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I. U. BRONSHTEIN’S CONJECTURE FOR MONOTONE

NONAUTONOMOUS DYNAMICAL SYSTEMS

DAVID CHEBAN

Abstract. In this paper we study the problem of almost periodicity of solu-
tions for dissipative differential equations (Bronshtein’s conjecture). We give
a positive answer to this conjecture for monotone almost periodic systems of
differential/difference equations.

1. Introduction

I. U. Bronshtein’s conjecture [4, ChIV,p.273]. If an equation

(1) x′ = f(t, x) (f ∈ C(R× R
d,Rd))

with right hand side (Bohr) almost periodic in t satisfies the conditions of uniform
positive stability and positive dissipativity, then it has at least one (Bohr) almost
periodic solution.

Remark 1.1. 1. If d ≤ 3, then the positive answer to this conjecture follows from
the results of V. V. Zhikov [34, ChII] (see also [17, ChVII] and [4, ChIV]).

2. Even for scalar equations (d = 1) as was shown by A. M. Fink and P. O. Fred-
erickson [15] (see also [13, ChXII]), dissipation (without uniform positive stability)
does not imply the existence of almost periodic solutions.

The aim of this paper is studying the problem of existence of Levitan/Bohr almost
periodic (respectively, almost automorphic, recurrent and Poisson stable) solutions
for dissipative differential equation (1), when the second right hand side is mono-
tone with respect to spacial variable. The existence at least one quasi periodic
(respectively, Bohr almost periodic, almost automorphic, recurrent, pseudo recur-
rent, Levitan almost periodic, almost recurrent, Poisson stable) solution of (1) is
proved under the condition that every solution of equation (1) is positively uni-
formly Lyapunov stable.

The paper is organized as follows.

In Section 2 we collected some notions and facts from the theory of dynamical
systems (the both autonomous and nonautonomous) which we use in this paper:
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2 DAVID CHEBAN

Poisson stable motions and functions, cocycles, skew-product dynamical systems,
monotone non-autonomous dynamical systems, Ellis semigroup.

Section 3 is dedicated to the study the global attractors of cocycles, when the phase
space of driving system is noncompact.the structure of the ω-limit set of noncom-
pact semitrajectory for autonomous and nonautonomous dynamical systems.

In Section 4 we formulate I. U. Bronshtein’s conjecture for general nonautonomous
dynamical systems. The positive answer for monotone nonautonomous dynamical
systems is given (Theorem 4.2, Corollary 4.3 and Remark 4.4).

Section 5 is dedicated to the applications of our general results for differential
(Theorems 5.15 and 5.16) and difference (Theorems 5.21 and 5.22) equations.

2. Some general properties of autonomous and nonautonomous

dynamical systems

In this section we collect some notions and facts from the autonomous and non-
autonomous dynamical systems [8] (see also, [10, Ch.IX]) which we will use below.

2.1. Cocycles. Let Y be a complete metric space, let R := (−∞,+∞), Z :=
{0,±1,±2, . . .}, T = R or Z, T+ = {t ∈ T| t ≥ 0} and T− = {t ∈ T| t ≤ 0}. Let
(Y,T, σ) be an autonomous two-sided dynamical system on Y and E be a real or
complex Banach space with the norm | · |.

Definition 2.1. (Cocycle on the state space E with the base (Y,T, σ)). The triplet
〈E, φ, (Y,T, σ)〉(or briefly φ) is said to be a cocycle (see, for example, [10] and [21])
on the state space E with the base (Y,T, σ) if the mapping φ : T+ × Y × E → E
satisfies the following conditions:

(i) φ(0, y, u) = u for all u ∈ E and y ∈ Y ;
(ii) φ(t+ τ, y, u) = φ(t, φ(τ, u, y), σ(τ, y)) for all t, τ ∈ T+, u ∈ E and y ∈ Y ;
(iii) the mapping φ is continuous.

Definition 2.2. (Skew-product dynamical system). Let 〈E, φ, (Y,T, σ)〉 be a cocycle
on E,X := E × Y and π be a mapping from T+ × X to X defined by equality
π = (φ, σ), i.e., π(t, (u, y)) = (φ(t, ω, u), σ(t, y)) for all t ∈ T+ and (u, y) ∈ E × Y .
The triplet (X,T+, π) is an autonomous dynamical system and it is called [21] a
skew-product dynamical system.

Definition 2.3. (Nonautonomous dynamical system.) Let T1 ⊆ T2 be two sub-
semigroup of the group T, (X,T1, π) and (Y,T2, σ) be two autonomous dynamical
systems and h : X → Y be a homomorphism from (X,T1, π) to (Y,T2, σ) (i.e.,
h(π(t, x)) = σ(t, h(x)) for all t ∈ T1, x ∈ X and h is continuous), then the triplet
〈(X,T1, π), (Y, T2, σ), h〉 is called (see [4] and [10]) a nonautonomous dynamical
system.

Example 2.4. (The nonautonomous dynamical system generated by cocycle φ.)
Let 〈E, φ, (Y,T, σ)〉 be a cocycle, (X,T+, π) be a skew-product dynamical system
(X = E × Y, π = (φ, σ)) and h = pr2 : X → Y, then the triplet 〈(X,T+, π),
(Y,T, σ), h〉 is a nonautonomous dynamical system.
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2.2. Some general facts about nonautonomous dynamical systems. In this
subsection we give some general facts about nonautonomous dynamical systems
without proofs. The more details and the proofs the readers can find in [8] (see
also [10, Ch.IX]).

Definition 2.5. Let (X,h, Y ) be a fiber space, i.e., X and Y be two metric spaces
and h : X → Y be a homomorphism from X into Y . The subset M ⊆ X is
said to be conditionally precompact [8],[10, Ch.IX], if the preimage h−1(Y ′)

⋂

M
of every precompact subset Y ′ ⊆ Y is a precompact subset of X. In particularly
My = h−1(y)

⋂

M is a precompact subset of Xy for every y ∈ Y . The set M is
called conditionally compact if it is closed and conditionally precompact.

Definition 2.6. Let 〈E, φ, (Y,T, σ)〉 (respectively, (X,T+, π)) be a cocycle (re-
spectively, onesided dynamical system). The continuous mapping ν : T → E (re-
spectively, γ : T → X) is called an entire trajectory of cocycle φ (respectively, of
dynamical system (X,T+, π)) passing through the point (u, y) ∈ E × Y (respec-
tively, x ∈ X) for t = 0 if φ(t, ν(s), σ(s, y)) = ν(t + s) and ν(0) = u (respectively,
π(t, γ(s)) = γ(t+ s) and γ(0) = x) for all t ∈ T+and s ∈ T.

Denote by Φx the family of all entire trajectories of (X,T+, π) passing through the
point x ∈ X at the initial moment t = 0 and Φ :=

⋃

{Φx : x ∈ X}.

