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Abstract

We prove that the linear stochastic equation dx(t) = (Ax(t)+
f(t))dt+ g(t)dW (t) (*) with linear operator A generating a C0-
semigroup {U(t)}t≥0 and Levitan almost periodic forcing terms f
and g admits a unique Levitan almost periodic [3,ChIV] solution
in distrution sense if it has at least one precompact solution on
R+ and the semigroup {U(t)}t≥0 is asymptotically stable.

Keywords: Levitan almost periodic solutions, linear stochas-
tic differential equations.

1 Introduction

In this short communication we study the problem of existence of Lev-
itan almost periodic solutions of equations (*), where A is generator of
strongly asymptotically stable C0-semigroup on a Banach space E and
f, g :→ E are some Levitan almost periodic functions.

In the deterministic case (g = 0) the problem of Bohr almost peri-
odicity (respectively, almost automorphy) of solutions of equation (*)
was studied in the works of S. Zaidman [2] (for Bohr almost periodic
equations) and M. Zaki [3] (for almost automorphic equations).

2 Semigroup of operators

Let (E, | · |) be a Banach space with the norm | · | and [E] be a Banach
space of linear bounded operators A acting on the space A equipped
with the norm ||A|| := sup{|Ax| : |x| ≤ 1}.
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A C0-semigroup {U(t)}t≥0 is said to be asymptotically stable if
lim

t→+∞
U(t)x = 0 for any x ∈ E.

Theorem 1.[1,ChI] The following statements are equivalent:

1. the C0-semigroup {U(t)}t≥0 is asymptotically stable;

2. lim
t→+∞

sup
x∈K

|U(t)x| = 0 for any compact subset K ⊂ E;

3. equation x′(t) = Ax(t)

(a) admits a compact global attractor J ;

(b) does not admit any solution defined on R with precompact
range, i.e., J = {0}.

Let (X, ρ) be a compete metric space. Denote by C(R, X) the fam-
ily of all continuous functions f : R 7→ X equipped with the distance
d(f, g) := sup

l>0
dl(f, g), where dl(f, g) := min{max

|t|≤l
ρ(f(t), g(t)); l−1}.

The metric d is complete and it defines on C(R, X) the compact-open
topology. Let h ∈ R denote by fh the h-translation of f , that is,
fh(s) := f(s+ h) for all s ∈ R.
Definition 1. A function f ∈ C(R, X) is said to be Bohr almost
periodic if for any ε > 0 there exists a positive number L = L(ε) such
that T (ε, f)

∩
[a, a + L] ̸= ∅ for any a ∈ R, where T (ε, f) := {τ ∈ R :

ρ(f(t+ τ), f((t))) < ε for any t ∈ R}.
Definition 2. Function f ∈ C(R, X) is called Levitan almost periodic
if there exists a metric space Y and a Bohr almost periodic function
F ∈ C(R, Y ) such that for arbitrary ε > 0 there exists a positive num-
ber δ = δ(ε) such that T (δ, F ) ⊆ T(ε, f), where T(ε, f) := {τ ∈ R :
max
|t|≤1/ε

ρ(f(t+ τ), f(t)) < ε}.

Remark 1. 1.Every Bohr almost periodic function is Levitan almost
periodic.

2.The functions f(t) = (2 + cos t+ cos
√
2t)−1 and g(t) = cos(f(t))

(t ∈ R) are Levitan almost periodic, but not Bohr almost periodic
[3,ChIV].
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3 Linear Stochastic Differential Equations

Let (H, | · |) be a real separable Hilbert space, (Ω,F ,P) be a probability
space, and L2(P, H) be the space of H-valued random variables x such
that E|x|2 :=

∫
Ω

|x|2dP < ∞. Then L2(P, H) is a Hilbert space equipped

with the norm ||x||2 :=
( ∫
Ω

|x|2dP
)1/2

.

Consider the following linear stochastic differential equation

dx(t) = (Ax(t) + f(t)dt+ g(t)dW (t), (1)

where A is an infinitesimal generator which generates a C0-semigroup
{U(t)}t≥0, f, g ∈ C(R,H) and W (t) is a two-sided standard one-
dimensional Brownian motion defined on the probability space (Ω,F ,P).
We set Ft := σ{W (u) : u ≤ t}.

Recall that an Ft-adapted processes {x(t)}t∈R is said to be a mild
solution of equation (1) if it satisfies the stochastic integral equation

x(t) = U(t− t0)x(t0) +

∫ t

t0

U(t− s)f(s)ds+

∫ t

t0

U(t− s)g(s)dW (s),

for all t ≥ t0 and each t0 ∈ R.
Let P(H) be the space of all Borel probability measures on H en-

dowed with the weak topology. It is well known that on the space P(H)
there is a distance which defines this topology.
Definition 3. Let φ : R → E be a mild solution of equation (1).
Then φ is called Levitan almost periodic in distribution if the function
ϕ ∈ C(R,P(H)) is Levitan almost periodic, where ϕ(t) := L(φ(t)) for
any t ∈ R and L(φ(t)) ∈ P(H) is the law of random variable φ(t).

Theorem 2. Suppose that the following conditions are fulfilled:

a. the C0-semigroup {U(t)}t≥0 is asymptotically stable;

b. the functions f, g ∈ C(R,H) are Levitan almost periodic;

c. equation (1) admits a solution φ defined on R+ with precompact
range, i.e., the set Q := φ(R+) is compact.
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Then equation (1) has a unique solution p defined on R with pre-
compact range which is Levitan almost periodic in distribution sense
and lim

t→+∞
|φ(t)− p(t)| = 0.

To prove this statement we use some ideas, methods and results
from the theory of nonautonomous (cocycle) dynamical systems [1].
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