u,y) be a solution of equation (44)
passing through the point u € W for n = 0. It is easy to verify that the map
@i Zy xW XY =W ((n,u,y) — ¢(n,u,y) ) satisfies the following conditions:

(1) ¢(0,u,y) =u for all u € W;
(i) o(n + m,u,y) = o(n,o(m,u,y),o(m,y)) for all n,m € Z,,u € W and
y € Y, where a(n,y) := g"y;
(iii) the map ¢ : Z; x W x Y +— W is continuous.

Denote by (Y, Z, o) the semi-group dynamical system generated by positive powers
of themap g: Y — Y, ie o(n,y):=g"yforalln €Z, and y €Y.

Definition 5.1. Recall [7] that a triplet (W, ¢, (Y,Z4,0)) (or briefly ¢) is called a
cocycle (or non-autonomous dynamical system) over the dynamical system (Y, Z, o)
with fiber W.

Thus, the reasoning above shows that every triangular map generates a cocycle
and, obviously, vice versa. Taking into consideration this remark we can study
triangular maps in the framework of non-autonomous dynamical systems (cocycles)
with discrete time.

5.2. Contractive dynamical systems. The mapping F' : X — X is called as-
ymptotically compact, if the discrete dynamical system (X, Z, 7) generated by the
positive powers of F' (i.e. w(n,z) := F™(z) for all (n,z) € Z; x X) is so.

Theorem 5.2. Suppose that the following conditions hold:
(i) (Y g) is a compact minimal dynamical system;
(i) W is a Banach space;
(iii) the function f € C(Y x W, W) is continuously differentiable in v € W;
() (1, (g, w)ll <1 for all (y,u) € Y x W
v) f(y,0) =0 forally €Y
(vi)

the mapping F : Y x W — Y x W, where F(y,u) = (9(y), f(y,u)) for all
(y,u) €Y x W, is asymptotically compact.

Then the trivial solution of equation (44) is global asymptotically stable.

Proof. Let uy,us € W, then by formula of finite difference we have
(45) fysu2) = fly,ur) = fo,(y,ur + O(ug — 1)) (ug —u1),
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where 0 = 0(y,u1,u2) € [0,1]. Since |[|f/(y,u)|]| < 1 for all (y,u) € Y x W and
taking into account the equality (45) we obtain

|f(y,u2) — f(y,ur)| = | fo(ur + 0(uz — ur))(uz —u1)| <
(46) [| fuly, w1 + 0(uz — u1))||Jue — ui| < |uz — u1]

for all uy,us € W (u1 # ug). Now we will show that the discrete dynamical system
(X,Z4,7), generated by positive powers of F' : X — X is boundedly dissipative (in
particular, compactly dissipative). In fact, let r be an arbitrary positive number,
then the set M = B[0,r] := {x € X | || < r} is positively invariant, because
|F™"(y,u)| < |u] < r for all n € Zy, where |(y,u)| := |u|. Since the map F' is
asymptotically compact, then there exists a nonempty compact subset K, C X
such that

(47) lim B(F" (M), K,)=0.

n—-+400

Thus the dynamical system (X,Z.,w) satisfies the condition of Ladyzhenskaya.
By Theorem 3.12 the dynamical system (X,Zy,7) is boundedly dissipative. In
particularly it is compactly dissipative and by Theorem 3.7 its Levinson center J
is a compact minimal set. On the other hand the set © := {(y,0) | y € Y} is
a compact invariant set because Y is so and, consequently, ® C J. Since J is
minimal, then we have J = ©. Consider the non-autonomous dynamical system
(X,Z4,7m),(Y,Z4,0),h), where o(n,y) := g"(y) (for all (y € Y and n € Z;) and
h = pro : X — Y. We define the function V : XxX +— R, by the equality
V((y,u1), (y,uz2)) := |ug — us| for all (y,u1), (y,uz) € X. From the inequality (46)
we obtain V(m(n,z1),7(n,z1)) < V(z1,22) for all (z1,72) € XxX \ Ax and
n € N. Since the dynamical system (X,Z,7) is asymptotically compact, to finish
the proof it is sufficient to apply Theorem 3.13. ([l

Definition 5.3. The mapping F : X — X 1is called locally compact, if the discrete
dynamical system (X,Zy,m), generated by the positive powers of F, is so.

Theorem 5.4. Suppose that the following conditions hold:

(i) (Y, g) is a compact minimal dynamical system;
(ii) W is a Banach space;
(iii) the function f € C(Y x W, W) is continuously differentiable in u € W;
() 117, w)l| <1 for all (y,u) € Y x W;
(v) f(y,0) =0 forally €Y;
(vi) the mapping F := (g, f): Y X W =Y x W is locally compact.

Then the trivial solution of equation (44) is globally asymptotically stable.