2.3. Bohr/Levitan almost periodic, almost automorphic, recurrent and
Poisson stable motions.

Definition 2.7. A number τ ∈ S is called an ε > 0 shift of x (respectively, almost
period of x), if ρ(xτ, x) < ε (respectively, ρ(x(τ + t), xt) < ε for all t ∈ S).

Definition 2.8. A point x ∈ X is called almost recurrent (respectively, Bohr almost
periodic), if for any ε > 0 there exists a positive number l such that at any segment
of length l there is an ε shift (respectively, almost period) of point x ∈ X.

Definition 2.9. If the point x ∈ X is almost recurrent and the set H(x) :=

{xt | t ∈ T} is compact, then x is called recurrent.

Denote by Nx := {{tn} : {tn} ⊂ T such that {π(tn, x)} → x as n → ∞}.

Definition 2.10. A point x ∈ X of the dynamical system (X,T, π) is called Levitan
almost periodic [17], if there exists a dynamical system (Y,T, σ) and a Bohr almost
periodic point y ∈ Y such that Ny ⊆ Nx.

Definition 2.11. A point x ∈ X is called stable in the sense of Lagrange (st.L), if
its trajectory Σx := Φ{π(t, x) : t ∈ T} is relatively compact.

Definition 2.12. A point x ∈ X is called almost automorphic in the dynamical
system (X,T, π), if the following conditions hold:

(i) x is st.L;
(ii) the point x ∈ X is Levitan almost periodic.

Definition 2.13. A point x0 ∈ X is called [28, 29]

- pseudo recurrent if for any ε > 0, t0 ∈ T and p ∈ Σx0
there exist numbers

L = L(ε, t0) > 0 and τ = τ(ε, t0, p) ∈ [t0, t0 + L] such that τ ∈ T(p, ε));
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- pseudo periodic (or uniformly Poisson stable) if for any ε > 0, t0 ∈ T there
exists a number τ = τ(ε, t0) > t0 such that τ ∈ T(p, ε)) for any p ∈ Σx0

;
- Poisson stable in the positive (respectively, negative) direction if for any
ε > 0 and l > 0 (respectively, l < 0) there exists a number τ > l (re-
spectively, τ < l) such that ρ(π(τ, x0), x0) < ε. The point x0 ∈ X is called
Poisson stable if it is stable (in the sense of Poisson) in the both directions.

Remark 2.14. 1. Every pseudo periodic point is pseudo recurrent.

2. If x ∈ X is pseudo recurrent, then

- it is Poisson stable;
- every point p ∈ H(x) is pseudo recurrent;
- there exist pseudo recurrent points for which the set H(x0) is compact but
not minimal [25, ChV];

- there exist pseudo recurrent points which are not almost automorphic (re-
spectively, pseudo periodic) [25, ChV].

2.4. B. A. Shcherbakov’s principle of comparability of motions by their
character of recurrence. In this subsection we will present some notions and
results stated and proved by B. A. Shcherbakov [25]-[28].

Let (X,T1, π) and (Y,T2, σ) be two dynamical systems.

Definition 2.15. A point x ∈ X is said to be comparable with y ∈ Y by the
character of recurrence, if for all ε > 0 there exists a δ = δ(ε) > 0 such that every
δ–shift of y is an ε–shift for x, i.e., d(σ(τ, y), y) < δ implies ρ(π(τ, x), x) < ε, where
d (respectively, ρ) is the distance on Y (respectively, on X).

Theorem 2.16. Let x be comparable with y ∈ Y . If the point y ∈ Y is stationary
(respectively, τ–periodic, Levitan almost periodic, almost recurrent, Poisson stable),
then the point x ∈ X is so.

Definition 2.17. A point x ∈ X is called uniformly comparable with y ∈ Y by
character of recurrence, if for all ε > 0 there exists a δ = δ(ε) > 0 such that every
δ–shift of σ(t, y) is an ε–shift for π(t, x) for all t ∈ T, i.e., d(σ(t+ τ, y), σ(t, y)) < δ
implies ρ(π(t + τ, x), x) < ε for all t ∈ T (or equivalently, d(σ(t1, y), σ(t2, y)) < δ
implies ρ(π(t1, x), π(t2, x)) < ε for all t1, t2 ∈ T).

Denote by Mx := {{tn} ⊂ R : such that {π(tn, x)} converges }.

Definition 2.18. A point x ∈ X is said [7],[9, ChII] to be strongly comparable by
character of recurrence with the point y ∈ Y , if My ⊆ Mx.

Definition 2.19. A point y ∈ Y is said to be:

(i) stable in the sense of Lagrange in the positive direction (respectively, stable

in the sense of Lagrange) if the set H+(y) := {σ(t, y)| t ∈ T+} (respec-

tively, H(y) := {σ(t, y)| t ∈ T}) is compact;
(ii) Poisson stable in the positive direction if x ∈ ωx, where

ωx :=
⋂

t≥0

⋃

τ≥t

π(τ, x) .
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Theorem 2.20. Let X be a complete metric space. If the point x uniformly com-
parable by character of recurrence with y, then My ⊆ Mx.

Theorem 2.21. Let y be stable in the sense of Lagrange. The inclusion My ⊆ Mx

takes place, if and only if the point x is stable in the sense of Lagrange and the
point x uniformly comparable by character of recurrence with y.

Theorem 2.22. Let X and Y be two complete metric spaces, the point x be uni-
formly comparable with y ∈ Y by the character of recurrence. If the point y ∈ Y
is recurrent (respectively, almost periodic, almost automorphic, uniformly Poisson
stable), then so is the point x ∈ X.

2.5. Monotone Nonautonomous Dynamical Systems. Let Rd
+ := {x ∈ Rd :

such that xi ≥ 0 (x := (x1, . . . , xn)) for any i = 1, 2, . . . , d} be the cone of
nonnegative vectors of Rd. By Rd

+ on the space Rd is defined a partial order.

Namely: u ≤ v if v − u ∈ Rd
+. Let K ⊂ Rd be a compact subset of Rd,

and for each 1 ≤ i ≤ d, define αi(K) := min{xi| x = (x1, . . . , xd) ∈ K} and
βi(K) := max{xi| x = (x1, . . . , xd) ∈ K}. Then α(K) := (α1(K), . . . , αd(K))
and β(K) := (β1(K), . . . , βd(K)) are the greatest lower bound (infimum) and least
upper bound (supremum) of with respect to the order on Rd, respectively.

Definition 2.23. Let 〈Rd, ϕ, (Y,T, σ)〉 be a cocycle and 〈(X,T+, π), (Y,T, σ), h〉 be
a nonautonomous dynamical system associated by cocycle ϕ (i.e., X := Rd × Y ,
π = (ϕ, σ) and h := pr2 : X → Y ). The cocycle ϕ is said to be monotone if u1 ≤ u2

implies ϕ(t, u1, y) ≤ ϕ(t, u2, y) for any t > 0 and y ∈ Y .

Recall that a forward orbit {π(t, x0) t ≥ 0} of non-autonomous dynamical systems
〈(X,T+, π), (Y,T, σ), h〉 is said to be uniformly stable if for any ε > 0, there is a
δ = δ(ε) > 0 such that ρ(π(t0, x0), π(t0, x0)) < δ implies d(π(t, x0), π(t, x0)) < ε for
every t ≥ t0.

Below we will use the following assumptions:

(C1) For every compact subset K ⊂ X and y ∈ Y the set Ky := h−1(y)
⋂

K has
both the greatest lower bound (g.l.b.) αy(K) and the least upper bound
(l.u.b.) βy(K).

(C2) For every x ∈ X , the semi-trajectory Σ+
x := {π(t, x) : t ≥ 0} is condition-

ally precompact and its ω-limit set ωx is positively uniformly stable.
(C3) The non-autonomous dynamical system 〈(X,T+, π), (Y,T, σ), h〉 generated

by cocycle ϕ is monotone.

Lemma 2.24. [11] Assume that (C1)–(C3) hold, x0 ∈ X such that ωx0
is positively

uniformly stable. Let K := ωx0
be fixed and y0 := h(x0). Then if q ∈ ωq ⊆ ωy0

,
αq := αq(K), K1 := ωαq

, then the set K1
q := ωαq

⋂

Xq (respectively, ωβq

⋂

Xq)

consists a single point γq (respectively, δq), i.e., K
1
q = {γq} (respectively, {δq}).

Theorem 2.25. [11] Assume that (C1)–(C3) hold, x0 ∈ X such that ωx0
is posi-

tively uniformly stable and y0 := h(x0). Then the following statements hold:

(i) if y0 ∈ ωy0
, then the point γy0

(respectively, βy0
) is comparable by character

of recurrence with y0 and
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(ii)
lim
n→∞

ρ(π(t, αy0
), π(t, γy0

)) = 0 .

Corollary 2.26. Under the conditions (C1) − (C3) if the point y0 is τ-periodic
(respectively, Levitan almost periodic, almost recurrent, almost automorphic, re-
current, Poisson stable), then:

(i) the point γy0
is so;

(ii) the point αy0
is asymptotically τ-periodic (respectively, asymptotically Levi-

tan almost periodic, asymptotically almost recurrent, asymptotically almost
automorphic, asymptotically recurrent, asymptotically Poisson stable).

Definition 2.27. A point x0 ∈ X is said to be:

- pseudo recurrent [24, 28, 29] if for any ε > 0, p ∈ Σx0
:= {π(t, x0) : t ∈ T}

and t0 ∈ T there exists L = L(ε, t0) > 0 such that

B(p, ε)
⋂

π([t0, t0 + L], p) 6= ∅,

where B(p, ε) := {x ∈ X : ρ(p, x) < ε} and π([t0, t0 + L], p) := {π(t, p) :
t ∈ [t0, t0 + L]};

- uniformly Poisson stable [2] (or pseudo peiodic [3, ChII,p.32]) if for ar-
bitrary ε > 0 and l > 0 there exists a number τ > l such that ρ(π(t +
τ, x), π(t, x)) < ε for any t ∈ T.

Remark 2.28. 1. Every recurrent (respectively, uniformly Poisson stable) point is
pseudo recurrent. The inverse statement, generally speaking, is not true.

2. If x0 ∈ X is a pseudo recurrent point, then p ∈ ωp for any p ∈ H(x0).

3. If x0 is a Lagrange stable point and p ∈ ωp for any p ∈ H(x0), then the point x0

is pseudo recurrent.

Definition 2.29. A point x ∈ X is said to be strongly Poisson stable if p ∈ ωp for
any p ∈ H(x).

Remark 2.30. Every pseudo recurrent point is strongly Poisson stable. The in-
verse statement, generally speaking, is not true.

Theorem 2.31. [11] Assume that (C1)–(C3) hold, x0 ∈ X and y0 := h(x0) ∈ Y
is strongly Poisson stable. Then the following statements hold:

(i) the point γy0
(respectively, δy0

) is strongly comparable by character of re-
currence with y0 and

lim
t→+∞

ρ(π(t, αy0
), π(t, γy0

)) = 0.

Corollary 2.32. Under the conditions (C1) − (C3) if the point y0 is τ-periodic
(respectively, quasi periodic, Bohr almost periodic, recurrent, pseudo recurrent and
Lagrange stable), then:

(i) the point uy0
is so;

(ii) the point αy0
is asymptotically τ-periodic (respectively, asymptotically quasi

periodic, asymptotically Bohr almost periodic, asymptotically recurrent,
pseudo recurrent).
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Remark 2.33. 1. If the point y0 is recurrent (in the sense of Birkhoff), then
Corollary 2.32 coincides with the results of the work of J. Jiang and X.-Q. Zhao
[?].

2. In the works of B. A. Shcherbakov [22]-[24], [25, ChV, Example 5.2.1] were
constructed examples of pseudo recurrent and Lagrange stable motions which are
not recurrent (in the sense of Birkhoff).

3. Global Attractors of Cocycles

Let W be a complete metric space.

Definition 3.1. The family {Iy | y ∈ Y } (Iy ⊂ W ) of nonempty compact subsets
W is called (see, for example, [1] and [14]) a compact pullback attractor (uniform
pullback attractor ) of a cocycle ϕ, if the following conditions hold:

(i) the set I :=
⋃

{Iy | y ∈ Y } is relatively compact;
(ii) the family {Iy | y ∈ Y } is invariant with respect to the cocycle ϕ, i.e.

ϕ(t, Iy , y) = Iσ(t,y) for all t ∈ T+ and y ∈ Y ;
(iii) for all y ∈ Y (uniformly in y ∈ Y ) and K ∈ C(W )

lim
t→+∞

β(ϕ(t,K, yσ(−t,y)), Iy) = 0,

where β(A,B) := sup{ρ(a,B) : a ∈ A} is a semi-distance of Hausdorff.

Definition 3.2. The family {Iy | y ∈ Y }(Iy ⊂ W ) of nonempty compact sub-
sets is called a compact (forward) global attractor of the cocycle ϕ, if the following
conditions are fulfilled:

(i) the set I :=
⋃

{Iy | y ∈ Y } is relatively compact;
(ii) the family {Iy | y ∈ Y } is invariant with respect to the cocycle ϕ;
(iii) the equality

lim
t→+∞

sup
y∈Y

β(ϕ(t,K, y), I) = 0

holds for every K ∈ C(W ).