Proof. Let (W, p,(Y,Z4,0)) be the cocycle, generated by mapping F := (f, g) and
o(n,y) := g"y for all y € Y and n € Z,. Denote by (X,Z,,n) the skew-product
dynamical system, where X := Y xW and 7(n,z) := F"z forall z = (y,u) € X and
n € Z. Consider the non-autonomous dynamical system (X, Z, ), (Y, Z4,0), h),
where h := pro : X +— Y and the function V : XxX +— R, defined by equality
V((y,u1), (y,u2)) := |ur — uo| for all y € Y and ui,us € W. From the inequality
(46) it follows that

(48) V(r(n,z1),m(n,z2)) < V(x1,x2)
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for all n > 0 and (z1,22) € XxX \ Ax. Since f(y,0) = 0 for all y € Y, then
m(n,(y,0)) = (y,0) for all y € Y and n € Z; and taking into account the inequal-
ity (48) we obtain that every positive semi-trajectory of (X,Z,,n) is relatively
compact. Now to finish the proof it is sufficient to apply Theorem 3.10. O

5.3. Potential mappings.

Theorem 5.5. Let f € C(Y x W, W) be a potential mapping, i.e. there exists a
continuously differentiable in u € W mapping V€ C(Y x W, R) such that f(y,u) =
V! (y,u) for all (y,u) € Y x W. Suppose that the following conditions hold:

(i
(ii
(iii

(iv

) (Y, g) is a compact minimal dynamical system;

) W is a finite-dimensional Banach space;

) the functzon V € C(Y xW,R) is twice continuously differentiable inu € W;

) r(fl(y,u)) <1 forall (y,u) € Y xW, where r(A) denote the spectral radius
of the operator A;

(v) f(y,0)=0 forally €Y.
Then the trivial solution of equation (44) is globally asymptotically stable.
all ( ,u) € Y x W. Since the operator
r(f

7 (y,u)) < 1 for all (y,u) € Y x W.
O

V' (y,u) is symmetric, then ||f (y, u)l

Proof. Note that f!(y,u) = V! (y,u) for
| =
Now it is sufficient to refer Theorem 5.2.

Example 5.6. Let ® : R® — R be a continuously differentiable function and
f: R™ — R™ be a continuous function defined by equality f(u) := ®'(u) for all
u € R™. It easy to note that r(f'(u)) = ||f (w)|| for all u € R™, where r(f'(u)) is
the spectral radius of the operator f'(u), because f”(u) is an auto-adjoint operator.
Thus, if f(0) =0 and r(f'(u)) <1 for all u € R™, then the mapping f = @' has a
unique fixed point 0 and it is globally asymptotically stable. In particularly, if f is
a continuously differentiable mapping from R into itself, f(0) =0 and |f'(u)] <1
for all uw € R, then 0 is a unique globally asymptotically stable point of f.

Remark 5.7. This result (Example 5.6) was established in the works [8, 12].

Let E™ be a n-dimensional Banach space, E™ = E™ x E™2 x ... x E™ (n =
my +ma + ...+ my). Consider the system

ui(n+1) = fi(o(n,y), ui(n))
(49) us(n+1) = fa(o(n,y),ur(n), uz(n))

um(n + 1) = fm(a(nvy)vul(n)a'LLQ(n)a cee 7um(n))7
where f; € C(Y X B x F™M2 x ... X Emi;Emi) (Z = 1,2,...,]{).

Theorem 5.8. Let Y be a compact metric space, f; € C(Y x E™ x E™2 x ... X
E™i; E™) (i=1,2,...,k) and the following conditions hold:

(i) the function f; is continuously differentiable in u; € E™i;

(ii) for all i = 1,2,...,k there exists a continuously differentiable function
Vi € C(Y x,R) such that fi(y,u) = gx (y,u) for all (y,u) € Y x E™ x
E™m2 x ... x B™;
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(i) for alli=1,2,...,k the function V; € C(Y x E™ x E™2 x ... x E™ R)
1s twice continuously differentiable in u;;
(iv) the Jacobian F)(y,u) (y,u) € Y x E™) of right hand side F := (f1, fa,
.y fm) of system (49) has all its eigenvalues with modulus less than one
for all (y,u) €Y x E;
(v) F(y,0)=0 forally €Y.

Then the trivial solution of equation (49) is global asymptotically stable.

Proof. Let F = (f1, fo,-.-, fx), then
det(FL(y, u) — AI) = det( 222 (y, ur) — AI) x
(50) det(g—fz(y,ul,ug) —A) X ...x% det(?—’i’i(y,uh Uy ... ug) — Al)

u u

and, consequently, o(F)) = Ulea(gj} ), where o(A) is the spectrum of operator A.

i

We will prove this statement by induction with respect to k. If & = 1, then this
statement coincides with Theorem 5.5. Assume that it is true forall 1 <7 <k —1
and we will prove it for ¢ = k. Denote by M := E™ x E™2 x ... x E™k-1
and (M, Z,,7) the dynamical system, generated by equation u(n + 1) = F(u(n))
(x € M), where F = (f1, fa,..., fx—1). Finally, let (E™, ¢, (M,Z,, 0)) be a
cocycle, generated by equation

uk(n + 1) = fmk(g(na y)auk(n)) (u SOMENNTRS M)

Let V : Y x E™ +— R, be the function defined by equality V (y,ux) = |ugl.
Reasoning as in the proof of Theorem 5.5 we can check that the function V' possesses
the properties 1.-3. from Theorem 4.18. Now to finish the proof it is sufficient to
apply Theorem 4.18. ([l

Remark 5.9. For autonomous discrete systems, when m; = mo = ... =my =1
this statement was established in [12].
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