Let M ⊆ W and

ωy(M) :=
⋂

t≥0

⋃

τ≥t

ϕ(τ,M, σ(−τ, y))

for any y ∈ Y .

Lemma 3.3. [10, ChII] The following statements hold:

(i) The point p ∈ ωy(M) if and only if there exit tn → +∞ and {xn} ⊆ M
such that p = lim

n→+∞
ϕ(tn, xn, σ(−tn, y));

(ii) U(t, y)ωy(M) ⊆ ωσ(t,y)(M) for all y ∈ Y and t ∈ T+, where U(t, y) :=
ϕ(t, ·, y);

(iii) for any point w ∈ ωy(M) the motion ϕ(t, w, y) is defined on S;
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(iv) if there exits a nonempty compact K ⊂ W such that

lim
t→+∞

β(ϕ(t,M, σ(−t, y)),K) = 0,

then ωy(M) 6= ∅, is compact,

lim
t→+∞

β(ϕ(t,M, σ(−t, y)), ωy(M)) = 0

and
U(t, y)ωy(M) = ωσ(t,y)(M)

for all y ∈ Y and t ∈ T+ .

Definition 3.4. A cocycle ϕ over (Y,T, σ) with the fiber W is said to be compactly
dissipative, if there exits a nonempty compact K ⊆ W such that

(2) lim
t→+∞

sup{β(U(t, y)M,K) | y ∈ Y } = 0

for any M ∈ C(W ).

Theorem 3.5. [10, ChII] Let 〈W,ϕ, (Y,T, σ)〉 be compactly dissipative and K be
the nonempty compact subset of W appearing in the equality (2), then:

1. Iy = ωy(K) 6= ∅, is compact, Iy ⊆ K and

lim
t→+∞

β(U(t, σ(−t, y))K, Iy) = 0

for every y ∈ Y ;
2. U(t, y)Iy = Iyt for all y ∈ Y and t ∈ T+;
3.

lim
t→+∞

β(U(t, σ(−t, y))M, Iy) = 0

for all M ∈ C(W ) and y ∈ Y ;
4. the set I is relatively compact, where I := ∪{Iy | y ∈ Y }.

Theorem 3.6. Let 〈W,ϕ, (Y,T, σ)〉 be compactly dissipative and K be the nonempty
compact subset of W appearing in the equality (2), then the family of subsets {Iy| y ∈
Y } is a maximal family possessing the properties 2.–4.

Proof. Let {I
′

y| y ∈ Y } be a family of subsets possessing properties 2.–4. Denote

by I
′

:=
⋃

{I
′

y| y ∈ Y } and M := I ′ , where by ar is denoted the closure of I
′

. Since
M ∈ C(W ), then for arbitrary ε > 0 and y ∈ Y there exists a positive number
L(ε, y) such that

U(t, σ(−t, y))M ⊆ B(Iy , ε)

for any t ≥ L(ε, y). Note that I
′

y = U(t, σ(−t, y))I
′

σ(t,y) ⊆ U(t, σ(−t, y))M ⊆

B(Iy, ε). Since ε is an arbitrary positive number we obtain I
′

y ⊆ Iy for any y ∈
Y . �

Definition 3.7. Let 〈W,ϕ, (Y,T, σ)〉 be compactly dissipative, K be the nonempty
compact subset of W appearing in the equality (2) and Iy := ωy(K) for any y ∈ Y .
The family of compact subsets {Iy| y ∈ Y } is said to be a Levinson center (compact
global attractor) of nonautonomous (cocycle) dynamical system 〈W,ϕ, (Y,T, σ)〉.

Remark 3.8. According to Theorem 3.6 by definition 3.7 is defined correctly the
notion Levinson center (compact global attractor) for nonautonomous (cocycle) dy-
namical system 〈W,ϕ, (Y,T, σ)〉.
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Corollary 3.9. Let 〈W,ϕ, (Y,T, σ)〉 be compactly dissipative nonautonomous dy-
namical system, {Iy| y ∈ Y } be its Levinson center and γ : T 7→ W be a relatively
compact full trajectory of ϕ (i.e., γ(T) is relatively compact and there exists a point
y0 ∈ Y such that γ(t + s) = ϕ(t, γ(s), σ(s, y0)) for any t ≥ 0 and s ∈ T), then
γ(0) ∈ Iy0

.

Theorem 3.10. [10, ChII] Under the conditions of Theorem 3.5 w ∈ Iy (y ∈ Y )
if and only if there exits a whole trajectory ν : T → W of the cocycle ϕ, satisfying
the following conditions: ν(0) = w and ν(T) is relatively compact.

Definition 3.11. A family of subsets {Iy| y ∈ Y } (Iy ⊆ W for any y ∈ Y ) is said
to be upper semicontinuous if for any y0 ∈ Y and yn → y0 as n → ∞ we have

lim
n→∞

β(Iyn
, Iy0

) = 0.

Lemma 3.12. The following statements hold:

(i) the family {Iy| y ∈ Y } is invariant if and only if the set J :=
⋃

{Jy| y ∈ Y },
where Jy := Iy × {y}, is invariant with respect to skew-product dynamical
system (X,T+, π) (X := W × Y and π := (ϕ, σ));

(ii) if
⋃

{Iy| y ∈ Y } is relatively compact, then the family {Iy| y ∈ Y } is upper
semicontinuous if and only if the set J is closed in X.

Proof. The first statement is evident.

Suppose that the set J ⊆ X is closed. If we suppose that the family {Iy| y ∈ Y } is
not upper semicontinuous, then there are ε0 > 0, y0 ∈ Y and sequences {yn} ⊂ Y
and {un} ⊂ W such that yn → y0 as n → ∞, un ∈ Iyn

and

(3) ρ(un, Iy0
) ≥ ε0.

Since
⋃

{Iy| y ∈ Y } is relatively compact, then without loss of generality we can
suppose that the sequence {un} is convergent. Denote by u0 := lim

n→∞
un and passing

into limit as n → ∞ in inequality (3) we obtain u0 /∈ Iy0
. On the other hand

we have (un, yn) ∈ Jyn
⊆ J for any n ∈ N and since the set J is closed and

(un, yn) → (u0, y0) as n → ∞, then (u0, y0) ∈ J and, consequently, uo ∈ Iy0
. The

obtained contradiction proves our statement.

Let now the family {Iy} upper semicontinuous and (ū, ȳ) ∈ J . Then there exists a
sequence {(un, yn) ∈ J} such that (un, yn) → (ū, ȳ). Since un ∈ Iyn

and {Iy| y ∈ Y }
is upper semicontinuous, then u0 ∈ Iy0

and, consequently, (u0, y0) ∈ Jy0
⊆ J . Thus

the set J is closed. �

4. I. U. Bronshtein’s conjecture for non-autonomous dynamical

systems

Example 4.1. (Bebutov’s dynamical system) Let X,W be two metric space. De-
note by C(T×W,X) the space of all continuous mappings f : T×W 7→ X equipped
with the compact-open topology and σ be the mapping from T×C(T×W,X) into
C(T×W,X) defined by the equality σ(τ, f) := fτ for all τ ∈ T and f ∈ C(T×W,X),
where fτ is the τ -translation (shift) of f with respect to variable t, i.e., fτ (t, x) =
f(t + τ, x) for all (t, x) ∈ T × W . Then [10, Ch.I] the triplet (C(T ×W,X),T, σ)
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is a dynamical system on C(T × W,X) which is called a shift dynamical system
(dynamical system of translations or Bebutov’s dynamical system).

Recall that the function ϕ ∈ C(T,Rd) (respectively, f ∈ C(T × Rd,Rn)) pos-
sesses the property (A), if the motion σ(·, ϕ) (respectively, σ(·, f)) generated by
the function ϕ (respectively, f) possesses this property in the dynamical system
(C(T,Rd),T, σ) (respectively, (C(T × Rd,Rd),T, σ)).

In the quality of the property (A) there can stand stability in the sense of Lagrange
(st. L), uniform stability (un. st. L+) in the sense of Lyapunov, periodicity, almost
periodicity, asymptotical almost periodicity and so on.

For example, a function f ∈ C(T × Rd,Rd) is called almost periodic (respectively,
recurrent etc) in t ∈ R uniformly with respect to (w.r.t.) w on every compact
subset from Rd, if the motion σ(·, f) is almost periodic (respectively, recurrent) in
the dynamical system (C(T × Rd,Rd),T, σ).

I. U. Bronshtein’s conjecture for cocycles. Suppose that 〈W,ϕ, (Y,T, σ)〉 is a
cocycle under (Y,T, σ) with the fiber W and the following conditions are fulfilled:

(i) the cocycle ϕ admits a compact global attractor I := {Iy| y ∈ Y };
(ii) the cocycle ϕ is positively uniformly Lyapunov stable, i.e., for any ε > 0

and nonempty compact subset K ⊆ W there exists a positive number δ =
δ(ε,K) such that ρ(u1, u2) < δ (u1, u2 ∈ K) implies ρ(ϕ(t, u1, y), ϕ(t, u2, y)) <
ε for any t ≥ 0 and y ∈ Y ;

(iii) the dynamical system (Y,T, σ) is minimal and Bohr almost periodic.

Then for any y ∈ Y there exists at least one point wy ∈ Iy such that the motion
ϕ(t, uy, y) is defined on entire axis T and it is Bohr almost periodic.

One of the main goal of this paper is a positive answer to I. U. Bronshtein’s con-
jecture for monotone nonautonomous dynamical systems (Corollary 4.3).

Let 〈Rd, ϕ, (Y,T, σ)〉 be a cocycle over (Y,T, σ) with fiber Rd.

Theorem 4.2. Assume that the cocycle ϕ

(i) is monotone;
(ii) admits a compact global attractor I := {Iy| y ∈ Y };
(iii) is positively uniformly Lyapunov stable.

Then the following statements hold:

(i) if y0 ∈ ωy0
, then there exists a point ay0

∈ Iy0
such that the full trajectory

γy0
with x0 := γy0

(0) = (ay0
, y0) is comparable by character of recurrence

with y0;
(ii) if y0 is strongly Poisson stable, then the exists a point ay0

∈ Iy0
such that

the full trajectory γy0
with x0 := γy0

(0) = (ay0
, y0) is strongly comparable

by character of recurrence with y0.

Proof. Let x0 = (uy0
, y0), where uy0

is an arbitrary point fromW . Since the cocycle
ϕ is compact dissipative, then the semitrajectory Σ+

x0
:= {(ϕ(t, uy0

, yy0
), σ(t, y0))| t ∈
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T+} is conditionally precompact. It easy to check that under the conditions of The-
orem the conditions (C1)− (C3) are fulfilled. By Theorem 2.25 there exists at least
one point ay0

∈ W such that the full trajectory γy0
with γy0

(0) = (ay0
, y0) is com-

parable by character of recurrence with y0. According to Corollary 3.9 ay0
∈ Iy0

.

The second statement of Theorem can be proved using the same argument as in the
proof of the first statement but instead of Theorem 2.25 we need to apply Theorem
2.31. �

Corollary 4.3. Under the conditions of Theorem 4.2 the following statements take
place:

(i) if the point y0 is τ-periodic (respectively, Levitan almost periodic, almost
recurrent, almost automorphic, recurrent, Poisson stable), then there exist
a point ay0

∈ Iy0
such that the full trajectory γy0

= (ay0
, y0) is so;

(ii) if the point y0 is τ-periodic (respectively, quasi periodic, Bohr almost pe-
riodic, almost automorphic, recurrent, pseudo recurrent and Lagrange sta-
ble), then there exist a point ay0

∈ Iy0
such that the point x0 := (ay0

, y0)
is so.

Proof. This statement follows from the Theorems 4.2, 2.16 and 2.22. �

Remark 4.4. Corollary 4.3 give as the positive answer for I. U. Bronshtein’s con-
jecture for monotone Bohr almost periodic systems.

5. Applications

5.1. Dissipative Cocycles. Let Y be a complete metric space (generally speaking
noncompact), 〈Rd, ϕ, (Y,T, σ)〉 be a cocycle on the state space Rd and (X,T+, π)
be the corresponding skew-product dynamical system, where X := Rd × Y and
π := (ϕ, σ).

Definition 5.1. The cocycle 〈Rd, ϕ, (Y,T, σ)〉 is said to be dissipative if for any
y ∈ Y there is a positive number ry such that

lim sup
t→+∞

|ϕ(t, u, y)| < ry

for any y ∈ Y and u ∈ R
d, i.e., for all u ∈ R

d and y ∈ Y there exists a positive
number L(u, y) such that |ϕ(t, u, y)| < ry for any t ≥ L(u, y).

Definition 5.2. The cocycle 〈E,ϕ, (,T, σ)〉 is said to be uniformly dissipative if
there exists a positive number r (r is not depend upon y ∈ Y ) such that for any
R > 0 there is a positive number L(R) such that |ϕ(t, u, y)| < r for all y ∈ Y and
|u| ≤ R and t ≥ L(R).

Remark 5.3. 1. If the space E is finite-dimensional, then the uniformly dissipative
is compactly dissipative.

2. If the space E is finite-dimensional (E = Rd) and Y is compact, then the
dissipative system is uniformly dissipative [10, ChII].
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Theorem 5.4. [10, ChIII] Let Y be a compact and 〈Rd, ϕ, (Y,T, σ)〉 be a cocycle
over the dynamical system (Y,T, σ) with the fiber Rd. Then the following statements
are equivalent:

1. There exists a positive number R such that

lim sup
t→+∞

|ϕ(t, u, y)| < R

for all u ∈ Rd y ∈ Y .
2. There is a positive number r1 such that for all u ∈ Rd and y ∈ Y there

exists τ = τ(u, y) > 0 for which |ϕ(τ, u, y)| < r1.
3. There is a positive number r2 such that

lim inf
t→+∞

|ϕ(t, u, y)| < r2

for all u ∈ Rd and y ∈ Y .
4. There exists a positive number R0 and for all R > 0 there is l(R) > 0 such

that |ϕ(t, u, y)| ≤ R0 for all t ≥ l(R), u ∈ Rd, |u| ≤ R and y ∈ Y .

Note that every condition 1.-4. that figures in Theorem 5.4 is equivalent to the
dissipativity of the non-autonomous dynamical system 〈(X,T+, π), (Y,T, σ), h〉 as-
sociated by the cocycle 〈Rd, ϕ, (Y,T, σ)〉 over (Y,T, σ) with the fiber Rd.

5.2. Ordinary Differential Equations. We will give below an example of a skew-
product dynamical system which plays an important role in the study of non-
autonomous differential equations.

Example 5.5. Consider the differential equation

(4) u′ = f(t, u),

where f ∈ C(R × Rd,Rd). Along with the equation (4) we consider its H-class
[4],[12], [17], [25],[28], i.e., the family of the equations

(5) v′ = g(t, v),

where g ∈ H(f) = {fτ : τ ∈ R} and fτ (t, u) = f(t+ τ, u), where the bar indicating
closure in the compact-open topology.

Condition (A1). The function f ∈ C(R×Rd,Rd) is said to be regular if for every
equation (5) the conditions of existence, uniqueness and extendability on R+ are
fulfilled.

We will suppose that the function f is regular. Denote by ϕ(·, v, g) the solution of
(5) passing through the point v ∈ Rd for t = 0. Then the mapping ϕ : R+ × Rd ×
H(f) → Rd satisfies the following conditions (see, for example, [4],[19],[20]):

1) ϕ(0, v, g) = v for all v ∈ Rd and g ∈ H(f);
2) ϕ(t, ϕ(τ, v, g), gτ ) = ϕ(t+ τ, v, g) for each v ∈ Rd, g ∈ H(f) and t, τ ∈ R+;
3) ϕ : R+ × En ×H(f) → Rd is continuous.

Denote by Y := H(f) and (Y,R, σ) a dynamical system of translations on Y ,
induced by the dynamical system of translations (C(R × Rd,Rd),R, σ). The triple
〈Rd, ϕ, (Y,R, σ)〉 is a cocycle over (Y,R+, σ) with the fiber Rd. Hence, the equation
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(4) generates a cocycle 〈Rd, ϕ, (Y,R, σ)〉 and the non-autonomous dynamical system
〈(X,R+, π), (Y,R, σ), h〉, where X := Rd × Y , π := (ϕ, σ) and h := pr2 : X → Y .

Definition 5.6. Recall that the equation (4) is called dissipative [12], [18], [32],
[33], if for all t0 ∈ R and x0 ∈ En there exists a unique solution x(t;x0, t0) of
the equation (4) passing through the point (x0, t0) and if there exists a number
R > 0 such that lim

t→+∞
sup |x(t;x0, t0)| < R for all x0 ∈ Rd and t0 ∈ R. In other

words, for every solution x(t;x0, t0) there is an instant t1 = t0+ l(t0, x0), such that
|x(t;x0, t0)| < R for any t ≥ t1. If for any r > 0 the number l(t0, x0) can be chosen
independent on t0 and x0 with |x0| ≤ r, then the equation (4) is called uniformly
dissipative [12].

Below we will establish the relation between the dissipativity of the equation (4)
and the dissipativity of the non-autonomous dynamical system generated by the
equation (4).

Lemma 5.7. Suppose that the function f ∈ C(R× Rd,Rd) is regular. If equation
(4) is uniformly dissipative, then the cocycle ϕ generated by equation (4) is also
uniformly dissipative.

Proof. Let (4) be uniformly dissipative, then there exists a positive number R such
that for any r > 0 we can choose l = l(r) > 0 so that

(6) |x(t; t0, x0)| < R

for any t ≥ t0 + l(r). If g ∈ H(f), then there exists a sequence {τn} ⊂ R such that
fτn → g. Since ϕ(t, x0, fτ ) = x(t+ τ ; τ, x0) for any t ∈ R, τ ∈ R and x0 ∈ Rd, then
we have

(7) |ϕ(t, x0, fτn)| = |x(t + τn; τn, x0)| < R

for any t ≥ 0, |x0| ≤ r and n ∈ N. Passing in limit in (7) as n → ∞ we obtain
|ϕ(t, v, g)| ≤ R for any t ≤ l(r), |x0| ≤ r and t ≥ l(r). �

Lemma 5.8. [10, ChIII] Let f ∈ C(R × En, En) be regular. If H(f) is compact,
then equation (4) is uniformly dissipative if and if there is a positive number r such
that

lim sup
t→+∞

|ϕ(t, x0, g)| < r (x0 ∈ R
d, g ∈ H(f)) .

Thus, for the equation (4) (f is regular and H(f) is compact) we established that
it is uniformly dissipative if and only if the non-autonomous dynamical system
generated by this equation is dissipative.

Condition (A2). Equation (4) is monotone. This means that the cocycle 〈Rn, ϕ,
(H(f), R, σ)〉 (or shortly ϕ) generated by (4) is monotone, i.e., if u, v ∈ Rd and
u ≤ v then ϕ(t, u, g) ≤ ϕ(t, v, g) for all t ≥ 0 and g ∈ H(f).

Let K be a closed cone in Rd. The dual cone to K is the closed cone K∗ in the
dual space

(

Rd
)∗

of linear functions on Rd, defined by

K∗ := {λ ∈
(

R
d
)∗

: 〈λ, x〉 ≥ 0 for any x ∈ K},

where 〈·, ·〉 is the scalar product in R
d.
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Recall [30],[31, ChV] that the function f ∈ C(R×Rd,Rd) is said to be quasimono-

tone if for any (t, u), (t, v) ∈ R×Rd and φ ∈
(

Rd
+

)∗
we have: u ≤ v and φ(u) = φ(v)

implies φ(f(t, u)) ≤ φ(f(t, v)).

Lemma 5.9. Let f ∈ C(R × R
d,Rd) be a regular and quasimonotone function,

then the following statements hold:

(i) if u ≤ v, then ϕ(t, u, f) ≤ ϕ(t, v, f) for any t ≥ 0;
(ii) any function g ∈ H(f) is quasimonotone;
(iii) u ≤ v implies ϕ(t, u, g) ≤ ϕ(t, v, g) for any t ≥ 0 and g ∈ H(f);
(iv) equation (4) is monotone.

Proof. The first statement is proved in [16, ChIII].

Let g ∈ H(f), then there exists a sequence {hk} ⊂ R such that g(t, u) = lim
k→∞

fhk
(t, u)

for any (t, u) ∈ R×Rd. Let u ≤ v (u, v ∈ Rd) and φ ∈
(

Rn
+

)∗
such that φ(u) = φ(v).

Since f is quasimonote, then we will have

(8) fi(t+ hk, u) ≤ fi(t+ hk, v)

and passing into limit in (8) as k → ∞ we obtain that g is quasimonotone too.

Finally, the third statement follows from the first and second statements. Lemma
is completely proved. �

Definition 5.10. A solution ϕ(t, u0, f) of equation (4) is said to be:

- uniformly Lyapunov stable in the positive direction, if for arbitrary ε > 0
there exists δ = δ(ε) > 0 such that |ϕ(t0, u, f)− ϕ(t0, u0, f)| < δ (t0 ∈ R,
u ∈ Rd) implies |ϕ(t, x, f)− ϕ(t, x0, f)| < ε for any t ≥ t0;

- compact on R+ if the set Q := ϕ(R+, u0, f) is a compact subset of Rd,
where by bar is denoted the closure in Rd and ϕ(R+, u0, f) := {ϕ(t, u0, f) :
t ∈ R+}.

Let f ∈ C(R×Rd,Rd), σ(t, f) be the motion (in the shift dynamical system (C(R×
Rd,Rd),R, σ)) generated by f , u0 ∈ Rd, ϕ(t, u0, f) be the solution of equation (4),
x0 := (u0, f) ∈ X := Rd ×H(f) and π(t, x0) := (ϕ(t, u0, f), σ(t, f)) the motion of
skew-product dynamical system (X,R+, π).

Definition 5.11. A solution ϕ(t, u0, f) of equation (4) is called [9],[25],[28] compat-
ible (respectively, strongly compatible or uniformly compatible) if the motion π(t, x0)
is comparable (respectively, strongly comparable or uniformly comparable) by char-
acter of recurrence with σ(t, f).

Lemma 5.12. [6] Let 〈W,ϕ, (Y,T, σ)〉 be a cocycle and 〈(X,T+, π), (Y,T, σ), h〉 be
a non-autonomous dynamical system associated by cocycle ϕ. Suppose that x0 :=
(u0, y0) ∈ X := W × Y and the set Q+

(u0,y0)
:= {ϕ(t, u0, y0) | t ∈ T+}, where T+ :=

{t ∈ T | t ≥ 0}, is compact.

Then the set H+(x0) := {π(t, x0) | t ∈ T+} is conditionally compact.

Remark 5.13. If x0 := (u0, y0) ∈ X := W × Y and αy0
(respectively, γy0

) is a
point from X defined in Lemma 2.24 then we denote by αu0

(respectively, γu0
) a

point from W such that αy0
= (αu0

, y0) (respectively, γy0
= (γu0

, y0)).
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Definition 5.14. A function f is said to be Poisson stable (respectively, strongly
Poisson stable) in t ∈ T uniformly with respect to u on every compact subset of
Rd if the point f ∈ C(T × Rd,Rd) is Poisson stable (respectively, strongly Poisson
stable) in shift dynamical system (C(T × Rd,Rd),T, σ).

Theorem 5.15. Suppose that the following assumptions are fulfilled:

- the function f ∈ C(R × R
d,Rnd) is positively Poisson stable in t ∈ R

uniformly with respect to u on every compact subset from Rd;
- equation (4) is uniformly dissipative;
- each solution ϕ(t, u0, f) of equation (4) is positively uniformly Lyapunov
stable.

Then under conditions (A1)− (A2) the following statement hold:

1. equation (4) has at least one solution ϕ(t, γu0
, f) defined and bounded on

R which is compatible and belongs to Levinson center of (4).
2. if the function f ∈ C(R × Rn,Rn) is stationary (respectively, τ-periodic,

Levitan almost periodic, almost recurrent, almost automorphic, Poisson
stable) in t ∈ R uniformly with respect to u on every compact subset from
Rn, then ϕ(t, γu0

, f) is also stationary (respectively, τ-periodic, Levitan
almost periodic, almost recurrent, almost automorphic, Poisson stable).

Proof. Let f ∈ C(R × Rd,Rd) and (C(R × Rd,Rnd),R, σ) be the shift dynami-
cal system no C(R × Rd,Rd). Denote by Y := H(f) and (Y,R, σ) the shift dy-
namical system on H(f) induced by (C(R × Rd,Rd),R, σ). Consider the cocycle
〈Rd, ϕ, (Y,R, σ)〉 generated by equation (4) (see Condition (A1)). Now to finish the
proof of Theorem it is sufficient to apply Theorems 4.2 (the first statement) and
Corollary 4.3. Theorem is proved. �

Theorem 5.16. Suppose that the following assumptions are fulfilled:

- the function f ∈ C(R×Rd,Rd) is strongly Poisson stale in t ∈ R uniformly
with respect to u on every compact subset from Rd;

- equation (4) is uniformly dissipative;
- each solution ϕ(t, u0, g) of every equation (5) is positively uniformly Lya-
punov stable.

Then under conditions (A1)− (A2) the following statements hold:

1. every equation (5) has at least one solution ϕ(t, γv0 , g) defined and bounded
on R such that:
2. solution ϕ(t, γv0 , g) belongs to Levinson center of equation (5);
3. ϕ(t, γv0 , g) is a strongly compatible solution of (5).

4. if the function f ∈ C(R × Rd,Rd) is stationary (respectively, τ-periodic,
Bohr almost periodic, almost automorphic, recurrent, pseudo recurrent
and H(f) is compact, uniformly Poisson stable and H(f) is compact) in
t ∈ R uniformly with respect to u on every compact subset from Rd, then
ϕ(t, γu0

, f) is also stationary (respectively, τ-periodic, Levitan almost pe-
riodic, almost recurrent, almost automorphic, uniformly Poisson stable).
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Proof. This statement can be proved similarly as Theorem 5.15 using Theorems 4.2
(the second statement) and Corollary 4.3. Theorem is proved. �

5.3. Difference Equations.

Example 5.17. Consider the equation

(9) un+1 = f(n, un),

where f ∈ C(Z×Rd,Rd). Along with equation (9) we will consider H-class of (9),
i.e., the family of equation

(10) vn+1 = g(n, vn), (g ∈ H(f))

where H(f) := {fτ | τ ∈ Z} and by bar is denoted the closure in the space C(Z ×
Rd,Rd).

Denote by ϕ(n, v, g) the solution of equation (10) with initial condition ϕ(0, v, g) =
v. From the general properties of difference equations it follows that:

(i) ϕ(0, v, g) = v for all v ∈ R
d and g ∈ H(f);

(ii) ϕ(n + m, v, g) = ϕ(n, ϕ(m, v, g), σ(m, g)) for all n,m ∈ Z+ and (v, g) ∈
Rd ×H(f);

(iii) the mapping ϕ is continuous.

Thus every equation (9) generate a cocycle 〈Rd, ϕ, (H(f),Z, σ)〉 over (H(f),Z, σ)
with the fiber Rd.

Lemma 5.18. Let f ∈ C(Z×Rd,Rd). Suppose that the following conditions hold:

(i) u1, u2 ∈ Rd and u1 ≤ u2;
(ii) the function f is monotone non-decreasing with respect to variable u ∈ R

d,
i.e., f(t, u1) ≤ f(t, u2) for any t ∈ Z.

Then ϕ(n, v1, g) ≤ ϕ(n, v2, g) for any n ∈ Z+, v1, v2 ∈ Rd with v1 ≤ v2 and
g ∈ H(f).

Proof. . Let g ∈ H(f) and v1, v2 ∈ Rd with v1 ≤ v2, then there exists a sequence
{τk} ⊂ Z such that g(t, v) = lim

k→∞
f(t+ τk, v) uniformly w.r.t. v on every compact

subset of Rd. Since f is monotone in u, then we have

(11) f(t+ τk, v1) ≤ f(t+ τk, v2)

for any t ∈ Z and k ∈ N. Passing in limit as k → ∞ in (11) we obtain g(t, v1) ≤
g(t, v2) for any t ∈ Z.

Let v1 ≤ v2 and g ∈ H(f), then we have

ϕ(1, v1, g) = g(0, v1) ≤ g(0, v2) = ϕ(1, v2, g).

Suppose that ϕ(s, v1, g) ≤ ϕ(s, v2, g) for all ks ≤ t, then we obtain

ϕ(s+ 1, v1, g) = g(1, ϕ(s, v1, g)) ≤ g(1, ϕ(s, v2, g)) = ϕ(s+ 1, v2, g).

�
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Condition (D). Equation (9) is monotone. This means that the cocycle 〈Rd, ϕ,
(H(f), Z, σ)〉 (or shortly ϕ) generated by (9) is monotone, i.e., if u, v ∈ Rn and
u ≤ v then ϕ(t, u, g) ≤ ϕ(t, v, g) for all t ≥ 0 and g ∈ H(f).

Definition 5.19. A solution ϕ(t, u0, f) of equation (9) is said to be:

- uniformly Lyapunov stable in the positive direction, if for arbitrary ε > 0
there exists δ = δ(ε) > 0 such that |ϕ(t0, u, f)− ϕ(t0, u0, f)| < δ (t0 ∈ Z,
u ∈ Rd) implies |ϕ(t, x, f)− ϕ(t, x0, f)| < ε for any t ≥ t0;

- compact on Z+ if the set Q := ϕ(Z+, u0, f) is a compact subset of Rd,
where by bar is denoted the closure in R

n and ϕ(Z+, u0, f) := {ϕ(t, u0, f) :
t ∈ Z+}.

Let f ∈ C(Z×R
d,Rd), σ(t, f) be the motion (in the shift dynamical system (C(Z×

Rd,Rd),Z, σ)) generated by f , u0 ∈ Rn, ϕ(t, u0, f) be the solution of equation (9),
x0 := (u0, f) ∈ X := Rd ×H(f) and π(t, x0) := (ϕ(t, u0, f), σ(t, f)) the motion of
skew-product dynamical system (X,Z+, π).

Definition 5.20. A solution ϕ(t, u0, f) of equation (9) is called [9],[25],[28] compat-
ible (respectively, strongly compatible or uniformly compatible) if the motion π(t, x0)
is comparable (respectively, strongly comparable or uniformly comparable) by char-
acter of recurrence with σ(t, f).

Theorem 5.21. Suppose that the following assumptions are fulfilled:

- the function f ∈ C(Z × Rd,Rd) is positively Poisson stable in t ∈ Z uni-
formly with respect to u on every compact subset from Rn;

- equation (9) is uniformly dissipative;
- each solution ϕ(t, u0, f) of equation (9) is positively uniformly Lyapunov
stable.

Then under condition (D) the following statement hold:

1. equation (9) has at least one solution ϕ(t, γu0
, f) defined and bounded on

Z which is compatible and belongs to Levinson center of (9).
2. if the function f ∈ C(Z × Rd,Rd) is stationary (respectively, τ-periodic,

Levitan almost periodic, almost recurrent, almost automorphic, Poisson
stable) in t ∈ Z uniformly with respect to u on every compact subset from
Rd, then ϕ(t, γu0

, f) is also stationary (respectively, τ-periodic, Levitan
almost periodic, almost recurrent, almost automorphic, Poisson stable).

Proof. Let f ∈ C(Z × Rd,Rd) and (C(Z × Rd,Rd),Z, σ) be the shift dynamical
system no C(Z × Rd,Rd). Denote by Y := H(f) and (Y,Z, σ) the shift dy-
namical system on H(f) induced by (C(Z × Rd,Rd),Z, σ). Consider the cocycle
〈Rn, ϕ, (Y,Z, σ)〉 generated by equation (9). Now to finish the proof of Theorem it
is sufficient to apply Theorems 4.2 (the first statement) and Corollary 4.3. Theorem
is proved. �

Theorem 5.22. Suppose that the following assumptions are fulfilled:

- the function f ∈ C(Z×Rd,Rd) is strongly Poisson stale in t ∈ Z uniformly
with respect to u on every compact subset from R

d;
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- equation (9) is uniformly dissipative;
- each solution ϕ(t, u0, g) of every equation (10) is positively uniformly Lya-
punov stable.

Then under condition (D) the following statements hold:

1. every equation (10) has at least one solution ϕ(t, γv0 , g) defined and bounded
on Z such that:
2. solution ϕ(t, γv0 , g) belongs to Levinson center of equation (9);
3. ϕ(t, γv0 , g) is a strongly compatible solution of (10).

4. if the function f ∈ C(Z × Rd,Rd) is stationary (respectively, τ-periodic,
Bohr almost periodic, almost automorphic, recurrent, pseudo recurrent
and H(f) is compact, uniformly Poisson stable and H(f) is compact) in
t ∈ Z uniformly with respect to u on every compact subset from Rn, then
ϕ(t, γu0

, f) is also stationary (respectively, τ-periodic, Levitan almost pe-
riodic, almost recurrent, almost automorphic, uniformly Poisson stable).

Proof. This statement can be proved similarly as Theorem 5.21 using Theorems 4.2
(the second statement) and Corollary 4.3. Theorem is proved. �
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